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It is shown on the basis of the equations of quasilinear theory that when t — = a ‘‘plateau”’
appears in the distribution function of resonant particles under the action of three-dimen-
sional longitudinal oscillations. The relaxation of the distribution function of electrons mov-
ing with respect to ions under the action of unstable ion-sound oscillations is considered. It
is shown that if the electron velocity is close to the critical value above which the oscillations
are unstable, then the resonant electrons are slowed down during the first stage of relaxation
to a velocity of the order of that of sound. Subsequently a ‘‘plateau’’ is formed along the di-
rection of the beam and the oscillation spectrum becomes one-dimensional. Quasilinear re-
laxation under the action of one-dimensional wave packets in a magnetic field is considered

in detail.

IN many papers (see the reviews 1:3), the au-
thors have investigated the relaxation of the
‘‘background’’ velocity distribution function of
plasma particles on the basis of the quasilinear
theory for cases when the oscillation spectrum
represents a one-dimensional wave packet. As
shown in these papers, the reaction of the plasma
oscillations on the particles leads to establish-
ment of a ‘‘plateau’’ on the distribution function.
We consider in the present paper, on the basis of
the quasilinear theory, the change in the ‘‘back-
ground’’ distribution function for the case of a
non-one-dimensional oscillation spectrum. We
shall show that as t — = the system goes over
into the stationary state. If the velocity-space
volume Qv occupied by the resonant particles at
the instant t = 0 is infinite and the oscillation
energy differs from zero when t — %, then the
oscillation spectrum in the final state becomes
one-dimensional, and a one-dimensional ‘plateau’
appears on the distribution function. On the other
hand, if the volume Qy is finite at t = «, then a
three-dimensional ‘‘plateau’’ is produced in the
final state.

In the case of unstable ion-sound oscillations
excited by electrons moving relative to the ions
with a velocity u which is close to the critical
velocity u* above which the ion-sound oscillations
are unstable, the relaxation process proceeds as
follows: during the initial stage (within a time
~1/v), the oscillation spectrum becomes almost
one-dimensional, since the oscillations build up
most strongly along the beam; this is accompanied

by a decrease in the translational velocity of the
resonant frequencies to a certain value vy, < u*.
As a result of the deceleration of resonant parti-
cles, the oscillations which propagate at an angle
¢ to a direction which is not very close to zero,
begin to attenuate, and then a ‘‘plateau’’ is
formed on the electron distribution function along
the beam direction.

We consider also the change in the distribution
function, caused by longitudinal oscillations in the
magnetic field. We show that relaxation of the
distribution function takes place when t — <. On
the basis of the equations derived we have investi-
gated the deformation of the distribution function
in the case of narrow one dimensional wave
packets.

1. RELAXATION OF LONGITUDINAL OSCILLA-
TIONS IN THE ABSENCE OF A MAGNETIC
FIELD

The fundamental equations of the quasilinear

theory are of the form [
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where fgl = f(?‘ (v, t) is the average distribution
function of resonant particles, €y = k?|¢g|? is the
spectral energy density of the oscillations with
frequency w = w (k), @, = (4mednyq/mgy)"? is
the Langmuir frequency of particles with charge
eq, mass mgy, and equilibrium density nyy. The
integration in the denominator of (3) is in the
sense of the principal value. The form of the
region occupied by the resonant particles can be
determined from the equation w (k) =k v, by
assigning to the vector k all possible values for
which €, (t) exceeds appreciably the thermal-
noise level.

The distribution function of the nonresonant
particles changes much more slowly than the dis-
tribution function of the resonant particles.
Therefore Eq. (1) can be used also for nonresonant
particles, if we put for them of§*/ot = 0.

From (1) we obtain the following conservation
law for the number of resonant particles

d
éZS fo dv = 0.

Let us examine the change in the entropy of the
resonant particles. To this end we multiply (1) by
1 +1In f§* and integrate over the volume Qy. We
then find that

08 0
517—5 -—a—tS fo Info‘"dv
eq \2 o €k 6f0a>2
=“<;n7) de%mfoa(kW 8(0—kv) =0,

that is, the entropy S% of the resonant particles
increases. It is therefore natural to expect re-
laxation of the distribution function. Multiplying
(1) by f§ and integrating with respect to Qy, we
obtain

)

9 { (foa)zdv=—2n(§:;/
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It follows therefore that the left side of (4) tends
to zero when t — <, that is, the right side of (4)
is also equal to zero when t — =,

Since the quantities under the integral sign in
(4) are positive, it is necessary for this purpose
either to have €x =0, or

(22%)

for all k for which €x = 0. Since
0f.«
o (57)

the state of the system becomes stationary

=0
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’
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when t — «:
fe™ [ 0t = 0, dex [ 0t = 0.

It follows from (5) that f(?‘ is constant if
€k = 0 for the values of v determined from the
equation w (k) =k v, that is, a plateau is formed
in the resonant region in the stationary state.

We shall now show that formation of a three-
dimensional ‘‘plateau’’ is impossible if the vol-
ume {ly occupied by the resonant particles in the
final state is infinite (this takes place for both
Langmuir and ion-sound oscillations). If a three
dimensional ‘‘plateau’’ were to be formed, then it
would follow from the condition for the conserva-
tion of the number of resonant particles that
¢ = 0 in the final state. Since the number of the
resonant particles is conserved, this means the
particles have acquired infinite energy. This con-
tradicts the energy conservation law. It follows
therefore that in the final state the spectrum of
the oscillations becomes one-dimensional, and a
‘‘plateau’’ is formed on the distribution function
along the direction of oscillations when t = .

The foregoing conclusions, naturally, are valid
only if the time of nonlinear interaction of the
waves is much longer than the time of quasilinear
relaxation. An estimate shows [ that for Lang-
muir oscillations excited by a low-density elec-
tron beam, the nonlinear interaction of the wave
can actually be neglected; for ion-sound oscilla-
tions the nonlinear interaction of the waves is
also insignificant (see below).

2. RELAXATION OF UNSTABLE ION-SOUND
OSCILLATIONS

If the plasma electrons drift with velocity u
relative to the ions, then in a strongly non-iso-
thermal plasma (T, > T;) there are excited ion-
sound oscillations with frequency and increment
given by the following expressions (see (4 ):

o(k) = kvs! (1 + a2k?) ', (6)
_ novd fo L .
V= S e ) (K50 Jo—tmav @

ae = (T./4meng)'ty, ve = (Te|me)'t, vs= (T./m;)".
If the plasma electrons have at the initial instant
a Maxwellian velocity distribution shifted by the
drift velocity u, then

e = < g:::f )‘/z

kv ku
T oy (— cos O — 1) .

[O)
We shall show that the volume is infinite for
sound oscillations w =~ kvg (agk << 1). From the

(8)
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condition w = kv it follows that the limits of the
region Qy are determined by the inequalities
v > vg and

'

vs (
2 cos 9o — sin Fl 1——2_ <co¢6<—cosvo
v v 7/

2
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v2/

where 6 is the angle between v and u, and
€k # 0 when 6 <), <7/2. From this we find that
Q, = 2n S v2dv Ssin 0do
Vs
(oo}
= 4n sin 9, S v (v — v?)irdv = oo.
Vg
The volume Qv is finite only for one-dimensional
oscillations (J4; = 0). It is easy to verify also
that Qy = < also for oscillations with agk 2 1.
Since the perturbation increases rapidly at
first:

ex (1) = ex(0) exp(2§ Vi dt) ’

the oscillations that grow fastest when vy > 1 are
those propagating along the stream (it is assumed
that €, (0) is not close to zero when 4 = 0), with
wave vectors k = k. The quantity k,, is deter-
mined from the condition that when 4 = 0 and
k =k (t) we get dei (t)/0k = 0; if the initial
perturbation of €, (0) does not have sharp max-
ima, then ky, can be determined from the condi-
tion

t
;7§ Y () dt = 0;

at the initial instant of time k;,
4~ 0 and k » Kk, we obtain

~ 1/ag. For

ex (1) = ex (0) exp [4 (¢)

— B(1)¥%*],

A(t):(tyyk(t)dt) , B(t)_—( hk(tdt)

0 =i ! 0=0
9)
In the right side of (4) each term tends to zero
when t — <. Let us separate the largest terms

with 4 # 0 and k = k;,. Putting

n=v=v,%2+4 vp = v =vucosb,

we find, if the initial perturbation is axially sym-
metrical, that

kkz
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22 )1/2. From this we find

where vy, = vg/(1 +alkpy,
that when t —

fo dfo
BT
that is

fo=folvi2 + (v —vm)?].

Thus, the translational velocity of the resonant
particles V| changes from a value u to v, that
is, the main result is not the formation of a
‘‘plateau,’’ but a change in the translational
velocity of the resonant particles.

If at the initial instant the beam velocity u
differs insignificantly from the critical velocity
u* at which ion-sound instability begins, then
oscillations ¢ &~ 0 are excited, and when t — «
the spectrum of the oscillations becomes one-
dimensional and deceleration of the beam takes
place. The oscillations that were growing at
small values of t become damped as a result of
the deceleration of the resonant particles. On the
other hand, if the beam velocity is sufficiently
large at t = 0, then the picture presented above
for the relaxation is valid only during the initial
stage, so long as the buildup of oscillations with
¢4 ~ 1 is insignificant.

Let us examine in greater detail the behavior
of the function f; when yt > 1. Recognizing that
the main contribution to the sum over k in the
right side of (1) is made by the values 4 ~ 0 and
k = ky,, we obtain
dfs 1 ( e \2(

Gt~ 8m2 \m/ A

0 i 0 )
Uy — u—
"o 0

[(zmﬁ+

C)Sdkaka(m—kv)] (10)
In the case of a fast beam (vg > u > vy ~ vg) at
the initial stage of quasilinear relaxation expres-

sion (10) simplifies to
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From the diffusion equation (11) it follows that the
function f;, ceases to depend on the angle 6 with
increasing t, thatis, f; — f (v?). Thus, the
translational velocity of the resonant particles
decreases to values of the order of vg, in agree-
ment with the analysis presented above.
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Let us consider now the relaxation of the elec-
tron distribution function under the influence of
long-wave sound oscillations w = kvg. This case
is realized, for example, if at the initial instant
the oscillation spectrum €, (0) = 0 only for
aek < 1, and also if Te/Tj is not too large (in the
latter case os0111at1ons with kae ~ 1 have Vpp
~ vi (Tj/m; )1 2 and attenuate strongly). In the
case in question the quantity v, = vg does not
depend on the time.

Introducing new variables

Bio=mn/2vs+C/u,

we represent (10) in the form
ofe 0 [ fo
A D L ) O
o ol P E 2)551]

where D(t, &, £,) differs from (12) by a factor
u¥%4. The diffusion coefficient differs noticeably
from zero in the region B (v) — vg)¥v 2 < 1, that
is, when

B2 + 205 — 8 (8uske | B) ' < E1 << & + 205 + 6(8vsk2/ B) %,

(13)

where 6 ~ 1.

It follows from the diffusion equation (13) that
with increasing time the distribution function ap-
proaches a stationary state, in which 8f0/8§1 =0,
that is, f; = £ (£5). Since the location of the
boundaries of the ‘‘plateau’’ is unknown, we esti-
mate the magnitude of the ‘‘plateau’ f_(£,) by
assuming that B(0) ~ B(*). It is then easy to
find, in the usual manner 1], the height f,, of the
‘‘plateau’’ when £, = const, using the conservation
of the number of resonant particles with given £,:

P exp[ B e o US)Z]
(2a)°kyed 20,2

x{1 FO[ (14)

We see therefore that formation of a ‘‘plateau’’
with respect to the variable &; corresponds to
deceleration of the resonant particles: their
translational velocity changes from ¥ =u to
V|| = Vg. (We note that no separation of oscillations
with k ~ k;, takes place with increasing t for the
long-wave oscillations under consideration
(agk < 1), unlike the case of the short-wave os-
cillations considered above (agk 2 1).)

Let us estimate now the energy of the oscilla-
tions. In order of magnitude, we obtain for the

energy of the electric field
1

=Y
8n < B
and for the change in the kinetic energy of the

resonant particles and of the adiabatic particles
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the following expressions:
e(t) = &(0)es®,
Agres = —2Aeoq ~ —monovs(u — vs) B~

~ —e(t) (1 4 Ka?) | B2a.?,
where k is the mean value of the wave vector in
the wave packet under consideration. From this
we get
e(t) ~ Falmenovs(u — vs) (1 + E?a2)—!

X [In (% In) |-, (15)

where K = mgnyvg (u — vg)/€(0). If the initial en-
ergy €(0) is the energy of the thermal noise,
then € (0) = nyTe/Np, Where Np = (47/3)ngpal is
the number of particles in the Debye sphere.

To estimate the energy of the oscillations we
can also use a relation that follows from (1) and
(2):

§ oitlo— fryav = —( =)

\m Jve

Z (1 + k%) ke (2) (16)
Qk*

The integration in (16) can be carried out only for

resonant electrons, since the change in the current

of the adiabatic electrons is mj/me times

smaller than the change in the current of the reso-

nant electrons. Replacing f; in the left side of

this equation by (14) and integrating with respect

to v within the limits 0 = v = ve/Bl/Z, we obtain

for € the estimate

e ~ nomevs(u — vs) [ B,

which is in good agreement with (15), if we take
into account the already mentioned uncertainty in
the estimate of B. It follows from (16) that the
development of ion-sound oscillations leads to a
decrease in the electron current.

In the foregoing analysis we did not take into
account the nonlinear interaction of the waves. It
is easy to verify, using the kinetic equation for
the waves -, that the relaxation time of the in-
tensity of the ion-sound oscillations, due to the
nonlinear interaction of the waves, is at least
Te/Tj times larger than the time of quasilinear
relaxation.

3. LONGITUDINAL OSCILLATIONS OF A PLASMA
IN A MAGNETIC FIELD

The Cerenkov instability of long-wave longitud-
inal oscillations in a strong magnetic field was
investigated on the basis of the quasilinear theory
in [5], where it was shown that these oscillations
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lead to the formation of a ‘‘plateau’’ on the distri-
bution function along the magnetic field. The
propagation of damped electromagnetic waves

was considered in the quasilinear approximation
in (6] where it was assumed, however, that the
“background’’ distribution function f;(v, t)
breaks up into the product fy(vy, t) fH(vy),
where v and v, are the plasma-particle velocity
components parallel and perpendicular to the
external magnetic field By, an assumption which
does not hold true in general. The quasilinear in-
teraction between almost monoenergetic beams
and high-frequency longitudinal plasma oscilla-
tions in a magnetic field was investigated in "7,

It was shown in ) that the distribution function in
the presence of a ‘‘plateau’’ in a magnetic field
can be unstable. In the present section we obtain
quasilinear-theory equations for longitudinal
plasma oscillations without the limitations im-
posed in 57,

We put f* = f§* + F%, where £§ = (%), (F%)
= 0, and the averaging is over times which are
much longer than the oscillation period, and over
distances which are much longer than the wave-
length. Expanding F% and the potential ¢ in a
Fourier series

Fe — >_'" Fra(v, t) eiki—ot @ = 2 ok (2) gilkr—ot)
k k

we obtain from the kinetic equation and Maxwell’s
equations

0fo* 0fy* eq 0
g = — 2 TN *
7 Wa 7D Zmzx 6vf Koy F %, (17)
af‘ka o — kv iea(pk / 01‘0“ \
—_ i o —= — "2 k-
64’ + (053 K Maweg\ OV ) ! (18)
V= (UJ.y CD7 U“), k= (k_Ly P, k]l): 0 = Wk + 8 (k7 v, t)y

where wg, = e, By/mge, ¢ = — ¢, ¢ and ¢ are
the polar angles in velocity space and in wave-
vector space, and wi are the frequencies of the
longitudinal oscillations determined from the dis-
persion equation of the linear theory. It is as-
sumed that Ff¥, ¢y, and ' change slowly in
time, so that the following inequalities are satis-
fied

] i)
‘52551“171‘“<‘°k’ Yk=0-tln(pk<0)k,

_ 0, Oh_
O'—éE n£<mk.

Integrating (17), we obtain

€a

Ly = —

Px ) ) Anezuw
exp ({A sin > .
Ma®a p( P) n:w Pt n
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1 ofe A .
Ay _EEOS aw(kﬁ)exp(mxp— ihsin),

kv
A== 'L—;
Wa
21
ok — k|

me:é 6(¢)dlp' (19)

B=pPBo+ip1= +
Wa

Substituting (19) in (17) we obtain after some
transformations

0f* _ 0f* _ .

G eaw — S

o . 1 eq \2 0 8_1( 51
v = z:cma(E;) E%kak B+ (Bo+1n)?

21

X § (k%) cos[n (Y — ¢')+ A(sinp — sin¢’) ] dy’

Bot+n x 0f®\ . o
_Wﬁo+nv§<k—a~;)51n[n(\p y’)

+?»(sinlp—sin\p’)]d1p'}, (20)

Expanding f§ and Q% in a Fourier series in &:

fo* (v, @, v, t) = D) ™ (v, vy, t)ein®,

n=-—oo

Q*(vi, @,v )= ) QmW(vy,vy,t)ein®

n=-—oo

(21)

we obtain
aftm
ot
From this we get

— in @afm = Q.

t
O (v, vy, 1) = JO (v, vy, 0) + S QO (v, vy, t)dt,
0
(n) 0y
™ (v, opt) = [f("’(vl, v, 0)— LQ—(U_JM]
RO
Q™ (v), vy, 1)

NGa

Xexp(inwat) 4

Since the function f; is averaged over times
At such that

1 1 1 1
—‘<At<'—1 Ty T
® 4} v c

expression (21) should not contain rapidly oscil-
lating terms ~exp (in wgt)(n = 0) when

1/wgy R At, that is, the condition f@)(0)
=iQM(0)/nw, should be satisfied. It follows
therefore that after a sufficiently long time in-
terval (wgt > 1) we can retain in the sum (21)
only one term with n = 0, since

O ~ QOS> fm ~ QM (1) [ nwg.
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Substituting & ~ () (v, vy, t) in (20) and
averaging over ¢ we obtain after some transfor-

mations
f* 1 /ea\? <« «
a; _w_a<neTa> 7,2 2 ( Yoo, Zja?;%)
T2 ( af o Ofo®
X oty (MG oy )]

(22)

where Jy, (v ) is a Bessel function. Equation (22)

coincides with the equation obtained in (]

under

the assumption that € = k2| @Kl 2 does not depend
on ¢ and the function fy = fy] =y does not depend

on .

In the case of resonant particles, for which
[Bo —n| £ 84|, Eq. (22) takes the form

M a2 {ml S s

6]’0 nwe afo
><<ki0v| + vy Ovy

u)aa
vav

Xé(wx — k) — nwe) }

) (3((01( - knv” — nma)

( dfo™ +nwaafo“>

" 6v" Uy 512_

(23)

In the case of nonresonant particles (adiabatic

particles), for which |8, — n| > B;, the right

side of (22) is small, so that we can put in it
=0, 6=7, and f§ = f%. We then obtain from

(22)
1/ ea )2 <
o — foo 1~
fo fH _‘_ 2 (\ Ma 71:2—00 k
! (9 NWe 6
X (k” ay + v, 0[}_1_)

« [(]nz(x) (k 6f11“+_@gafﬂ

Bo —n)?

1

A
k2

[ex(t) — ex(0)]

)]

I 611” vy BUJ_

(24)

Substituting the expression (19) in the Poisson

equation

Koy = 4n ZeanOaS Fyadv,
«

we find that the frequency wy is determined
from the dispersion equation of the linear theory,

that is, does not change with time, while y| is

equal to

©o

v=—n oz D deJnZ(x)(k“

o n=—oo

X8 (ox—ky—noa) [ 2 Qq?

oo

[

0f0 NWeg 6]’0"‘
01; ‘ (200 aU_L

> favrzo)

n=-oo

)
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X<k *~—> . (25

Yooy T vl ovi ) (ox— Koy — noa)? | #°)

The integration in the denominator of (25) is over
the adiabatic region; we can also integrate over
the entire velocity space, and in this case the
integral with respect to v) is taken in the sense
of principal value.

Let us consider the change in the entropy of
the resonant particles. To this end we multiply
(23) by 1 +1n f§ and integrate over the volume
{2y occupied by the resonant particles. We then
obtain

A
ot

ea \2 w £k
ma) Z de_% o5

n=-—co

0
= —-ngoalnfoad\’:ﬂ(

0fe® = nwg Of* )2
2 | A
X I (h) (k” avy vy Ovy

71;5(0&— kjpy—noe) =0
0

that is, the entropy of the resonant particles in-
creases.

4. RELAXATION OF OSCILLATIONS IN A
MAGNETIC FIELD

Multiplying (23) by fg‘ and integrating over the
volume 2y occupied by the resonant particles, we
obtain

2 feyas = -2 ) F 3

n=-x k

X S dvd(wyx — kg — nq)

0fe* | nwa 9fe® )

+ <0. (26)

><Jn2(7~)(ku
Uy 0UJ_
It follows therefore that in the final state either
€ =0, or
(k 8fo°‘ NOe afoa

AN = (. 27
O + . 0 (27)

) ®» _kqb”-l—nm

Since k;; in (27) is generally speaking arbi-

trary, the condition (27) can be satisfied only if
afo® [ vy = 0, dfe* /vy =0,

that is, when a “‘plateau’’ is formed in the velocity
region Qy determined from the condition wy
=k,v| +nw, for all k; for which € =0. This
condition defines the resonant region Q‘(,n) for a
given value of n. If the regions Q‘(,n) do not inter-
sect (as is the case, for example, for sufficiently
narrow wave packets), then a separate ‘‘plateau’’
is established in each of the regions.

Let us consider now the damping of narrow
wave packets (k; <k <k,, ky — ky < k) propagat-
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ing at anangle 4 to the magnetic field. The ex-
pressions for the frequencies of the longitudinal
oscillations are given in 4 (as is well known,
when B} > 4mg(Te + Tj) there exist in the
plasma three branches of long-wave oscillations,
all having along the magnetic field a phase veloc-
ity much larger than the thermal velocity of the
plasma particles; when T, > Tj and ¢ is not
close to 7/2, there are two oscillation branches,
corresponding to a splitting sound wave; in addi-
tion, when # =~ 7/2 there is a large number of

oscillation branches with frequencies close to
Wy [9, 103)

The resonant region Q‘(,n) corresponds to parti-

cle velocities along the magnetic field in the in-

terval vpip(n) < vy < vppax(n), where
Umin(max) (1) = min (max) [9‘*_2?’:2 - ;(Do;]

It is obvious that the region Q(n) does not overlap

the region Q(m) if vpax (m) < Vmin (n), or else

if vipax(n) <vpip(m).

In the case of non-overlapping region and a
narrow wave packet, we can retain only one term
in the sum over n in the right side (23), and we
can put

Wkg = W1 + l)g(k— k(),
Vg = 0(1)1( / 3klk=h,-
Then (23) takes the form

Wy = @g,,

6]‘0“_“1_( €y >2(m1—-nma—k1vg a nog 0 )
ot 2\ my v —vg/cos®  dy v, Ovg
X 12(h) ok {01~ 10w Tt D17 10w O )
Bloy|\ vy —uvg/cosd  dyy vy Ovy
28)

When n = 0, equation (33) simplifies to
Ofe* ] Ofo 1/ ex \2 @2extn2(A)

- (o), b= (e
ot oy oy 2 \' mq [oy|2 &2
It is easy to see that (29) has solutions of the
form

. (29)

fo* (v, vy, t) = fu®(vy) o[y, J2(A)¢],
if at the initial instant
fo(vi, vy, 0) = fu®(v1) fu*(vy).

Obviously, the function f(?‘ (vy, vy, t) splits into
a product of the distribution functions with re-
speet to v and v, for arbitrary t, only for long-
wave oscillations (A < 1). From the one-dimen-
sional diffusion equation (29) follows the forma-
tion of a ‘‘plateau’’ in the resonance region if
€g (=) = 0.

When n = 0 it is convenient to introduce in
piace of v, and v| the new variables
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Bio = (v — vg/cos®)2 4= (w1 — nowe — ki1vg) V12 / n0e.

Then (28) takes the form

afe* afo™
%2 0%, [D(°” 1) %]’
. eq \? ((1)1 — R®Wg — kﬂ)g)z an(l,) Sk(t)
b —8< m¢> kzlvnl ) (30)

It is easy to verify that in the case under consid-
eration, that of narrow packets, the number of
particles is conserved in the regions

Umirn (n) << v << Umax(n),

Nm(n)oe/ ks < vy <Nmu(R)oo/k,

where 7, (n) is the root of the Bessel function
dn(ny =0).

The diffusion coefficient D (&, {5, t) vanishes
for fixed £, at the points £y = ay,, where
{am} = {&2 -+ 2(01 — nwa — kwg)
[ noak)?; 2v12* — B},

Uip = (01 — noa — k1vg) [ k2,1 cos O,

X oMo, 4, . .

<< oy < ag <<....

We shall assume that the quantities v; 5 do not
depend on the time. It is obvious that the number
of particles in the interval ap, <§ < apy,q for
fixed &, is conserved:

PR ofs
0
5 ) IFda=D
In the final state in the interval oy, < §; < ap .
there is formed a ‘‘plateau’’ of height
% Em+t

S fu® dE,.

Am+1 == Om
m

§1=% 41

=0.

§i=am

fu =

(31)

If the initial distribution function is Maxwellian,
then

fu® = ! exp [— i
(2m) kv 202 cos? O
(1 _ [(ZOT% . EZ ]
W1 — N0 — kg / 402
Xexp[—(i—{- NWq ) B VEF By
01 — NOg — kg /! 4vg? ]/Euaz cos &

For oscillations with v, = 0 (such oscillations
are, for example, long-wave oscillations with
“‘hybrid’’ frequencies [4]) we obtain from (31)

4(0 —nog) [ OQm
& — —_—————
foft = (27) " Voo (Cmttr — Oum) exp 4Ue2 (0 — nwa) |
. [ O%mtq ]}ex [ (0 — 2nwa) & }
—exp|———F——— —_ I
P 40?2 (0 — nO) P 40a% (0 — nwa)

(32)




QUASILINEAR RELAXATION OF LONGITUDINAL OSCILLATIONS

For example, if

tm = & + 2 (0 — nog) wen?/ nk 2
Omit = E2 4 2(0 — noa) 0anvii®/ nk,?

(this case is realized when |¢ — 7/2| < kvg/we ),
then

(D(Doc'f]vz \
an_LZUaz

fo =

2nk;? . (__
(2n) v g

[0]0)
x{t1—em [y ol ]}

v (0 — Rog)v,?

+ .
2Ua2 2n(0cx.va.2 J

X exp [— (33)

Let us consider in greater detail the relaxation
of oscillations with kv /w, < 1 and v, = 0 when
w —™ wg. Equation (28) then takes the form

Of* 1 0 dfe*
ot _v_j—aZ<vl auL>’
1 ( ea )2 sin? @ ¢
T=—\—| —— \ ex(t)dt. 34
) Mo lvlll 5) k() ( )
Putting
fo* (v, vy, t) = fa®(vi) f* (v, 1),
we obtain from (34)
. 1 ‘ . U_LZ
oL =5 T "Xp{ 2(va2+4r)]' (35)

In the case of a narrow packet vy, — v; < v, the
function f§ (v, 7) is deformed little and the
damping decrement vy is determined by the ex-
pression for f%(vl), so that
1 ( » )2 sin? 9ex (0)
16\ ma/  uly
We now consider the relaxation of unstable
longitudinal oscillations in a magnetic field, in
the case when the spectrum of the oscillations is
in general not one-dimensional. If the oscillation
energy € in the final state differs from zero,
then it follows from (28) that f = const. The
region of v with specified n, in which a
“‘plateau’’ is formed, can be determined from the
equality wy = kyvy + nwy, by assigning to the
vector k all possible values for which ¢ (<) = 0.
The region of v; is limited by the inequalities
a <v] < b, where the limits a and b must be de-
termined from the particle-number conservation
condition

T (1 — ey,

o 8
ES vidvy S fo* vy = 0.

a

If several regions Q‘(,n) with different n over-
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lap, then, integrating (23) over the aggregate of
these regions between the limits a < v < b, we
find that

0 o . (473 2 - €k
—(ﬁ Sf() dv = 22 (Tna—) S dU“nz_oo n . %2
X 8 (0g — kyv) — noq)

fo* = noe 0f® )]D_L=b
2 o
X []n (A) (k” oy + v, 6vy /]vi=e’

(36)

It follows from (36) that the number of particles
in this region is conserved only when a = 0 and

= %, On the other hand, if the region Qf,n) does
not overlap the other regions, then integrating
(23) with respect to v| in this region and in the
region a <v) <b, we find

2
) deunZ%
k

avil— nm“)

a Co
—_ & = 2y
Py S fo*dv = 2n )a( »

X O (e

x [0 (1 2y

(37)
dyy vy Ov,

nwe 0fe* >]v;=b
v, =a’

It follows from (37) that in the case when Ak

~ k| the number of particles is conserved when

a=0 and b =« Butif Ak; < kj, thatis, k]

= const, then the number of particles is con-

served in the region

a == o/ ky, b= waNvi1/ k.

Knowing the limits of ‘plateau’ formation
regions, we easily obtain the height of the plateau:
. b

'm"‘zng“dv/de, S dv=2nSv_LdvlSdu||.

a

In the case when a =0, b= « and [dv) = 0, the
size of the region Qy (n) is infinite and f% = 0.
Since the number of the resonant particles is con-
served, this means that the particles have acquired
infinite energy. It follows therefore that in the
final state [dv) =0, thatis
Og — NWg

Ky
Thus, when t — « the spectrum of the oscillations
reaches a stationary state k = (k|| )o k1 = (k'L)oo'

In conclusion the authors are deeply grateful
to A. 1. Akhiezer, A. A. Vedenov, and V. P. Silin
for a discussion of the results and for useful
advice.

v = == ¢const.
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