SOVIET PHYSICS JETP

VOLUME 22,

NUMBER 4 APRIL, 1966

THE PROBLEM OF NON-ORTHOGONALITY OF ATOMIC ORBITALS IN THE APPLI-
CATION OF THE HEITLER-LONDON METHOD TO CRYSTALS

. STAROSTIN

State Optical Institute
Submitted to JETP editor, April 28, 1965
J. Exptl. Theoret. Phys.

(U.S.S.R.) 49, 1228-1236 (October, 1965)

The problem of the non-orthogonality of the atomic orbitals in the Heitler-London method is
considered for the case in which the state of the system is described by a linear combination
of Slater determinants which differ both in their spin and their orbital configurations. An ap-
proach is developed on the basis of taking into account completely the most important overlap
integrals. Sufficient conditions for the applicability of this approach are formulated.

INTRODUCTION

ALREADY in the 1930’s a number of authors 3]
have drawn attention to the difficulties connected
with the application of the Heitler-London method
to many-electron problems because of the lack of
orthogonality of the one-electron wave functions.
It was shown in the simple example of a linear
chain of hydrogen-like atoms that if the total num-
ber N of electrons is large, and the non-orthogonal-
ity of the one-electron wave functions is allowed
for, the expression for the energy of the system
appears as a ratio of two polynomials in N in which
the coefficients of the various powers of N are the
overlap integrals of one-electron wave functions.
If N is large then the usual approach in which the
overlap integrals are completely neglected may
have a very large error. Moreover this error
may increase indefinitely with increasing N. This
difficulty in the theory is called ‘‘the non-ortho-
gonality disaster.’”’ The [problern was analyzed in
the papers of Van Vieck®, carrtt , and Mizuno
and Izuyama[5:| .

In these papers the state of the system was
described by a single Slater determinant. This
limitation, which simplifies the problem consider-
ably, is a very serious restriction, since only very
few problems can be satisfactorily treated by this
choice of the many electron wave function. In re-
cent years the work of Arail®?) and Mullin(8) has
dealt with the case in which the state is described
by a linear combination of Slater determinants.
Here the separate determinants differed only in
their spin configurations while the orbital configu-
ration remained the same. In addition it was as-
sumed that the orbital configuration corresponded

to the ground state of the system, so that the orbi-
tal functions did not include excited states of atoms.
In the present paper we consider the more general
case, in which the system is described by a linear
combination of Slater determinants which differ
both in their spin and in their orbital configurations.
An approach is developed which already in zero-
order approximation allows explicitly for the most
important overlap integrals which cannot be re-
garded as small. Conditions for the applicability

of this approach are formulated. These conditions
are generalizations of the relations found by
Mizuno and Izuyamal5J.

2. GENERALIZED HEITLER-LONDON METHOD

The generalized Heitler-London method for the
solution of quantum mechanical problems requires
first of all the choice of a system of zero-order
wave functions

CDi————(Di(Xi,Xz,... i=1,...,M), (1)

) XN) ’

which depend on the coordinates and spins of all
electrons in the crystal. Each of these M functions
(1) represents a separate Slater determinant

®; = ¢; A vy (X4) v2 (Xe)

. L’h(Xk) ka(ka) e UN(XN)],

(2)

where A is the antisymmetrizing operator and cj is
a normalization constant. The one-electron func-
tions vy(X), ..., vN(X) depend both on the space
coordinates r and on the spin coordinate ¢ of the
electrons (x = r,0). In general these functions will
not be mutually orthogonal.

After relabelling rows and columns, any two
Slater determinants from the set (1) can be ex-
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pressed in the form

b, = Ca_‘/zA[lii (XQ) UN(XN)], (3)

O = cp~"rA[ui(x1) ... wn(X0) Vht ($n) ... vn(xn)]. (4)

cen l’k(xk) Uk+1(Xk+1) v

The choice of the two sets of functions vy, ..., vk
and uy, ..., uk for any pair of Slater determinants
®q and ®g is done in such a way that the factors

j G=k+1,...,N) do not contain excited atomic
wave functions. The number k of different functions
in (3) and (4) is usually small (k < N), since in
most practical cases the transition from one state
$ of the crystal to another &g involves only chan-
ges of state for a small number of electrons. The
limiting case of k = N has been considered by
Lowdin 9]. However, the problem here becomes
so complicated that it is not possible to get beyond
very general formulae.

As a result of the non-orthogonality of the one-
electron wave functions the set of functions (1) are
also not orthogonal. In order to avoid difficulties
which might arise from this we introduce in place
of (1) an orthogonalized system of wave functions

of zero order -10-11].
M

Wi= X 0;[(1+ Q)"

j=1

i=1,...,M, (5)
where Q is the matrix of the non-orthogonality
integrals of the many-electron wave functions <I>j
with the elements

Qi = ©; ®iar — . (6)

Here and later the symbol f dr denotes integration
and summation over all electron variables.

The wave function of an arbitrary state of the
crystal can be written in the form

M
¥ =" a;¥.. (7)
=1
The function ¥ will be normalized to unity if the
coefficients aj obey the condition )5 |aj|? = 1. The

rest amounts to the determination 1of the coeffi-
cients aj as the solution of a suitable secular
equation, and subsequently to the calculation of the
averages over the function ¥ of various physical
quantities. Thus in essence the problem consists
of the calculation of the matrix elements of various
operators, which are symmetric in the electron
coordinates, between the orthonormalized func-
tions ¥;.

Consider the matrix element

{ weow;ar, (8)

whére the operator  is symmetric in the electron
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coordinates. In all cases of practical interest the
operator £ is a sum of one or two electron opera-
tors, i.e.,

( N
‘ Q= D
) =1
Q=
' N
l Qu =D Qu. (9)
: h<<l=1

By substituting (5) in (8) we find

{wrow, dr

= D (14 Q)i | PurQDpdr[(1 + Q)T (10)
a,f=1

or in matrix form
A= (1+ Q) "B(1 4 Q) ",

where A denotes the matrix with the elements
f\Ili*Q\IlJ. dr obtained from the orthonormalized func-

(11)

tions (5), and B a matrix with the elements
fég‘lﬂé dT obtained from the original zero-order
wave functions (1).

2. CALCULATION OF THE MATRIX ELEMENTS
OF B

By definition the elements of the matrix B have
the form

Bpo = | Dy Q¥ dr, (12)
where &g and ¢y are determinants defined by (3)
and (4). To evaluate (12) we may use a combined
orthogonalization method[12:13] the idea of which is
based on a separation of all possible overlap inte-
grals into two groups: (a) the set of integrals S
which may not be assumed to be small since they
may contain excited atomic functions, and (b) the
numerous small overlap integrals S which do not
involve excited wave functions. The evaluation of
the matrix element Bgg(I) = f@ﬁﬂléad'r gives (13

k
Bpa(T) = Dy Dy~ { ST(— 1) Dy (] ¥)

n.v=1

% U (1) Quov (1) dxy

N
— 3 (we () Quwi(1)dx, 745

i,j==h+1

N
- Z ST \ vi™ (1) Qv (1) dx,

i,j=Rk+1

+ Z Sui(“)TijSUj*([)inj:(l)dxlTj,i,Sg?,:l

0,7 5,0
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+ Duv 2, Tij S Ui'(1)Qﬂ)j(1)dX1},

1,j=k+1

(13)

where
D,_.L. = (18[){&01‘ (MV)},

Duu = det{d—uu(MV)}’
Dy = det{CYu r(!—l'v)}

are determinants of order k and D, (x/v) is a

minor of first order of the determinant Dyy with
respect to the element u,v. The elements of the
determinants Dyy, Dyy, Dyy are given by the ex-

pressions
N

T (W) = (v, 03) — D) Sui®T3;8 5,
i,j=h+
N
‘Zuu(lw) = (uy, uv) — Z Sui(u)Tijgjv(m,
i,j=k+1
N
dup (Wv) = (Uy, Uv) — Z ST 58 ™),
i,j=k+1

(14)

i
between the functions uy, v“(p =1,...,k) on the
one hand, and the functions vj(1=k+ 1,...,N) on
the other:

The symbols §ﬁl) and —S—J(l‘/,) denote overlap integrals

B = (uu,vi),  Sp®=(vj ). (15)
The matrix T has the form
N
Tij=('l+S)ij_1=6ij—Si]'+ESilSlj'—'---y (16)

I=RkH
where Sjj = (vj, vj) — 6jj is the overlap integral of
the function vi(i = k + 1, ..., N) with itself.

A similar formula can be obtained for the ma-
trix element Bgq/(Il) = f@EQH@adT. However, it is
so lengthy that it is more sensible to write it in a
different form:

Bpo (I1) = DD (uv | ) {1y | Quz| pv] — [uv| Qua| vul}

u<v
k N
+ 3 D Duo(p|p) {0 Qe | wil — (0] Q| jnl}
pu=1 j=Rk+1
N
+Duww X 5 (| Queli]l — [if]| |7}, (17)
i, j==h+1

where Dyy(uv | pv) is a second order minor of the
determinant D,y with respect to the elements

up, vv. In addition we have used the following ab-
breviations:

[ Qe vl = § 7" (1) 3" (2) Qoo (1) 5 (2) dxy dxe,
(07190l = § 7" (1)95(2) Quevn (1) 95 (2) dxs ds

[i7] Qi1 = § @:" (1) 9" (2) Quepi (1) 95 (2) dx dx,
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where the functions Hu, V“, ¢j are defined by

N

2 @iles u),
j=h+1

uﬂ= uh——

N
Vp="Up— Z Q5 (Psy Vu),
j=h41

N

v = 2 vi(1 —i—S);}%.

i=RH

(18)

On inserting (18) in (17) one obtains an expres-
sion similar to (13) which contains the overlap
integrals S, 5) and the matrix elements of
T (16). Equations (13), (17) and (18) give exact
expressions for the matrix elements
BBa 1), BBa(II), allowing for all overlap integrals:
in addition to the particularly important quantities
5 and V), which contain excited atomic wave
functions a large number of small overlap inte-
grals are allowed for in the matrix T.

3. ZERO-ORDER APPROXIMATION AND ‘‘THE
NON-ORTHOGONALITY DISASTER”’

In the preceding section it was shown that, al-
lowing for the non-orthogonality of the one-electron
wave functions in the Heitler-London method, the
matrix elements of the Hamiltonian and other
operators contain a large number of different
overlap integrals. Therefore the error in the usual
method in which the non-orthogonality of the one-
electron wave functions is completely neglected
may be considerable. This ‘‘non-orthogonality
disaster’’ is made worse by the fact that these
overlap integrals include some which manifestly
are not small, since they contain excited atomic
wave functions which are strongly de-localized.

We shall deal with this by renormalization of the
zero approximation. A similar approach was used
by Mizuno and Izuyama in their theory of bound
electron pairs(®) and also by Gold[!* in the theory
of impurity centers. Basically this method amounts
to neglecting in the zeroth approximation the large
number of small overlap integrals which do not
contain excited atomic states. Explicitly, one as-
sumes in zero-order approximation

Tij = b4 (19)

By using the results of Mizuno and Izuyama[ﬂ

one can show that, provided the overlap integral
Sjj obeys the condition

N

2 [Si] <Y/

l=h+1

(20)
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then for any j =k + 1,...,N the matrix elements
of T satisfy
N

S 1sal) . (@)

l=RH1

ISHI][1— i |S,j|}. (22)

I=Rh+1 -

N —1
(1+ > ISHI) <Tﬁ<(1—
Ja—
N

2

l=kH

N
Tal< 3 18l [[ 1—
I=h+1

It follows that the exact values of the matrix ele-
ments of T do not differ much from the approxi-
mate values Tjj = 6jj if the expression

2184l is sufficiently small compared to 1/2.
i=k+1

If the non-orthogonality integrals (6) of the
many electron functions ®; i=1,..., M) are small
enough, the matrix elements of (1 + Q)'l/2 can be
expanded

(1— Yoy 30— )
\1 2Q+SQ o

(14 Q); "=

jt

1 3
=08ji— Qi+ — ) QjaQui — ... (23)
2 8 .=
The question of the convergence of the series (23)
is of great importance for the discussion of the (y¢
“‘non-orthogonality disaster.’’ Lowdin has shown
that the matrix series (23) will converge if

M
p=1

(24)

for any ¢ =1,..., M. It converges more rapidly
the smaller is Q compared to unity. By using the
definition (6) we can express this condition in the
form

3 IS(DB“(Dadr( <1.

Ba

(25)

We evaluate the integrals occurring here by
means of the combined orthogonalization method
and find(13]:

§ ©5*®udv =D D7 D,.. (26)
It follows that the series for (1 + Q)"!/2 will con-
verge if
2 |Duv(Duuva)_V2l =qg<<l; (27)
u

here the inequality (27) must hold for any of the M
sets of functions vy, ..., vk, which occur in (1).

The summation here extends over the M — 1 sets
of functions uy, ..., uk which differ from vy, ..., vk.
The elements of the determinants Dyy, Dyy, Dyy
(14) will contain overlap integrals without excited
atomic states but may include in addition overlap

integrals of two other types: S, which contain only
one excited function, and S, containing two excited
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functions. Hence the inequalities (20) and (27) are
conditions which can be applied directly to the
magnitude of the overlap integrals S, S, S. These
can be regarded as generalizations of the condi-
tions of Mizuno and Izuyama[sj to the case in
which the state of the system is described by a
linear combination of determinants which differ
in their spin as well as in their orbital configura-
tions.

If the condition (27) is satisfied the matrix A
(11) can be expanded in powers of Q:

A=B—1,(QB+BQ) +....

The error arising from neglecting higher powers
of Q will be smaller the smaller (27) compared to
unity.

(28)

4, DISCUSSION OF THE PROBLEM FOR THE EX-
AMPLE OF NOBLE GAS CRYSTALS

For a more detailed analysis of conditions (20)
and (27) consider a simple cubic Bravais lattice of
N atoms with complete electron shells. Then the
state of each electron in the system can be des-
cribed by an atomic wave function 1 which is
localized near some lattice point I, and where i is
the set of quantum numbers for the electron in the
atom. According to (11) we introduce a system of
wave functions of zero approximation correspond-
ing to a localized excitation when any one of the
atoms is in the excited state with the configuration
np°n’s:

(DJ;.=ATIJJ:¢(X.m) n Yri(xLi), (29)

Li#Jj

where J 3, is the wave function for an excited elec-
tron. Here it has been assumed that the change in
the wave functions of the electrons in the p shell
can be neglected, so that the functions ¢ ;(LI # Jj)
are the same as in the ground state. There exist
therefore 12N separate Slater determinants which
differ from each other by the functions occurring
in two columns.

Indeed the functions 3, and &)/ can be written
in the form (3) and (4) if one sets

vy = YPri, Vg = 131%? uy = {b-ru, uz = YPyj. (30)

The quantities Dyy, Dy, Dyy are in this case de-
terminants of the second order. We shall from

now on take into account only the overlap of wave
functions of the outer np shells of the atoms in the
crystal. Since in addition, the overlap integrals
decrease rapidly with increasing R (R is the dis-
tance between the centers on which the atomic
functions are localized) we may limit the considera-
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tion to three relative positions R, = a, R, = awfz,
Ry = aV3 where a is the lattice constant. With these
assumptions the condition (20) takes the form

91 = 6|Sg, (npo, npo) | + 12|Sr, (npo, npo) |

+ 8|Sr.(npo,npo) | << 1, gz = 6| Sk, (npmn, npx) |

+ 12| Sg, (npm, npn) | + 8|Sk, (npx, npn) | < o (31)

Here we have used the standard notation for atomic
p orbitals in a diatomic configuration[m] . The
overlap integrals appearing in (31) have been cal-
culated for n = 3 (argon) by Knox[18). We then find
for gy and q, with n = 3: q; = 0.1897, q, = 0.0292.
For solid argon the condition (20) is therefore
satisfied.

The general matrix elements of T reduce in the
case in question to five basic types

Tu - TLspa, L3po, T22 == TLspn, L3pm; T12 - TLspcr, L3pm,

Txspo, Lapn; Txr(11) = Tkspo, L3po,

TKL (22) = TKspn, L3pm.

Using the relations (21) and (22) we obtain

! <Ty< ! ! < T << !
1+Q1\ 11\1_q17 1+Q2\ 2 1___q21

g2 .
(1—ag)(1—g) ’

ITKL(“) | < ‘I1‘/(1 — q1)?, ITKL(22) l < QZ/(1 — q2)% (32)

[Te| <

If we insert here the values q; ® 0.2 and q, = 0.03
we find that the greatest error arising from the
replacement of the diagonal matrix elements of T
by the approximation Tjj = 1 is for solid argon
below 20%. In fact the error is less because Eqgs.
(13) and (17) contain terms independent of T, and
this reduces the relative error. For an estimate
of the error arising from the omission of the off-
diagonal matrix elements of T one requires to
know the order of magnitude of the terms without
T in (13) and (17).

By evaluating the determinants Dyy,, Dyy, Dyy to
second order in the overlap integrals and retaining
only terms involving excited atomic wave functions
one brings the condition (27) to the form

q= [1 — 2 | (Wrx, Vrck) fz]‘% Z | (Waws i) [|(Wsis $rs) |

Kk+Jj Iis£Jj

x[1— >

Kk+Ii

| (1, i) |2'J T, (33)
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We introduce the two parameters

90=2\ [%rx, brn) | = 6| S, (n’s, npo) |2

Kk

+ 12| Sg,(n’s, npo) |2 4 8|Sk, (ns, npo) |2,

gs = 6| Sg, (n’s, n's) || S, (npo, npo)| + 12| Sk, (n's, n's) |

X |Sg, (npo, npo) |4 8|Sr,(n’s, n's)| | S, (npc, npo) |.(34)
We may then replace the condition (33) by

g=gqs/ (1 —q) < 1. (35)

We use the actual values of the overlap integrals
for solid argont!®) and find q; = 0.098186,

qo = 0.05985. This makes q about 0.1. It is there-
fore clear that the inequality (27) is satisfied for
solid argon and that the matrix series (23), for
1+ Q)'”2 converges sufficiently rapidly.

The results of this section lead to the conclu-
sion that in the case of crystalline noble gases the
approach based on equations (13), (17), and (28)
with Tij =6 ij is applicable with a good accuracy.
In this procedure the error remains small, how-
ever large the number of atoms in the crystal.
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