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Plane-wave solutions of the Boltzmann equation are discussed. The determination of such 
solutions is equivalent to setting up the spectrum of the corresponding operator. The spec
trum is presented for an initial-value problem and for a stationary problem. A feature of it 
is the presence, along with the dispersion trajectories, of a continuous spectrum for which no 
relation between w and k exists. The continuous spectrum is related to the strongly pro
nounced lack of equilibrium in the process. The theory developed here is applied to the prop
agation of ultrasound in a gas. 

1. INTRODUCTION 

THE propagation solutions (modulated by a plane 
wave) of the linear Boltzmann equation are of 
interest for a wide range of problems of modern 
physics. In this paper we study similar solutions 
of the Boltzmann equation in the theory of gases 
for a small deviation from equilibrium. We note 
some of the papers which have touched upon ques
tions discussed below and related questions. Wang 
Chang and Uhlenbeck [2] (cf. [1]) were the first to 
make an attempt to solve the problem of the propa
gation of ultrasound on the basis of a system of the 
collision operator eigenfunctions found by them. 
But the dispersion equation obtained in this ap
proach does not take into account the singularity 
possessed by the spectrum, and as a result of this 
the high frequencies are not described by it cor
rectly. For this reason the calculations of Pekeris 
et al. [3] who solve the Wang Chang equation over 
the whole range of frequencies turn out to be useful 
only in the range where A./Z ;:: 5, A. is the wavelength, 
l is the mean free path. 

Below we give a dispersion equation which does 
take into account the singularity which, as will be 
seen, is related to the presence of the continuous 
spectrum. This singularity is similar to the one 
discussed by Vlasov [4], Landau [s], and others in 
the problem of plasma oscillations. For the prob
lem of the propagation of sound it was discussed 
by Grosset al. [sJ, by Uhlenbeck and FordC1J, and 
also by Sirovich and Thurber [7 J. In the two last 
papers a limit on the wave number was obtained 
above which the corresponding dispersion equation 

had no solutions. 1) This fact was interpreted in 
different ways, for example, it was associated 
with the disappearance of sound [1 J. However, 
within the framework of the special model of the 
Boltzmann equation with which the authors were 
dealing the nature of the "pole" was not under
stood sufficiently clearly, and as a result either 
conflicting opinions were expressed [1], or an in
correct method of dealing with the high frequencies 
was utilizedl 6•7J. 

The subject of the present paper is close to the 
paper by Sirovich [a] in which the Wang Chang dis
persion equation has been solved for low wave 
numbers in the case of a problem with given initial 
conditions. The defect of the initial equation re
ferred to above does not manifest itself in this ap
proach and the picture of the trajectories turns out 
to be correct. Among the solutions obtained non
acoustic types of propagation may be noted. 

The papers mentioned above are based on the 
dispersion approach to the problem, in other words 
only the discrete spectrum is considered. However, 
as a rule, in physically interesting cases this is 
not sufficient. Thus, Van Kampen has established [9] 

that the dispersion relationship between w and k in 
the problem of plasma oscillations is, generally 
speaking, absent, since the spectrum in this case 
is continuous. The continuous spectrum plays an 
important role in neutron transport theory (Case [1o] 

and others). It is probable that some neutron ex-

1lwe note that a similar phenomenon was also noted earlier 
by Vlasov ([14 ], p. 254). 

864 
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periments (cf. [t1]) can be explained only by taking 
it into account. In the present paper it is shown 
that the dispersion method is unable to describe 
the propagation of high frequency ultrasound (the 
corresponding range of experiments is given in 
[ 12 •13]) and that, consequently, the continuous part 
of the spectrum must be taken into account. 

Below we investigate the spectrum for a prob
lem with given initial conditions and for a station
ary problem. In the former case which was studied 
in [1•6•7J, unfortunately, the connection between the 
dispersion expressions w(k) obtained above and the 
quantities characterizing the sound pulse remains 
unclear. We note, that we are here dealing with 
"medium" wave numbers, since as has been men
tioned previously, for large wave numbers no such 
relations exist. The stationary problem the spec
trum of which enables us to describe the propaga
tion of sound in the case of continuous sound gen
eration (also at ''medium'' frequencies) turns out 
to occupy a more favorable position. Therefore, 
the contents of the corresponding section below 
can be regarded, in particular, as an investigation 
of this problem. 

2. FORMULATION OF THE PROBLEM 

We consider the linearized Boltzmann equation 

0<1> 00> Tt+v---a;-= J<l>. (1) 

41 is the perturbation of the distribution function 
taken to be of the form 

f(r, v, t) = f<0>(1 + <l>(r, v, t)), 

( m )''• ( mv2 ) fO> = n 2nkT exp - 2kT = nfo. 

In our future discussion it will be convenient to use 
the following form of the collision integral ( L15], 

p. 366) 

where 

(3) 

is the collision frequency for a particle of velocity 
v, g = lv- v1 I, a(g, 9) is the differential scattering 
cross section; K(v, v1) is a symmetric kernel the 
general expression for which has been given in 
Waldmann's [15] review paper. 

The following properties of the collision opera
tor (2) are well known. 

1) It turns out to be a self-conjugate negative 

operator, i.e., 

! cpbpfo dv = 5 '¢/cp/o dv, 

S cplcpfo dv ~ 0. 

(4) 

(5) 

The latter is related to the fact that the Boltzmann 
equation is irreversible and dissipative. 

2) There exists a five-fold degenerate zero 
eigenvalue corresponding to the eigenfunctions 1, 

v, and v2 (conservation in collisions of the number 
of particles, of momentum and of energy). 

3) The eigenfunctions qJrzm 

(6) 

can be represented in the case of spherically sym
metric potentials in the form 

CJlrzm=Rri(v)Yzm(S, cp), (7) 

where Rrz (v) is the "radial" part, Yzm is a 
spherical harmonic. The eigenvalues A.rz define a 
spectrum of relaxation frequencies (reciprocal re
laxation times). The system of functions qJr[ m can 
be chosen to be orthogonal and normalized, i.e., 

s fPN'* CJlNfo dv = f)NN'· 

We return to the representation of the collision 
integral in the form (2). It is convenient because it 
explicitly separates out the regular (operator K) 
and the singular (multiplication by frequency) parts. 
The operator K turns out to be completely contin
uous (Fredholm) 21 for a wide class of molecular 
potentials. It will be of such type, for example, in 
the case of hard spheres, and also in the case of 
potentials of the form ajrS(a > 0, s ~ 4) of finite 
range. 3l The first term in (2) is responsible, as 
we shall see below, for the continuous spectrum. 

We record the expression for the collision fre
quency and some of its properties in the case of 
the potentials mentioned above. Since for these 
potentials we have 

gcr(g, e) = F(S)g", 'V = (s- 4) Is, (8) 

2>The properties of such operators are well-known (cf., for 
example,[••]). We here note only the basic property: a fully 
continuous operator can be represented in the form of a sum of 
an operator of finite dimensions (with a degenerate kernel) and 
of another operator having an arbitrarily small norm. 

3 )This has been established by Carlemanl17] and by Grad[••]. 
Grad obtains the following condition for complete continuity 

gcr(g, 9),;;;; const (g+ 1 I g•-•). 
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then in accordance with (3) 

v(v) = nF0 ~ f0,gv dv~, 

Fo = 2:rt ~ F (8) ~in 8 d8. (9) 
0 

We shall need to know the value of the frequency at 
zero 

2 ( 2 )V/2 ( '\' + 3 \ v(O)=-=-- f -- 1nF0 =2-vl2vav, 
l'n a 2 · 

(10) 

where a= m/kT, and ~'avis the average frequency, 
and also its behavior at infinity 

(11) 

The following important limiting cases should be 
noted: y = 0-Maxwellian molecules, v = 1-hard 
spheres. 

We go over to dimensionless variables 

t' = vot, v' = fav, r' = f~vor, 

where for the characteristic frequency v0 we take 
v(O). In future we shall use only dimensionless 
quantities, for example, 

n'=n/no, fo'= (2n)-'he-v''12, v'=v/vo(v'(O) = 1), 

and the primes will be omitted. 
Thus, we consider the "propagation" solutions 

of the Boltzmann equation 

<D = ei(wt-kr)<p(v), (12) 

w is the frequency, k is the propagation vector. 
Substituting this expression into (1) we obtain the 
integral equation for <p 

i(w- kv)<p =- v(v)<p + ~ K(v, v1)<p(v1)f0, dv1. (13) 

Thus, the problem of obtaining similar solutions 
reduces to the construction of the spectrum of (13). 

We note that the frequency and the wave number 
can both be complex. The following cases are of 
interest: 1) w is complex, k is real, 2) k is com
plex, w is real. The former case is related to the 
problem of the evolution of a given initial distribu
tion (propagation of an ultrasound pulse, of a shock 
wave, the relaxation spectrum of neutrons, etc.). 
The latter case corresponds to the stationary 
regime for a given frequency of perturbation (the 
working regime in a long line, the propagation of 
ultrasound in the case of continuous generation, the 
evolution of a freely falling jet, etc.). 4> 

Usually in obtaining solutions of the plane wave 

4 ) Although such a classification is convenient, neverthe
less it is not invariant with respect to a transformation to a 
moving system of coordinates, 

type (12) one deals with a dispersion equation. We 
obtain it from equation (13) with the aid of the 
"modified" method of moments. Utilizing the 
orthonormal system of functions <fln satisfying the 
completeness conditions 

~<pn* (v) qln (v1) = 6 (v- vi), 
n 

we bring equation (13) to the form 5l 

i(w- kv)<p =- v(v)<p + ~ amKmnqln, 
m,n 

Here for the sake of convenience we have introduced 
the notation ( ... , ... ) for the scalar product of 
weight f0• 

From (14) we obtain the following expression 
for <p 

qJ = ~ amKmn<Vn /[v(v) + i(w- kv)]. (15) 
rn, n 

Multiplying it by <p; and integrating we obtain a 
system of linear equations whose condition of 
solubility yields the dispersion equations 

D(w, k) =II 6mp-~ KmnTpn(Ul, k) II= 0, 
(16) 

n 

Tpn(w,k)=~ <V<<Vnfodv . 
v+~(w-kv) 

The solutions of (16) are the dispersion relations 
w(k) (k(w)) which are usually associated with the 
collective motions of the medium-the modes. 
These relations determine the trajectories in the 
complex plane. 

In (16) we have taken into account the singularity 
of the distribution function (15) (the denominator 
can vanish) which, as we shall see, is associated 
with the continuous spectrum. This leads to the 
result that it turns out to be soluble only up to cer
tain definite values of w (or k), while the dispersion 
equation of Wang .Chang [2] where this singularity 
is not taken into account has solutions for all fre
quencies. (One of them has been evaluated by 
Pekeris et al[3J.) 

3. PROBLEM WITH INITIAL CONDITIONS 

In the case under consideration the relaxation 

5 'rhe expansion of the operator K has been written tak
ing into account the property of complete continuity. If in this 
equation we restrict ourselves to a finite number of terms, we 
shall obtain the models for the collision term which have been 
studied in .a particular case by Gross and J ackson['•L The 
simplest of these is the well known BGK model[•]. 



PROPAGATION SOLUTIONS OF THE BOLTZMANN EQUATION 867 

frequency is complex (w = w1 + iw2), while the wave 
number is real. In this case Eq. (13) assumes the 
form 

(-w2 +iwl)cp= (iku-v(v))cp+Kcp, (17) 

k is directed along the z axis, u = v3• 

We investigate the spectrum of the values of w 
as a function of k. First of all the transformation 
properties of (13) enable us to verify that the spec
trum is invariant with respect to transformations 
such as 

w, k :::;Z: m, -k, 

m, k? --m*, k*. 

(18) 

(19) 

For the dispersion equation (16) this means that 

D(w, k) = D(m, -k) = D( -w·, k*) = 0. (20) 

The latter is, naturally, related to the symmetry 
of the left hand and the right hand waves (if solu
tions (12) are of a wave nature, i.e., k"' 0 and 
w1 "' 0). Further, it turns out that because of the 
dissipative property (5) the spectrum can lie only 
in the half-plane w2 ~ 0. Indeed, multiplying equa
tion (17) by cp* and integrating we obtain after sep
arating the real and the imaginary parts 6) 

-mz((j), cp) = (cp, Jcp), 

W!((j), qJ) = k(cp, U!jl). 

The above assertion follows from (21). ?) 

(21) 

(22) 

The spectrum of (17) consists of a continuous 
part and of trajectories. We obtain the continuous 
spectrum by assuming that it is invariant with re
spect to a completely continuous perturbation. B) 

In accordance with this assumption it is sufficient 
to study the equation 

[-(J)z+Y(v) +i(co1 -ku)]cp=0, (23) 

which is obtained as a result of crossing out the 
operator K in (17). As can be easily seen, the 
spectrum of (23) is continuous. The region which 
it fills is determined from the conditions 

Wz = v(v), 

'J)I = ku. 

(24) 

(25) 

It is clear that to a given k there corresponds a 

6 )Here we have taken into account the fact that the quad
ratic form of a self-conjugate operator is real. 

7)We note that the "quadratic-form method" utilized above 
enables us in a number of cases to draw general conclusions 
about the nature of the spectrum. 

8 )In the special case of a self-conjugate operator this the
orem (H. Weyl) is given in['•], p. 395. 

FIG. 1. Spectrum for the problem with initial conditions. 

continuum of values of w, and, consequently, there 
exists no dispersion relation w(k) describing col
lective excitations. For this reason it is natural to 
associate the continuous spectrum with single par
ticle motions (particularly since in the collisionless 
case only a continuous spectrum of frequencies is 
present). In accordance with the properties of the 
collision frequency, conditions (24) and (25) single 
out a region lying to the left of the straight line 
w2 = 1 ( cf., Fig. 1). If the frequency is independent 
of the velocity then the continuous spectrum is con
centrated along the line w2 = l, there is no spec
trum to the left of it and, consequently, the decre
ment does not exceed unity. But in the general case 
the decrement does not have an upper bound, S) 

contrary to the assumption that it is bound which 
was proposed by Uhlenbeck and Ford [1J. It should 
also be noted that the existence of a continuous 
spectrum excludes the dispersion approach to the 
problem for large decrements (w2 > 1). 

We now proceed to study the discrete spectrum. 
We first consider the special molecular model with 
the potentials ajr4, the simplicity of which was 
noted by one of the founders of kinetic theory. For 
it the quantity gu(g, 8) and, consequently, the colli
sion frequency do not depend on the velocity (cf., 
(9)). This circumstance has enabled Wang Chang 
and Uhlenbeck [2] and others (cf. [16], Sec. 12) to 
obtain the eigenfunctions and the eigenvalues of the 
collision operator. The eigenfunctions for Max
wellian molecules are in accordance with (7) 

[ :n:'"r!(2l+1)(l-lml)! ]'1• 
'llrzm = 2ztl r ( r + z + 3 I z) ( z + I m I ) ! 

(26) 

9 )In the case of hard potentials with which we are dealing 
in this paper. In the case of "soft" potentials (2 < s < 4) which 
will be considered separately the spectrum of relaxation fre
quencies turns out to be bounded, but its behaviour in this 
case is essentially different. 
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where L 1 +1/2 are the Laguerre polynomials [20], 

Yz m are the spherical harmonics 

Y1m = P1lml (cos 6)eimcp. 

The functions lf!rzm are orthonormal 

i • r'1'm' .J '¢r'1'm' '¢r1m fo dv = 6r1m 

and satisfy the recurrence relation 

(27) 

(28) 

[ (l+1)2-m2 ]';, 
Vs'¢r1m = ( 21 + 3) (2l+1) {[2 ( r+l} + 3]'h ¢r, 1+1, m 

[ 12 _ m2 J'h 
- (2r} '/, '¢r-1, 1+1, m} + (2t + 1) (2! -l) 

X {[2 (r+l} + 1]'1. \(1r,1-1,m -[2(r+1)]'12 '¢r+1,1-l,m}. (29) 

We give several of the lower eigenfunctions 

'¢ooo = 1, '¢ow = Va, '¢ol±1 = 2-'1. ( v1 + ivz), 

¢10o = 13/2(1- 1/3v2), '¢ozo = 1/2"ji3(vs2 - 1isv2}, 

'¢uo = f5 /2 ( 1 - 1/~v2 ) va. (30) 

They are directly related to the perturbation of 
observable quantities such as density, velocity, 
temperature, pressure and heat flux in the direc
tion of the z axis. 

The eigenvalues of the model under consideration 
are given by the expression [1] 10 > 

'! e e 
Ar1= \d6sin6F(6) [cos2r+1-P1(cos--) 

0 2 \ 2 

(31) 

The values of (31) for a large number of values of 
r and Z are given in [21 ]. In the case of the normal
ization adopted by us the lowest nonzero eigen
values are equal to 

/.20 = -0.0637, A3o = -0.0955, lc\2 = -0.1101. (32) 

Noting that in the spatially homogeneous case 
(k = 0) equation (17) reduces to (6) we obtain the 
trajectories for small k, on the basis of the eigen
functions (26) and of the spectrum of relaxation 
frequencies (31). We carry out the calculations by 
means of perturbation theory developed in quantum 
mechanics (cf., for example, [22] ). 

The eigenvalues of the unperturbed problem are 
not simple. In addition to the previously noted 
radial degeneracy with respect to m, - l :s m :s l, 

1 O)An inaccuracy exists in[' J, viz., it is asserted that 
Arl -> oo for r, l -> oo, if the total cross section is infinite. Ac
tually Ar1 has a finite limit. 

and the degeneracy of the zero eigenvalue 

'Aoo = 'J..Q1 = A10 = 0, (33) 

there exists also an "accidental" degeneracy 
characteristic of the model under consideration, 
viz., a twofold degeneracy 

(34) 

and a threefold degeneracy 

(35) 

as follows from (31). 
Just as in the theory of the Stark effect ( [ 22], 

Sees. 75-77), the perturbation matrix 

~r'l'm' r • 
U r1m = .) (/Jr'1'm' U (Pr1mfo dv (36) 

has the following properties: a) it is diagonal with 
respect to m, so that there is no need to take into 
account the degeneracy with respect to this index; 
b) the diagonal matrix elements are equal to zero, 
i.e., there is no first order perturbation of the 
nondegenerate (with respect to r, l) "levels"; 
c) only the elements for the "transitions" Z ~ 

± 1 can differ from zero; d) the matrix elements 
are even functions of m, and consequently, the de
generacy with respect to the sign of m is not 
lifted. For Maxwellian molecules these properties 
follow in an obvious manner from formula (29). 
From this formula it is also clear that the matrix 
elements U f~t, 1 between the degenerate "states" 
(33), (34) and (35) are not equal to zero, and this 
means that for the corresponding levels a first 
order correction will exist. 

Thus, we consider the behavior of the trajec
tories up to second order perturbation theory. 1 l > 

The hydrodynamic modes (A.00 = A.01 = A. 10 = 0). 
Zero gives rise to two acoustic modes which differ 
by their directions of propagation, 

- ( 1 2 \ 
iw1, 2 = +ik "¥5/3 + k2 3"-u + 3"-02 ) , (37) 

and also two diffusion modes: the thermal mode 

(38) 

and the transverse mode (originates from lf!o,t,±tl 

(39) 

The phase velocity of the acoustic mode fork- 0, 
in accordance with its name, is equal to the 
acoustic sound velocity. But there is no such con
nection with the velocity of the sound pulse for 

ll)The expressions given below have also been obtained 
for m = 0 by a different method by Sirovich[ 8 J. 
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large wave numbers. Moreover, preliminary cal
culations indicate a transition to negative disper
sion. 12 ) The diffusion modes (38), (39) are not 
propagated and, evidently, describe relaxation. Of 
these two the transverse mode is damped out at a 
lower rate (cf., (32)). 

Nondegenerate modes. In this case we obtain for 
the shift of the eigenvalue "Arz 

. , z{ (l+1)Z-mZ 
lWrllml = Arl- k (2l + 3) {2l + 1) 

X [~~~~~L~+~ + Arl- ~-1, 1+1 J + (2Z ~21~(:Z2- 1) 

X [ 2;~ ~ ;,.,~11 + Arl2~ :+~~-J}. ( 40) 

The modes under consideration are diffusion modes, 
and are related to the relaxation of the correspond
ing tensor quantities. The coefficients of k2 are 
positive-the trajectories are moving to the left 
(cf., Fig. 1). 

Twofold degeneracy. In this case which corre
sponds to the degeneracy (34) we have nonacoustic 
(diffusion) propagation 

( 2r )'/, 
iw1,2 = Aro+ ik 3 

2(2r+3) + 4(r-1) l 
+ 15(Aro-Ar-!,2) · 15(Aro-Ar-z,z) _' 

and also the diffusion mode (from lPr-1 ,1 ,±d 

. [ 2r + 3 2 (r- 1) l 
lW3 = Aro- k2 ------+ I . 

5 (f.,.o- Ar-1, z) 5 (Aro- Ar-2, z) _, 

The trajectories, as before, move to the left 
(Fig. 1). 

(41) 

(42) 

With respect to the triple degeneracy (35) we 
note that it is a particular case of those already 
considered and is described by formulas ( 42) and 
(41) respectively for ?..30 = i\21 and i\02· 

We discuss the discrete spectrum for small 
values of kin the case of non-Maxwellian mole
cules. It is clear that the qualitative picture re
mains the same for the zero eigenvalue (acoustic 
branch and two diffusion branches), and also for 
the eigenvalues with such indices r, l, with respect 
to which there was no degeneracy in the case of the 
Maxwellian model (Z + 1 is the diffusion branch). 
The eigenvalues "Ar 0, "Ar_1 ,1 require a more detailed 

12 )As is well known, the dispersion of low frequency 
sound is positive, i.e., Vphase < Vgroup· 

investigation. The "non-Maxwellian property" 
(which can be regarded as a perturbation) evidently 
lifts the degeneracy. But the splitting of the levels 
turns out to be small (this, in particular, can be 
seen from the table for hard spheres given in [21])_13\ 

The latter circumstance enables us to apply pertur
bation theory for closely spaced levels (cf. [22]), 

which yields the following expression for the shift: 

iw1, 2 = 1/z(Ar-1, 1 + Aro) 

(43) 

From this expression, in particular, it follows that 
the propagating trajectories will now begin not 
from k = 0, but from a value corresponding to the 
point of confluence 14> (the expression under the 
square root vanishes). An analysis of expression 
(43) for the hard sphere model will probably enable 
one to answer the question of the existence of non
acoustic propagations in the general case. 

In concluding the construction of the spectrum 
we discuss the behaviour of the trajectories for 
"large" values of k. The fact that the trajectories 
reach the continuous spectrum for certain values 
of k (cf., Fig. 1) has been established by means of 
going over from the degenerate collision operator 
(cf. footnote 51 ) to the exact one within the frame
work of perturbation theory. For the "kinetic 
model'' the existence of a limiting wave number 
klim (or, more accurately, a set of such numbers) 
is almost obvious and was essentially evident to 
Sirovich and Thurber [7] but with the one difference 
that the absence of solutions of the corresponding 
dispersion equation (the "truncated" equation ( 16)) 
was associated with the limit of applicability of 
this model, and not with the continuous spectrum. 
But in actual fact klim turns out to have its own 
value for each mode and tends to zero for n ~ oo 

(n is the mode index). A very simple calculation 
yields for the acoustic mode a value of the limiting 
wave number for which "A/ l RJ 4. 

The description of the spectrum obtained (Fig. 1) 
can be interpreted as a transition of the system 
from collective motions (trajectories) to single 
particle motions (continuous spectrum) under the 
influence of a perturbation. In this sense modes 
characterized by a high index which go over into 
the continuous spectrum for low values of k, or 

13 )Unfortunately the eigenvalues have been defined in this 
reference in a manner different from the customary one, but for 
the lowest levels this is probably not essential. 

14 frhe possibility of the confluence of closely spaced lev
els in contrast to the usual "repulsion" is evidently due to the 
fact that the perturbation is non-Hermitian. 
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which turn out to be in the continuous spectrum at 
the outset, should be called quasicollective modes. 
The latter case will be encountered in the study of 
"soft" potentials. 

4. THE STATIONARY PROBLEM 

In the case under consideration the wave number 
is complex (k = k1 - ik2), the frequency is real, 
and equation (13) can be written in the form: 

(kz+ik!)UqJ= (v(v) +iw)qJ-KqJ. (44) 

We determine the dependence on w of the spectrum 
of the values of k. As can be seen from (18) and 
(19) it is situated in the k-plane with appropriate 
symmetry, so that in future it will be sufficient to 
limit ourselves to the fourth quadrant. 

In analogy to the preceding section we can ob
tain the continuous spectrum by studying the equa
tion 

[ -k2u + v(v) + i(w- k1u) ]q; = 0. (45) 

The region which it fills is determined by the con
ditions 

k1 = w/ u, 

kz = v(v) / u, 

or by the more convenient combination: 

k1 = wkz / v ( v). 

For the Maxwellian model the expression ( 48) 

(46) 

(47) 

(48) 

( 49) 

specifies a family of straight lines with the angular 
coefficient w. In other words, the ray along which 
the continuous spectrum is concentrated sweeps out 
the fourth quadrant counterclockwise as the fre
quency varies in the range 0 ~ w ~ oo. In the gen
eral case v(v) ~ 1, so that the relation ( 48) defines 
the region of the continuous spectrum lying below 
the ray (49) (cf., Fig. 2), 

(50) 

The appearance of the continuous spectrum for 
hard spheres is somewhat different. First of all 
relation (47) together with (11) gives 

kz~v(u)/v~b, b=0.627. (51) 

Combining (51) with (46) and (48) we obtain the 
range for the continuous spectrum in the case of 
spheres 

(52) 

We proceed to investigate the discrete spectrum. 
First of all, by utilizing the quadratic form method 

FIG. 2. Spectrum for the stationary problem. 

for Eq. ( 44), we establish that the trajectories all 
emerge from the origin. In this connection it is 
puzzling to see the third solution of the problem of 
the propagation of sound obtained by Moiseev
Ol'khovski1[23] which begins at the point 15 l k 1 = 0, 
k2 r::::! 1. The problem of the number of branches 
originating at the origin is not as simple as might 
appear, since zero is a singular point (the con
tinuous spectrum reaches it). A study of the dis
persion equation (16) by means of the theory of 
implicit functions shows that exactly three trajec
tories l'eave the origin (in the fourth quadrant). 16 l 

We consider these modes in the case of low fre
quencies, and for the sake of simplicity we restrict 
ourselves to the Maxwellian model. For this it is 
sufficient to solve the "truncated" dispersion equa
tion which is obtained from (16) by separating out 
the upper left hand determinant of the fifth order 17 l 

(it is formed by the first five eigenfunctions (30) ). 
Taking into account the conservation of the number 
of particles the equation assumes the form 

(!) -k 0 
Da(w,k)=(Tu-1)(TM-1) T21 T 22 -1 T 23 =0. 

T 31 T 32 T a a - 1 
(53) 

It yields us the following three modes: the acoustic 
mode 

(54) 

the thermal mode 

k ;:::::; -y w I 2 [ 1 + 3w - i ( 1 - 3w) ] (55) 

and the transverse mode 

k;::::;lfw/2f1-w/2-i(1+w!2)]. (56) 

15 )Probably its appearance can be explained as being the 
result of using the moment equations outside the domain within 
which they are valid. 

16)As is well known, the number of roots of an implicit 
equation is determined by the nonvanishing derivative of the 
lowest order. In this case this is d'D(O, O)/dw5 , i.e., there are 
five roots w = w (k), with one of them being a double root, and 
one laying outside the fourth quadrant. 

17'rhe latter is equivalent to taking the first five terms in 
the expansion of the operator K[cf. (14 )]. 
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As can be seen, they all describe propagation, with 
the velocity of the two latter modes tending to zero 
as the frequency tends to zero. It is clear that the 
acoustic mode is the dominant one. For greater 
frequencies the damping of the modes becomes 
comparable, but the transverse mode is damped at 
an appreciably faster rate (cf. Fig. 2). It should 
be emphasized that the acoustic mode (54), and the 
mode from the preceding section (37) analogous to 
it, in spite of their similarity in the case of weak 
inhomogeneity, have at high frequencies different 
phase velocities and decrements. 18 l As estimates 
have shown this becomes noticeable for w ;2:, 0.3 
(A./ l ;S 20). 

In the consideration of the one-dimensional 
problem (only the eigenfunctions (7) with m = 0 are 
taken into account) we have, evidently, two trajec
tories (acoustic and thermal) so that the discussion 
of a larger number of solutions in certain papers 
(cf., for example, l 13 ]) can probably be explained 
by careless use of moment expansions. We note 
that in our case we do not obtain the second 
acoustic mode obtained by Vlasov ( [14], p. 255) for 
neutral gases. 

We now go on to "high" frequencies. As the 
frequency increases the trajectories move as 
shown in Fig. 2 until in accordance with the crite
rion ( 49) limiting values are reached (a separate 
one for each mode) at which the trajectories 
merge with the continuous spectrum. The attain
ment of the continuous spectrum is based on the 
same considerations as in the preceding section. 
The limiting frequency for the acoustic mode, for 
example, according to preliminary calculations is 
equal to Cf1lim l':j 1. 8 (A./ l l':j 4). 

It is clear that the results obtained above have 
nothing to say about the behavior of sound at fre
quencies above the limiting frequency. In this do
main the dispersion approach is inapplicable, and 
various extrapolations of this method to high fre
quencies utilized by different authors [2•6•7] cannot 
be considered to be correct. 

5. DISCUSSION AND CONCLUSIONS 

1. First of all we discuss the attainment by the 
trajectories of the continuous spectrum, which, as 
has been stated, can be related to the transition of 
the system from collective motions in the case of 
weak inhomogeneity to single particle motions in 
the case of strong gradients. Uhlenbeck and Ford (1] 

have arrived at a similar picture by analyzing the 

18Yrhe damping k2 is, evidently, associated with the de
crement by the expression k2 = w2/Vphase· 

problem of the propagation of sound on the basis of 
the simplest model of the kinetic equation. But in 
their arguments there is a number of inconsisten
cies. Thus, the existence of a limiting ("critical") 
frequency was related to the existence of a lower 
limit to the spectrum of relaxation frequencies, 
while the spectrum itself was assumed to be dis
crete in the general case. The results of the pres
ent paper show that both these facts do not hold in 
the general case and are valid only for the Max
wellian model. 

It should be emphasized that the limiting fre
quency is not the "critical" frequency for sound. 
A transition to the domain of single particle motions, 
of course, does not exclude the possibility of the 
existence of "quasicollective" motions, for example, 
such as zero sound, Langmuir plasma oscillations, 
and others. In accordance with the criterion (50) 
one should include among this type of processes 
also the propagation of sound in the high frequency 
range of experiments [2 •13 ]. 

2. The description of the spectrum obtained 
above permits one to conclude that dispersion 
theory (which can be schematically represented as 
an exponential substitution plus a study of the dis
persion equation) is insufficient for the description 
of rapid (quasicollective) processes and the con
tinuous spectrum must be taken into account. 

For this reason Landau's procedure (s] which 
can be regarded as an analytic continuation of the 
dispersion equation into the domain of high fre
quencies must be considered to be incorrect. 19 > 

Weitzner [24 ] has arrived at a similar conclusion 
by studying the problem of collisionless damping of 
plasma waves; the mathematical arguments utilized 
in this connection are essentially related to the 
continuous spectrum. Apparently moment equations 
also can not be used for a discussion of high fre
quencies. 

The segregation of the continuous spectrum has 
enabled us to clarify the relationships between two 
types of dispersion equations describing the same 
problem. Some of them (for example, the Wang 
Chang equation [2] ) were obtained by the method of 
moments, while others (for example, the equations 
in Bhatnagar 's paper (6]) were obtained similarly 
to (16). From what has been said earlier it is 
clear that equations of the second type are prefer
able since they take into account the existence of 
the continuous spectrum. 

19)We note that, in spite of the a priori incorrectness of 
this procedure, calculations show that Eq. (53) continued ana
lytically beyond the limiting frequency gives a good descrip
tion of experiments[12 ] right up to the maximum frequencies 
(All~ 0.1). 
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The direct study of the spectrum carried out in 
the present paper will probably enable one to 
clarify the nature of the available "special" solu
tions of the Boltzmann equation (such as, for exam
ple, 01 'khovskil's third solution [23 ] ). 

In conclusion the author takes this pleasant op
portunity of thanking the members of L. E. Gure-. 
vich 's seminar for stimulating discussions, S. V. 
Vallander for critical remarks concerning the 
paper, and also M. L. Za'i'tsev for his aid in putting 
the work in final form. 
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