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The problem of the splitting of the Stokes lines in induced Raman scattering is considered. 
The magnitude of the field strengths of the exciting wave is considered. It is shown that there 
is nonsymmetric broadening of the Stokes line in strong fields. 

1. At the present time, there is a sufficiently com­
plete quantum theory of induced (Raman) scattering 
in fields close to the threshold. [1 ,2] In the works 
of Javan [1] and Khronopulo, [aJ the effects of satu­
ration in strong fields are also considered. 

For high powers of the exciting wave, several 
additional effects are possible, which are asso­
ciated with the nonequivalence of the vibration 
levels of the molecule (see the figure). If the dif­
ferences w21 - w32 , w32 - w43 , ••• are large, then it 
is not necessary to take into account the transitions 
2 - 3 and 3 - 4 under the action of not very strong 
fields with frequencies w and w - w21 . This leads 
to complete "saturation," that is, to a limitation 
of the growth rate of the Stokes component of the 
light. Such an approach is not correct in those 
cases in which these differences are comparable 
with the half-width of the Stokes lines; then, in 
strong fields, the transitions 2 - 3 and 3 - 4 play 
a significant role, while the kinetic equation for the 
density matrix ceases to be valid in that form in 
which it is used in the cited papers. In those cases 
in which these differences significantly exceed the 
half-width of the level, it is interesting to study 
the problem of the excitation of the Stokes fre­
quency w- w32 , that is, the problem of the conver­
sion of the Stokes line into a doublet. This fre­
quency can be excited in strong fields in the case 
of an appreciable population in the second level, 
maintained by induced (and thermal) transitions 
1- 2. 

The classical theory of induced combination 
scattering (ICS) [4 ,5] is in practice equivalent to 
consideration of an almost equidistant set of vibra­
tion levels. The nonlinearity of the oscillator in 
such a theory can reduce to the slowing (but not to 
the limiting) of the growth rate of the Stokes com­
ponent of the light, and the appearance of a Stokes 
doublet is not possible in this case. In the present 
research, a quantum mechanical consideration of 
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ICS is given for large pump powers with account of 
the vibration transitions 2 - 3, 3 - 4, and so forth, 
when the differences w21 - w32, w32 - w43 are appre­
ciably greater than the half-width of the level. 
Together with "saturation" and the transition of 
the Stokes line into a doublet at high pump powers, 
a shift in the Stokes frequency is also possible. 

2. We shall begin with the kinetic equation for 
the density matrix in the energy representation: 

where Vij = -1-'ijE and for simplicity, we set ~-t12 
= 0. If a Stokes wave is excited in the medium 
irradiated by optical pumping, the field can be 
represented in the form 

where w1 + w2 = w21 + .L).12; .L). 12 is small (- w2 is the 
Stokes frequency). Let E 1 ~d E2 be not too large, 
such that the transitions 2 - 3 are of low proba­
bility. Then it is important to retain in the system 
(1) only equations containing the indices 1 or 2. 
Inasmuch as the relaxation time T ij is at least 
three orders of magnitude smaller than the time 
of the laser pulse, one can look for a solution for 
the nondiagonal elements in the steady state: 
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Here it is not necessary to consider that Pll and 
En are constant. It is assumed only that they 
change slowly, so that in practice p1z and p2z fol­
low their changes almost instantaneously. 

In the expression for p12, one can neglect the 
term Pi2 in comparison with the resonance Pi2; this 
leads to the result that the quantities R-and r- con­
tain only a linear part. For R, r, and Pi2, we get 
[after substitution of (2) in (1)1 the following rela-

apu =- _!_ ~ [J..La(E1Ru + E2r11) + c.c.] at h 1 

+~ (Wapu- W11pu), 

ap22 =- _!_ ~ [J..L2z(E1*Rz2 + E2*r12)+c.c.] at h 1 

+ ~ (Wt2Ptz- W21P22) (7) 

tions: and so forth. Taking (3) and (5) into account, we 

R11(w1 + w11- i J Tu) = 1i-1J..LuE1(Pu- Pu) - h-1E2*Jl21P12+, find 

ru(w2 + w11- i·l -ru) = h-1J..LuE2(pu- Pu) - h-1EtJ..L2tP12+, 

R12(w1 + W12- i I T12) = h-1J..Lt~1(P22- Pu) + h-1E2*J..LaP12+, 

r12(w1 + w12- i I T12) = h-1 J..L~dP22- pu) + h-1E1"J..LaP1z+, 

P12+(~- i6) = h-1 ~ [J..Lu(E1rt2 + E~12) 
l 

(3) 

In the determinant of the set (3), only the diag­
onal elements and the last row and column differ 
from zero. Solution of the set (3) for Pi2 has the 
form 

Detp 
P12+=-~; 

' Detp =- ~ ~ an,slbst; 
l 8=1 

4 

Det = - ~ ~an, stlsl, n +ann, 
l s=1 

( 4) 

where an,sl are coefficients in Eqs. (3), while the 
column of three terms is denoted by b. In what fol­
lows, we shall neglect the quantities i/ T and 1:::. in 
the nonresonant terms. Then, by making use of the 
relation 

1 + ___ 1_--:-_ ~ - ___ 1_-;-_ 
W1 + W!l- i/Til W2 + W11- i/Til W1 + W12- i/Tz2 

1 W11 + W12 
W2 + W!2- ifT12 ~ - (Wt2 + W!} (w12 + W2) ' (5) 

we obtain from (3) and ( 4) 

E1E2 ""' J..LuJ..Ll2 ( w12 + wa) 
Det p = -lfl(Pu- p22) L( (w12 + w1) (w12 + w2) ' 

Det = A12 -- i6. 

1 
"--· u- ' 

T2! 

(6) 

apu iEt*E2*""' J..l.k1J..I.k2(Wk! + Wk2) + + 
- = ---- LJ Pt2 c.c. at ft2 k (Wh2 + w!) (Wk2 + W2) 

(8) 
+ ~ (WHpu-WHpu). 

Substituting pi2 from (4) and (6) in (8), we get 

apu 21>cr 12 ( ) IE 121 E 12 at=- li'(62 + A122) pu- P22 1 2 

I ~ J..LuJ..Lt2 ( wa + w12) j2 
0"12 = l (Wt2 + W1) (W!2 + W2) 

(9) 

Similarly, 

ap22 - 21>cr12 - ) IE 121 12 ---at- ft4 ( 1)2 + At22) (pu P22 t E2 

+ ~ (Wt2Pll- W21P22). (10) 

In the expressions for Bpzz/ at, the term which 
depends on the field falls out for l "' 1, 2; there­
fore, one can assume that the Pll are small for 
l -;r 1, 2, as also in the absence of the field. In the 
general case, the amplitudes E1 and E 2 depend on 
Pll and it is necessary to solve Eqs. (9) and (10) 
together with the Maxwell field equations. However, 
Eqs. (9) and (10) can easily be solved if the field is 
assumed to be given. This is permissible if 1/W 21 

is significantly smaller than the period of the laser 
pulse, that is, when one can seek a steady state for 
Ptt and p22 • Denoting 

21>0"12 
Bt2 = ft4(At22 + 1)2) 1Eti21E212 

and for simplicity neglecting Pll when l -;r 1, 2, we 
find from the condition Bp11 I at R:; Bp 2d at R:; 0 that 

B12 + W21 B12 + W12 <11> 
Pu = 2B12 + W21 + W12 ; P22 = 2B12 + W21 + W12 · 

The quantity B12 characterizes the probability of 
For the diagonal elements, by substituting (2) in (1), the induced transition 1 - 2. 
we get the relation We now find the nonlinear part of the polariza-



INDUCED RAMAN SCATTERING IN STRONG FIELDS 829 

tion P'(w2) per molecule. For this purpose, we 
make use of the expression P = Sp pp. and Eqs. (2), 
(3), and (5). We have 

P t ( ) _ "'V !12k!11t1 ( Ul1t1 + W11.2) + 
~ -~ p~. 

k (w11.2 + w1) (w11.2 + w2) 

Substituting the expression for Pi2 from ( 4) and (6) 
in this, we obtain 

P'( ) __ A12 + ib (pu- P22) IE I2E 
lll2 - Al22 + (12 /P a12 1 2· (12) 

If E 2 = 6 2 exp (iw2zlc), where 6 2 depends weakly 
on the coordinate z, then one can get for ae 2 I Bz 
from Maxwell's equations (see, for example, [6]) 

8{8 2 . W2 1 - 0- ~- azi82-l2n-P (w2), 
z c 

where a 2 is the linear absorption at the frequency 
w2• Then 

8[82 ~ ( _ _ 2 ~2 6(pu- P22) IE !2) [8. (12') 
8z U2 'Jt c 11.3 (A122 + (12) (J12 1 2 

This equation determines the behavior of the wave 
component 6 2 in the medium under consideration. 

3. If a similar analysis is made of the transi­
tions 2 - 3, one must add equations for P23, p2z, 
and p z3 to the set (2). These equations are not 
"coupled" with Eqs. (2), so that the solutions for 
Pt2• Ptl• PZ2 are not changed, while the solutions for 
P23• p2z, and pz 3, which are written in the form (3), 
have exactly the same form with replacement of 
the indices l, 2 by 2, 3. Equation (9) is also un­
changed with respect to transitions 2 - 3, while in 
Eq. (10), a term - B 23( p22 - p33 ) is added for 
Bp2d at, which takes into account these transitions 
(B 23 is obtained from Bt2 by replacing the indices 
l, 2 by l, 3). The term of opposite sign is added 
to Bp33 1 at. In the expression for P'(w2) there ap­
pears an additional component from (12) by the 
substitution l, 2 - 2, 3. This process can be con­
tinued for the transitions 3 - 4 and so forth. 

However it is necessary to take into account 
such additional terms only when saturation effects 
are considered. It must be expected that the split­
ting of the Stokes line takes place before the satu­
ration effects play an important role, that is, before 
p22 becomes large, close to Y2. For consideration 
of the splitting effect, we represent the field in the 
form of three waves 

where - w3 = wt - w32 - .6.23, and we add an equa­
tion for p23 , p2z, and pz 2 to the system (2). Here, 
one must take into account in p 2z and p z3 only 
terms with frequencies wt and w3, and in p23 the 
term phei(wt+w3)t. These equations are again not 

coupled with Eqs. (2). For ae 3 I Bz in such a form, 
as above, we get the expression 

8[83= (-a _ 2n W3 6(p22-p33) IE !2 ) [8 (12 ") 
8z \ 3 c IP(Azi + 62) 0"23 1 3· 

For powers of the order of threshold, one can 
assume in (12') A12 = 0 and p11 - p 22 r::::: 1. Similarly, 
for powers I Et 12 and I E 2 12, which are the thresh­
olds for excitation of the second Stokes component, 

A23 = 0 and P23 - P33 ~ P22· 

By comparing Eqs. (12) and (12' ), and assuming 
u12 ~ u23 , we get for the power I E 1 I~ which is 
threshold for excitation of the doublet, 

P2ziE1Il ~ 1Ed 12, 

where I Et I t2 is the threshold for excitation of the 
primary Stokes component. Substituting p 22 from 
(11), we have 

B12 + W12 2 1 2 
2B12 + W21 + W12IE1Ict ~ Edt. 

(13) 

The ratio WtdW2t for w2t r::::: 1000 cm-t is smaller 
than 0.01. Therefore, one can neglect the quantity 
w12 in (13); for very low frequencies, the quantity 
W12 can exceed B 12; then the condition (13) takes 
the simple form: 

w12 ( liw2! \ 0 

-W211E11ctz = exp . - kT) IE!Ii ~!Edt"· 

As has already been pointed out, the splitting of the 
Stokes component must continue up to the case in 
which p22 becomes close to %, that is, when 2B12 
is still small in comparison with W 2t; consequently, 
one can neglect the term 2Bt2 in the denominator 
of (13). 

It will be shown below that, at least in some 
cases, one can assume that A~2 < 62. After all the 
simplifications, we get in place of (13): 

~IE I •IE I 2 ~IE I 2 (13') bli•Wz! 1 ct 2 ct ~ 1 t . 

The quantity utdoti4 was estimated on the basis of 
iata obtained experimentally by McClung and 
.Veiner l 7J and the well known expression for the 
intensity of spontaneous combination scattering. 
For substances studied in [7J, u1doti4 r::::: 10-6 cgs 
esu. The quantity I E 2 12 can amount to several 
times ten percent of I Et 12. We take I E 2 12 = 0.1 x 
1Etl 2. Then, if we set W2t = 10t0 sec-t, u12 1on4 

= 10-6 (for example, for benzene): 

IE1Ict6 ~ .1·10-16 /Ed t2• 

Inasmuch as lEt I~ > lEt li, the threshlod for the 
excitation of the Stokes doublet, the value of Et 
does not exceed r x 106 Vlcm in the case of benzene. 
Such a field is quite realizable experimentally. 
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Strictly speaking, the given estimates are valid 
only for ICS in a resonator. For a focused beam, 
the field E 1 in some region can exceed 5 x 106 V/cm, 
but either E 2 is shown to be too small (inasmuch as 
the light of the Stokes frequency is not focused) or 
the volume in which the condition (13) is satisfied 
will be small, so that the wave E 3 is not excited. 
Moreover, only for a resonator can one show 
rigorously that AI2 < 62; this must be kept in mind 
in the realization of the splitting of the Stokes com­
ponents in ICS. 

4. Let us now consider the effect of the pump 
power on the ICS spectrum. For this case, it is 
necessary to estimate the value of A~2 in the denom­
inator of (12). We set J.L1z R: J.L2z and use the 
equality [6] 

lEd 2 =A+ wdE2l 2 I w2 ~A- jE2j 2. 

Then Eq. (6) for A12 is easily transformed into 

A,2 = ll12, + 2jEzl 2 ~ ftHftZ2(w,- w2) , 
lt2 1 ( wz2 + wi) ( wz2 + w2) 

, A "" ft1l!-l!2 ( w, - w2) 
Llj2 = Ll!2 - - L.J 

lt2 1 (wz2 + wi) (wz2 + w2) · 
(14) 

A wave is excited such that in the main part of the 
resonator the quantity I A12 l is minimal; in this 
part of the resonator, in any case, 

A2 ~ 4___j§__t I~ ftllftZ2(w,- w2) 12· (14,) 
lt2 1 ( wz2 + wi) (wz2 + w2) 

If JJ.1z take the largest value for the electronic 
transitions, then w z1 + w z2 ;;::, w1 - w2 and the square 
of the sum in (14') does not exceed the value a. 
We then have 

4<'1 0"!2 2 2 b 
b2+A,22 !t•IE,j IE21 ~ (')2+A,22 A,22. 

One can assume that 6 > 26A~d(6 2 + A~2), that is, 
62 > Ar2• If the beam is focused, the quantity A12 

changes along its axis. For simplicity, neglecting 
IE 2 12 in comparison with IE 1 12, and assuming 

J.l.1l R: JJ. 2z, we get for A12 from (6): 

A,.= ll- J§f_ ~ (w,- w2) ftH!-lZ2 (15) 
" fz2 1 (wz2 + w,) (wz2 + w2) · 

It is natural to assume that the pump field 
excites a wave of frequency - w2 such that the 
quantity A~2 is small in that part of the space where 
E 1 is maximum; that is, where the amplification is 
greatest. Here too, there are regions in which the 
inequality 62 > A~2 is satisfied. The condition of 
minimum value of A~ 2 determines the magnitude 
and sign of the detuning ~12 • 

The sign of the sum on the right hand side of 
(15) is determined by which of the components-

with w1 >- w2 or with wz 2 <- w2-gives the prin­
cipal contribution. In order of magnitude, this sum 
is close to ai/2• We assume for the time being that 
this sum is positive and consider the change in 
~12 with time. The pump light pulse has a bell 
shape. In the period of growth of I E 1j2 the detuning 
~12 increases, that is, the frequency decreases. A 
large part of the energy of the Stokes wave is 
radiated when I E 1 12 is maximal and approximately 
constant. In this time, the frequency - w2 is mini­
mal. In the passage of the rear front of the pulse 
the frequency - w2 again increases. The frequency 
- w2 manages to follow the change in I E 1 12 inas­
much as the duration of the fronts amounts to 
10-9 sec, while the rise time of E 2 is 10-11 sec. On 
passage of the fronts of the pulse the lesser part 
of the energy is radiated. Therefore the ICS spec­
trum is sharply limited on the red side and be­
comes smeared in the blue. If the sum in (15) is 
negative, smearing of the spectrum on the red side 
should be noted. Such a smearing of the spec_trum 
also takes place in the resonator. In this case, 
there is the possibility of determining the sign of 
the sum in (15) and of drawing a conclusion as to 
which levels play the dominant role in combination 
light scattering. 

At the focus of the beam, the effect is compli­
cated by the strong spatial inhomogeneity of the 
field. Let us consider a space in which the field is 
above the threshold. Most of the space is taken up 
by a region in which the field is too small to give an 
appreciable shift in the frequency - w2• In this re­
gion, waves are excited whose frequency- w2 is 
maximal (if the sum in (15) is positive). As the 
exciting field grows the Stokes component has an 
ever smaller frequency. This leads to a smearing 
of the spectrum on the red side. Therefore, at the 
focus of the pumping beam the spectrum should be 
smeared on both sides; however, this smearing is 
not symmetric. 

Let us estimate the value of the field E 1 for 
which ~~2 R: 62• Taking the sum in (14) equal to 
a112, we have 

ll122 I b ~ <'l = a,2IEd" I <'lfz" ~ 10-6 1Ed". 

If 8 = 1011 sec-1, then E 1 R: 6 x 106 V/cm. In view 
of the strong dependence on I E 1 12, the smearing 
of the ICS lines in strong fields can be considerable. 

We note that upon excitation of ICS in a reso­
nator, the principal role in the phenomenon of 
saturation is played by the decrease in the differ­
ence p11 - p22 (inasmuch as AI2 < 6 2 ). At the focus 
of the beam, depending on the value of the sum in 
( 15), the principal role of saturation can be played 
by the term AI2 in the denominator of (12). 
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5. It is thus shown that in ICS the appearance 
of the doublet Stokes lines is possible at fields 
determined by the condition (13). This field is less 
than that for which the effects of saturation are 
significant. For large but achievable pump power, 
the Stokes line should be diffuse. The character of 
the diffusion allows us to estimate what energy 
levels made the greatest contribution to the com­
bination light scattering. For excitation of ICS in a 
resonator the chief role in the saturation effect is 
played by the decrease in the populatic:m of the first 
level and the increase in the population of the 
second. At the focus of the beam, the decrease of 
Ptt - P12 can also play an important role at least 
in the region of maximal field. In this case, calcu­
lation of the transitions 2 - 3 is essential, if the 
anharmonicity is comparable with the width of the 
Stokes line. 
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