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Localized disturbances in the plane parallel flow of a viscous fluid are considered. It is 
shown that localized disturbances decay with time in any finite region of the flow. High 
Reynolds numbers are assumed, and the wave numbers approach zero on the corresponding 
branches of the neutral curves. 

THE stability of plane parallel flows has been in
vestigated by numerous authors, and the subject 
has been surveyed thoroughly by C. C. Lin. [1] 

Stream functions having the form 

(1) 

were considered, where the x axis is parallel to 
the undisturbed flow and the y axis is in the direc
tion of change of the undisturbed velocity. 
Poiseuille flow (between two fixed planes) has been 
considered, [zJ as well as different cases of boun
dary layer flows regarded as approximate plane 
parallel flows.[ 3, 4] For real values of k, w (k )was 
derived at different Reynolds numbers. It was 
found that instability corresponding to Im w > 0 
occurs in the region of the k-R plane bounded by 
the neutral curve Im w = 0 in the form of a loop 
with branches along which R ~ oo. 

The instability problem usually involves an in
vestigation of the temporal behavior of a distur
bance occurring at a given initial time. In cases 
where, as for plane parallel flows, x varies from 
-oo to + 00 , localized flows (vanishing outs ide a 
finite segment of the x axis) can also be considered 
as bounded initial nonlocalized disturbances like 
those represented by Eq. (1), for example. The 
growth of nonlocalized disturbances with time de
pends on the existence of w (k) with a positive im
aginary part. The behavior of the localized distur
bances does not depend only on w (k) in the upper 
half-plane. Here, as previously, two possibilities 
exist in general; disturbances in a fixed region of 
x (for any values of y) can either grow unlimitedly 
with t, or can approach zero (or remain bounded). 
In the first case the flow is called absolutely un
stable. In the second case the flow is called abso
lutely stable (or it is stated that convective insta-

bility exists when Im w (k) > 0). This problem has 
been formulated by Landau and Lifshitz. [5] Some 
general discussion of convective and absolute in
stabilities with illustrations can be found in [s]. 

However, the criteria obtained in this article per
tain to nondissipative systems (see also [7]) and 
cannot be applied directly to more complex cases 
(see[BJ, for example). 

In the present work we investigate the character 
of instability in certain plane parallel flows at high 
Reynolds numbers. The localized disturbance of 
the stream function can be represented by means 
of a Fourier integral with respect to k: 

j -00 

This equation cannot describe an arbitrary distur
bance of the stream function [if the system <Pj (k, y) 
is not complete in the space of the functions depend
ing on y], but it can represent the portion of the 
disturbance that grows with t ~ 00 (for fixed k). 

It is easily shown that ~ j aj (k)<Pj (k, y) for local
ized disturbances is an entire analytic function of 
k. Individual terms of the sum have singularities 
at points in the complex k plane where branches 
for different values of j meet. 

We shall now consider the behavior of an indi
vidual term of the sum for t ~ oo: 

00 

'\jli(x, y, t) = ~ e-iw,(k)eikxa1 (1c)ff! 1(k, y)dk, (3) 

assuming that the instability interval on the real k 
axis (k1 < k < k2) is such that everywhere therein 
Im w1(k) > 0. 

We shall assume that all other branches of Wj (k) 
for real k lie in the lower half-plane and therefore 
do not contribute to the instability. For plane 
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parallel flows this follows from the fact that we 
have only two branches of the neutral curve with 
an instability between them. (Detailed calculations 
of different branches of wj (k) for some plane 
parallel flows are given in [S] .) 

If in the integral (3) the integration contour can 
be shifted in the complex k plane so that the con
dition Im w 1 (k) ::::: 0 holds true everywhere on the 
new contour, then I{! 1 = 0 for t -- 00 ; if not, we have 
I{! -- oo. Thus the behavior of (3) depends essentially 
on the analytic properties of w 1 (k). 

The function w (k) is obtained from the conditions 
for the existence of a nontrivial solution of the 
Orr-Sommerfeld equation: 

( ~2 _ k2 rcp(k. y) 

= ikR f(u-~ )(~- k2) cp(k y)- d2u cp(k y)} 
l ' k dy2 ' ' dy2 ' 

(4) 
subject to the boundary conditions 

cp I y=-1 = acp I ay I y=-t = o (5) 

(zero fluid velocity at the wall), and in addition: 
a) for symmetric velocity profiles and symme

tric solutions of (4) 

acp I ay ly=o = 83cp 1 ay3 ly=o = o; (6) 

b) for the boundary layer with (6) replaced by 

cp-. o, acp 1 ay-. o (y-. oo). (7) 

In (4), u(y) = v(y)/vmax is the dimensionless 
undisturbed velocity of plane parallel flow that is 
being investigated with regard to stability, 
R = VmaxL/v is the Reynolds number, v is the 
kinematic viscosity, and L is one-half of the inter
planar separation for a symmetric velocity profile 
or the boundary layer thickness. 

In the case of symmetric profiles odd solutions 
of (4) also exist. These are apparently damped 
solutions, although the literature contains no com
plete proof of this fact. However, all available 
results regarding instability pertain only to the 
even solutions; we shall confine ourselves to the 
latter. 

Instability of plane parallel flows occurs when 
kR » 1. [1] In this case (4) has linearly indepen
dent solutions of two types, viscous and nonviscous. 
The nonviscous solutions satisfy an equation ob
tained by a formal passage to the limit R -- 00 in 
(4). One of these solutions, cp 1, is an analytic func
tion of y; another solution, cp 2, has a logarithmic 
branch at the point where u = uc = w /k. In the 
vicinity of this point the derivatives of cp 2 are 
large, and the division into viscous and nonviscous 

solutions becomes arbitrary. For viscous solu
tions the derivatives are large, and we may retain 
in (4) only terms containing the fourth and second 
derivatives. One of the viscous solutions, cp 3, ap
proaches zero; another solution, cp 4, approaches 
infinity for y -- 00 • These solutions can be repre
sented by means of the Hankel function H1; 3• 

The general solution of (4) is 

(8) 

The dispersion equation for determining w (k) is 
obtained by equating to zero the determinant of the 
system of homogeneous linear equations for Ci that 
are obtained by substituting (8) into the boundary 
conditions (5) and (6) or (5) and (7). This disper
sion equation shows that in the case of undisturbed 
velocity profiles without inflection points 
(u" "'0), k-- 0 for R- 00 on both branches of the 
neutral curve. On these branches we have[1o] when 
R-oo, for symmetric profiles 

R ,....., k-11 (upper branch), 

R ,....., k-7 (lower branch) 

and for flow in the boundary layer 

R ,....., k-a (upper branch), 

R ,....., k-4 (lower branch). 

(9) 

(10) 

These laws are somewhat modified if the inflection 
point is located exactly at the wall. When inflection 
points exist, k approaches zero along one of the 
branches, while along the other branch it approa
ches some finite limit k 00 , which in turn approaches 
zero as the inflection point approaches the wall. [1] 

We shall consider the case of Reynolds numbers 
that are high enough so that k can be regarded as 
small for velocity profiles without inflection 
points. When an inflection point exists we shall 
assume, in addition, that this point is close to the 
wall, so that the instability interval lies entirely 
in the region of small k. These limitations are 
based on the difficulty of solving the nonviscous 
equation for large k, so that the dispersion equa
tion cannot be written in closed form. In the case 
of small k the expansions of cp1 and cp 2 in terms of 
k2 may be cut off at their principal terms. Accord
ingly, we have the simplified dispersion equation [1] 

u,." 0) ( W ) Ut 1W 
___::___ In--in +--F(z)=O 
ut' k k krHt ' 

z = wyjk'l•, X= (R/u{2) 'is, (ll) 
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!11 = ~ u2dy, u{ = du/ dy I v=-1, 

-I 

uc'' = d2u/dy2 !y=y, Yc = w/ku/; (12) 
c 

r = 3 for case (a) and r = 2 for case (b). 
In (9) it is assumed that 

-3n I 2 < arg !,; < n I 2, 0 ~ arg;:; ~ n, 

so that the arithmetic branch k213 is taken. 
In (9) and (10) it is assumed that w /k is small 

(which is true for small k). We note that for small 
w /k the branch point of the non viscous solution q; 2 
approaches the wall and the division of the solu
tions into viscous and nonviscous types becomes 
arbitrary in the vicinity of the lower branch of the 
neutral curve where z ~ 1. Although the first term 
in (11) contains a relative error of the order of 
unity, [ 4] near the lower branch of the neutral 
curve this term can be neglected by comparison 
with the other terms of the equation. The first 
term is small everywhere and is important only 
at large z, where it determines z » 1 on the second 
branch of the neutral curve. We shall therefore 
first consider the equation obtained from (11) when 
its first term is neglected: 

kr-';, = zu{ I F(z)xlh (•l = zk',, I X· (13) 

In accordance with (10), F(z) is a ratio of en
tire analytic functions, with poles as its only possi
ble singularities. We also know that F(z)- 1 for 
z- 00 in the upper half-plane. On the real axis 
F(z) has real values at the points z = 2.294 and oo, 

corresponding to the two branches of the neutral 
curve (9). We shall show that by assuming the ex
istence of zeros or poles of F(z) we arrive at a 
definite conclusion regarding the character of w (k) 
defined by means of (11). Let F(z) have a pole at 
the point z 0 in the upper half-plane. In the vicinity 
of this point we have 

J.:r-',= (z-zo)"C(zo)lx, t•J=::.J,'·/z (n>O). (14) 

It follows that at least one z(k) curve with real k 
passes through z 0• Since Im z0 > 0, near this point 
we have Im w > 0. When we move along the z(k) 
curve in the direction of increasing k, then either 
at some point z we cross the real axis at a point 
where Im w = 0 (which corresponds to some neu
tral curve in the k-R plane), or Im w > 0 for all 
k > 0, including 0 < k :s k1 (k1 is the value of k at 
z = 2.294). We note that the z(k) curve can termin
ate nowhere because F(z) is analytic. Similarly, if 
F(z) has a zero at z 0 in the upper half-plane, then 
through this point there passes a curve z(k) with 
real k, described by (14) with n < 0; Im w > 0 on 

this curve also. When we move along this curve in 
the direction of decreasing k, we can reach values 
of k corresponding to the upper branch of the neu
tral curve of (11). Using (9), (10), and the definition 
of r in (12), along with (14), it is easily shown that 
for these values of k we have z- z 0 for x - oo. 

Thus, when a pole of F(z) exists in the upper half
plane we have an unstable branch of w (k) for (13) 
with Im w > 0 and k > k2• 

We shall show that all the foregoing possibili
ties conflict with the fact that instability of the 
considered flows occurs only in the region between 
the two branches of the neutral curve on the k-R 
plane as determined from (11) for high Reynolds 
numbers. Indeed, the ratio of the first and second 
terms in (11) will be 

( u/' / n1'2 ) kr-l ln (z I yJc'1'). 

If k approaches zero and z approaches infinity 
according to a power law for x - 00 , then this ratio 
approaches zero with an increase of the Reynolds 
number. In the case of profiles with an inflection 
point this ratio is also everywhere small if the 
inflection point is very close to the wall. It is 
easily shown by means of the implicit function 
theorem that in this case the solutions of (11) ap
proach the solutions of (13). Therefore, if for very 
small values of k, Eq. (11) gives solutions of z(k) 
lying in the upper half-plane at a finite distance 
from the real axis, then for sufficiently large x 
Eq. (11) gives a solution of w (k) lying in the upper 
half-plane. It follows that F(z) cannot have zeros 
or poles in the upper half-plane, because other
wise instability would exist outside of the neutral 
curve on the k-R plane, i.e., for k ~ k2 and k :s k1• 

Let us consider the curve of z(k) (for real k) 
defined by (13), starting at z = z1 = 2.294 and going 
in the direction of increasing k. This curve is not 
bounded in the upper half-plane of z: it cannot 
terminate at a finite point such that z- z 0 for 
k - oo, because this would correspond to a zero of 
F(z) in the upper half-plane. The curve cannot 
intersect the real z axis, because this would corre
spond to the existence of a superfluous branch of 
the neutral curve. Therefore, along this curve 
z(k) - oo for k- 00 • Equation (13) shows that the 
values of k at which z(k) becomes very large ap
proach zero for X- 00 • Since at the same time 
F(z) - 1, it is easily seen from (13) that z(k) ap
proaches the real axis asymptotically. Therefore 
even for small k (but large I z I) it becomes essen
tial to include the term containing in in (11) to de
termine the upper branch of the neutral curve, 
because a small change of z(k) can reverse the 
sign of Im z(k) and therefore of Im w. The appro-
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priate calculations are easily performed by means 
of the iteration method and lead to the conclusion 
that the z(k) curve defined in (11) intersects the 
real axis at z2 for k = k2(R) (the upper neutral 
branch). 

It can be shown similarly that the z(w) curve for 
real w defined in (11) and going from z = 2.294 
towards larger k lies in the upper half-plane and 
intersects the z(k) curve only at z2 on the real axis. 

Since in the integral (3) we have Im w :::: 0 only 
in the interval (k1, k2), the integral can grow only 
in this segment. For this portion of the integral 
we shall make a change of the variables of z(k) in 
accordance with (11): 

k, 

\j;(x, !/,I)=~ e-iw,(ll)teii<xal(l;)cpl(l<', y)dk 
,,, 

z, dlc 
= ~ e-iw(z)teili(z)x 11 t[k(z)]cpJ[k(z),y]d/l:: (15) 

z, 

The analytic functions k(z) and w (z) are close to 
the analytic functions k(z) and w (z) given by (13) 
everywhere in the region G between the z(k) and 
z(w) curves, since this is the region of small k. It 
is easily seen from (11) that k(z) and w (z) have 
singularities (branch points) only at the zeros and 
poles of F(z). It has already been shown that F(z) 
~as neith!;r zeros nor poles in the region G. Thus 
w (z) and k(z), and therefore w (z) and k(z), have no 
singularities in G. Therefore the integration con
tour in (15) can be shifted so that the integral is 
taken along the z(w) curve with real w instead of 
along the z(k) curve. It can easily be seen that this 
last integral approaches zero for t - oo. 

It has therefore been shown that all plane paral
lel flows having sufficiently small values of k on 
the neutral curve are absolutely stable. It was im
portant for the proof that the neutral curve separ
ates the region of stability in the k-R plane from 
the region of instability and that the region inside 
the neutral curve corresponds to instability. The 
existence of inflection points in the velocity profile 
does not in itself lead to absolute instability if the 
inflection points are sufficiently close to the wall. 

The foregoing results cannot be applied to the 

cases of Reynolds numbers for which k on the neu
tral curve becomes of the order of unity, or to 
velocity profiles where the inflection point is loca
ted at a dimensionless distance of the order of 
unity from the wall. We were unable in these cases 
to obtain analytic proof of either absolute stability 
or instability. This question can apparently be de
cided only by direct calculation of k(w) for real w • 

We note that the foregoing result regarding ab
solute stability can be used in magnetohydrody
namics for plane parallel flow in a transverse 
magnetic field when the magnetic Reynolds number 
Rm « 1, with the Hartmann number M « YkR, 
because in this case disturbances are described, 
as previously, by the Orr-Sommerfeld equation 
( 4). [11] 
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