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A set of two equations is derived in the geometric optics approximation for the electromag-
netic field and for the inverse population that describes nonstationary processes in lasers in
the presence of inhomogeneities of the complex dielectric constant perpendicular to the laser
axis (it is assumed that the active medium is homogeneous along the laser axis). The condi-
tions are found under which the field produced can be represented as a superposition of the
natural oscillation modes of a cavity resonator. The equations obtained are used to calculate
the operating conditions of a laser with a thin active rod along the axis. Operating modes con-
sisting of undamped relaxation oscillations are found.

USUALLY the field generated inside the resona-
tor of a solid state laser is represented in the
form of a superposition of the natural oscillations
of the empty resonator. This approach presup-
poses that the complex dielectric constant of the
active medium filling the resonator is homogene-
ous in space. However, the inhomogeneity of the
crystal used in real lasers, the nonstationary na-
ture of the generation, and the inhomogeneity of the
pump cause the real and imaginary parts of the
complex dielectric constant to be, generally speak-
ing, functions of the coordinates and of the time.
The spatial inhomogeneities influence strongly the
operating modes of solid-state lasers. Thus,
Leontovich and Veduta'™? have shown experimen-
tally that the inhomogeneities of the refractive in-
dex of the crystal, in a direction transverse to the
generator axis, determine to a great degree the
distribution of the field amplitude over the end
face of the crystal, and also the beam divergence.
The inhomogeneity of the imaginary part of the di-
electric constant in a direction transverse to the
resonator axis causes the generated radiation to
have a whole set of wave-vector directions concen-
trated in a certain solid angle.

Galanin et al.'2] indicate that the effective life-
time of such a radiation in an active volume cannot
be completely characterized by the Q concept, and
is determined also by the preceding instants of
generation. If the radiation is pulsating in form,
this signifies physically that radiation is lost from
the active medium not only as a result of the ab-

sorption and transmission of the mirrors, but also
as a result of ‘‘oozing’’ of the radiation in a trans-
verse direction.

It is of interest to investigate theoretically the
influence of these effects on the laser generation
conditions. Even a qualitative solution of the prob-
lem in general form is a complicated matter. We
confine ourselves to an analysis of the effect pro-
duced on the generation modes by inhomogeneities
of the dielectric constant only in a direction trans-
verse to the resonator axis. This analysis is based
on the following premises. It is assumed that the
active medium is homogeneous along the generator
axis and is described by a complex dielectric con-
stant. The imaginary part of the dielectric constant
is determined by the population of the levels be-
tween which generation takes place.

1, DERIVATION OF EQUATIONS

We consider an infinite plane-parallel layer of
a dielectric of thickness ! with ideally reflecting
boundaries. We choose the coordinate system in
such a way that the xy plane coincides with the
lower boundary of the layer, and the z axis is per-
pendicular to it. Without loss of generality, we as-
sume for simplicity that the dielectric constant
varies in the layer only in the x direction and is of
the form

e(z,t) = &’(0) 4 6¢’(z, t) + ie” (=, t). (1)

~ 1078 we

Since usually |6¢’|~ 107 and |e”
henceforth assume throughout that
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[6e’], &< 1. (2)

We assume also that the dimensions Ax of the inho-
mogeneities in the x direction are large compared
with the wavelength of the generated radiation
A~ 10"* cm

Az> M. (3)

The reflection loss in the mirrors of real lasers
are included in £”(x,t), that is, we assume them to
be uniformly distributed along the z axis.

From Maxwell’s equations, with the material
equations in the form

D = ¢E, B = uH, (4)

and assuming henceforth y = 1, we obtain

1 3(¢E)

AE — grad divE = o

(5)
We shall consider waves whose propagation direc-
tion lies in the xz plane. In this case none of the
quantities depend on the coordinate y. We must
distinguish here between two independent cases of
polarization. If the vector E is perpendicular to
the xz plane, Eq. (5) takes the form

__ 1 &(eE)
c2 ot

(6)

An equation similar to (6) can be obtained for the
case when the vector E lies in the propagation
plane by using the conditions (2) and (3).

Further, we neglect in the right side of (6) small
terms containing the derivative of €, bearing in
mind that in real solid-state lasers

OFE

— ~ ook,

g ~ 1015,
EN 0

|e”| ~ 10-5,

’ ae”
ot

Then (6) takes the form

~ 10% (7)

0’E

L (8)

AE = 1 e(z,t)—=
c?

Since the cavities of lasers have high Q, and
their radiation is characterized by a narrow spec-
trum and high directivity in the z direction, we
seek the solution of (6) in the form

E(x’ z, i ) = E Uﬂ (‘T’ t)exp {_ iaﬂ (1:- t)}

n

Xsin —m:—z.exp {— iwn}. 9)
Here Up(x,t) and ap(x,t) are respectively the
slowly-varying amplitude and phase of the field, so
that

1027

1 oU,
U, ot

< 0l

l dan (z,t) | (10)

The factor sin(mnz /1) describes a standing wave
along the generator axis such that (9) satisfies the
boundary conditions E = 0 on the mirrors; ! ~the
critical frequency corresponding to the x-independ-
ent solution of Eq. (6) with £(x,t) = £’(0). For

wy! we have

wn® = nc/ 21Ye’ (0). (11)

The summation in (9) must be carried out over all
n for which wn° lies in the amplification band of the
active medium, but since the active medium is ho-
mogeneous along the z axis, we confine ourselves
in the sum (9) to a single term, for which w,’ lies
at the maximum of the amplification band; the in-
dex n will henceforth be omitted.
We seek the final solution in the form

E(z,2,t) = U(z,t)e-io= v sinf?i e—iodt, (12)
After substituting (12) in (6), we separate the real
and imaginary parts and, in accordance with (10),
(7), and (2), discarding small terms, we obtain two
equations:

da ¢ [{ da\2 62U'l i wode’ (z,t)
ot 2¢/(0)wol\ 0z / 02 . 2¢' (0) ’
ou ¢ 6(1 oU % e’ (x,t)wo
a 28'(0)(00[ Gz5z Toz" ] 2¢’(0) v. a1

Assuming that

U(z,t)e %% = F(z,t), (14)

we rewrite (13) in the form of a single equation
with complex coefficients:

5 = 2 (0)es 0 2e(0) (0¢ @@ 0)F. (19)

1wo
2¢'(0)
Equation (15) must be solved simultaneously with
the equation for the inverse population

T80 —n@) (b= 1)~ N o+ 1)

— 2w;N(z,t) U%(z, 1). (16)

Here N(x,t) = ny(x,t) — ny(x,t), where ny(x,t) and
ny(x,t) are the concentrations of the atoms in the
upper and lower generation levels, n(x) is the con-
centration of the active atoms, 7 the lifetime of
the atom at the upper generation level with respect
to spontaneous emission, w; the stimulated-
emission probability, p(x,t) the probability of tran-
sition of the atom to the excited state under the in-
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fluence of the pump field, and

U2(z, 1) = oU%(z, t) (17)

is the square of the field amplitude inside the layer
averaged over the z coordinate. If the absorption
line has a dispersion contour, the imaginary part
of the dielectric constant £” (x,t), is connected with
the inverse population and with the losses in the
resonator by the relation

4nef ¢’ (0)

myw;

x [1+<2 “”Y_“"’ )2]4.

e’ (z,t)=R(z)— N(z,t)

(18)

Here R(x) characterizes the losses on the mirrors,

e is the charge, m the mass of the electron, y the
width of the absorption line at half height, f the
transition oscillator strength, and w; is the fre-
quency of the absorption-band maximum, assumed
to be close to the generation frequency w.

Equations (15) and (16) can be directly extended
to include the two-dimensional case. Under the
approximations employed, they describe com-
pletely, together with (18), the kinetics of the elec-
tromagnetic fields and the inverse population in
the layer.

2. ENERGY BALANCE EQUATION

Multiplying (15) by €’ (0)F*(x,t) /87, multiplying
the complex conjugate of (15) by £’ (0)F(x,t) /87, and
adding the resultant equations, we obtain

aw(x t) D _n
=g ¢ @
z,1)
+8(0)0) 0.1:( 5t 61 )’ (19)

where w(x,t) is the energy density of the electro-
magnetic field averaged over the z coordinate.
The physical meaning of the terms in the right side
of (19) is as follows. The first term determines
amplification (absorption), and the second is con-
nected with the dependence of the electromagnetic-
field flux density on the x coordinate. We note that
in the absence of the second term Eq. (19), to-
gether with (16), is equivalent to the system of
equations obtained in '3). The second term denotes
that the loss of radiation from the active volume is
due not only to the absorption and transmission of
the mirrors, but also to the ‘“oozing’’ of the radia-
tion in the transverse direction. This can lead to a
mode of undamped relaxation oscillations. We
shall verify this later with a concrete example.
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3. BOUNDED LAYER. STATIONARY CASE

Let us consider a case when the active medium
is a strip bounded by the planes 'x l =R. We as-
sume that when |x f’< R the dielectric constant is
defined by Eq. (1), and that € = 1 when ’x l >R.

We shall solve (15) with boundary conditions corre-
sponding to reflection from the wall:

F(—R) = F(R) = 0. (20)

When €” (x,t) = 0 and 8¢’ does not depend on the
time, Eq. (15) takes the form

oF ez O°F i
The stationary solutions of (21) with boundary
conditions (20) are the natural modes of the strip
and constitute a discrete frequency spectrum. The
eigenfunctions Uk(O) (x) describe the field distribu-
tion on the ends, while the frequencies of the natu-
ral oscillations w) ) are determined by the rela-

tions

0 = a0+ QO, (22)

where Qk( O are the eigenvalues of (21).

We now find the approximate solutions of (15)
with time-independent 8g’ (x) and £”(x) # 0. Re-
garding £€”(x) as a perturbation, we have for the
eigenfunctions and the eigenvalues (see t4ly,

. R
400 2 "y,
% =90 — 57 _SR U (z)¢” () da,
U, — U — 19 S SU(O) U0 dz w (23)
— _—— & —
" kR 2¢7(0) < mh R QO — QO

The imaginary addition to the frequency charac-
terizes the time variation of the natural modes.
The presence of an imaginary correction to the ei-
genfunctions signifies that the end is no longer an
equal-phase surface. The condition for the appli-
cability of (23)

| w0 § D007 00 dz/207 (0) (20 — Q©) (24)
defines the limits within which the field generated
inside the cavity can be represented by a superpo-
sition of natural modes of the empty cavity.

In second-order perturbation theory we obtain
the corrections AQj to the natural frequencies:

a2 =—3§ l U0 U0 dz

m=£k

(25)

()(0) (0)

We note that the presence of the inhomogeneity
of £”(x) leads to a pulling together of the frequen-
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cies of the closest mode groups. This follows di-
rectly from (25).

4. BOUNDED LAYER. NONSTATIONARY CASE

In the case when €” is a function of the coordi-
nates and of the time, we seek the solution of (15)
in the form

F(z,t)= Yai(t)Upexp[—i(w0o+Q0)z.  (26)

k

Here Uk“’)Qk(O) are the eigenfunctions and the ei-
genvalues of Eq. (21) with boundary conditions (20),
and ay(t) are the time-dependent complex ampli-
tudes. For the complex amplitudes ay(t) we obtain
from (15) in the usual manner the system of equa-
tions

dah(t) o »
== m” 4 i (QO) — QO m f
& g 2 o (e QY — 20y dan (), (2)
R
ern” (1) = — § V0" (2,) U0 da. (28)

—R
We shall use (27) together with (16) to calculate
the generation modes of an idealized laser model
with localized inhomogeneity and population inver-
sion, when the activated region is bounded by the
planes

|z|=r, r<<RA. (29)
The dielectric constant is defined as follows:
o= (oI TSRS )
g0’ + ieg” — iey”, lz|<<r

Here £”; is responsible for the mirror-reflection
loss and is connected with the lifetime T, of the
photon in the resonator by the relation

80// = 1 / To(x)o, (31)

while £”(t) at the center of the amplification line
is expressed in terms of the inverse population by
the relation

hnef

e (1) = — L N(t
1\) mY(uol()

(32)

For the natural modes Fy(x,t) that are symmet-
rical with respect to the center of the laser we
have

(2k—1)

R
Fp(z,t)= Vé_cos zexp{—i(wo+ 9(2)) ],

(33)

00 — 1 [nc(Zk— 1) ]2‘
B 200" (0) 2R

No asymmetrical modes will be excited. For the
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chosen form of £”(x,t), it is easy to calculate the
coefficients €",
ar
8mh”(t) = — & 0mn + ﬁ ﬂill(t) . (34)

This expression is valid so long as the wave-
length of the excited modes in the x direction is
large compared with the inhomogeneity dimension
2r. We shall consider a case when the effective
dimension of the field in the x direction is large
compared with 2r. In this case the terms with
large values of k in the expansion (26) have small
amplitudes. This can be verified analytically. We
shall verify this directly with numerical calcula-
tions.

For convenience we make in (27) a change in
variable:

ar () exp[i(QD — QO) 1] = A/ (t) 4 i4" (). (35)

We shall use the calculation (34) and, separating
the real and imaginary parts, obtain the system of
equations:

dAkl (t) (.0060” wol
=— Ay’ (¢ m (t ”
i 5o AN T e ()%A (£)+ Qudn” (),
dAhll (t) mo&o” ”
=— Ay
dt 280/

ol . ”
+ = e (1) D) Aw” () — Qudd’ (2).

R (36)

m
We neglect in (16) the small term N(t)(p + 1/7) and,
assuming the pump to be homogeneous in space and
constant in time, we obtain an equation for the in-
verse population in the active region of the reso-
nator:
e2fN (1)

——E2(0,1).
4mYﬁ)oﬁ, ( )

dN (1) ——n< 1 )_
a  \PTT

The system (36) together with (37) was solved
numerically for the first five interacting modes.
The calculations were made using the following
typical parameters for ruby: f = 107°, wy
=3 x10'% sec”!, y = 3 x10!% sec™!, n = 2 x 10! ¢m?
T =3x 1073 sec for values R =0.35 cm and r
=0.01 cm. Figures 1a,b, and ¢ show three solutions
obtained at a pump parameter p = 2/7 and at £
values of 7 x107%, 5 x107?, and 3 X 107? respec-
tively. The abscissas represent the time and the
ordinates the total energy of the electromagnetic
field in the resonator, in arbitrary units. We see
thus that in a generator with localized inhomogene-
ity there exist generation modes in the form of un-
damped regular pulsations (Fig. 1a).

Figure 2 shows the distribution of the square of

(37)
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€%:a—7x10" b —5x10°, c — 3 x 10°,

g 1 2 2 4 g I 7~5
t-370 “sec

the field amplitude F*F in a direction perpendicu-
lar to the generator axis, such that the integral

f F*Fdx is normalized to unity. The distribution

of the square of the field amplitude on Fig. 2a cor-
responds to the instant of time preceding the start
of the next generation pulse, when the inverse popu-
lation is maximal, while that in Fig. 2b corresponds
to the end of the generation pulse, when the inverse
population is minimal. The spreading of the field

in the transverse direction leads to a nonlinear en-
ergy loss of the electromagnetic field from the ac-
tive volume, so that undamped pulsations become
possible. This result confirms the suggestion made

2
1€%)

FIG. 2. Distribution of the square of the field amplitude
F*F in the direction perpendicular to the generator axis X =
x/R:a — at the instant of time preceding the start of the gen-
eration pulse; b — at the end of the generation pulse.

i 1
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in [2) that account must be taken of the angular
distribution of the radiation in order to explain the
undamped pulsations.

The solutions represented in Figs. 1a and ¢ be-
gin with a transient process and then go over into
a stationary mode. Figures 3a and b show the
complex amplitudes Ay corresponding to the
steady-state solutions shown respectively in Figs.
la and c. It is seen from Figs. 3a and b that for
the chosen values of £”; the first five symmetri-
cal modes suffice for a description of the electro-
magnetic field in the assumed model of generator
with localized homogeneity €”(x,t). All the numeri-
cal calculations were made with the M-20 elec-
tronic computer.

In conclusion the author is sincerely grateful to
M. D. Galanin and A. M. Leontovich for continuous
interest in the work and a useful discussion, to the
members of the Seminar of the Quantum Radiophys-
ics Laboratory and its director N. G. Basov for a
discussion.

Ay
a b

FIG. 3. Relative values of the complex amplitudes Ay = A%
+1A " for stationary generation modes: a — fore¢” = 7 x 107,
b — fore” =3 x 107,

FIG. 1. Total energy W of electromagnetic field in the reso-
nator vs. the time t, for the following values of the parameter
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