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It is shown that an irreducible Wightman functional (defined by a sequence of functions Wy;

Wi(xg)s.o oo W(Xy...Xk); -

..), satisfying the usual requirements and the requirement of

the existence of a minimal mass, is uniquely determined by its Q, i.e., the set of all

g = (go; g1(z1); -

s g8n(ze...za); 0, 0; ..0)

(The gk (X;...Xk) are infinitely differentiable functions, decreasing faster than any inverse

power as x; — %, for which

W(gtg) = Z g Sdxi.,.d11+sz+m(11-..$t+m)§z(xl...x1)€711(€l71+1---zz+m) = 0.

I, m

If a functional consists of a finite number of irreducible ones, its {2 allows a unique re-
construction of all the irreducible components. Several consequences of these assertions

are discussed.
1. INTRODUCTION

WE briefly recall the formalism to be used. A
detailed account can be found in Borchers’ arti-
cle ™), The necessary mathematical concepts are
treated in sufficient detail in the book by Gel’fand
and Vilenkin ). In this formulation the theory is
defined by a functional W over the space Z. The
elements of £ are the truncated sequences

g = {g0; 81(21); G2(@a@2); ... ; En(@i. .. 2n);0;05.. 0},

where gy is a complex number and g, & Sy, the
space of infinitely differentiable rapidly decreas-
ing functions of 4n variables. The spaces Sy, are
nuclear topological vector spaces and Z which is
constructed as an exact inductive limit of such
spaces, is itself a nuclear space. The introduc-
tion of the following operations:
a) multiplications "

(8h) (1. .. Zn) = D) €r(@1. . Tu)Bnr(Thst. .. Zn),

h=0

b) involution

(g+)n (321 e

transforms X into a *-algebra. In addition, the
operation (a, A) (a is a four-dimensional trans-
lation, A is a Lorentz transformation matrix) is
defined on X as follows:

[(a, A)g]n($1 xn)

= gn(A_i(-Ti ""a)v

xn) = gn(l'n .l‘i)

cos Az —a)).

The following requirements are imposed on
the functional W:

1) W must be a linear functional, continuous in
the topology of Z.

2) W must be a relativistic invariant, i.e., for
an arbitrary (a, A) it must satisfy the condition
Wi((a, A)g)=W(g).

3) The support of Wy (py...py) considered
as a support of a generalized function) must be
localized in the domain

Dn, pn—1+pn; ey p2+.,.+anE+ D1
+"-+pn:0,

where L, is the closed forward light cone (this
condition is necessary in order that the spectrum
of the energy momentum operator of the theory
be localized in f+ );

4) Local commutativity:
Wyl ...

ZiALiLiHTi42 - .. Zn)

= W, (1'1 e BiALi 1 TiTi42 .- . $,l)
for arbitrary n and i if

(20 — Z344)? — (Xi — Xi3)? = (21 —2144)2 < 0.

5) Multiplicative positive semi-definiteness
of W: W(g'g)=0.

In order to construct the theory from a given
W we introduce the space Q:

Q= {g: W(gtg) = 0}.
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Q is closed, since W is continuous. We then
construct the quotient space L = £/Q consisting
of equivalence classes (cosets) y (g) of elements
of £ (two elements g; and g, of Z are equiva-
lent if gy — go = Q). The functional W defines
on the space L an inner product (zp (g), v(h))
= W (g*h), which does not depend on the particu-
lar choice of the representatives g and h in the
respective equivalence classes, as a consequence
of requirement 5). By completing L. with respect
to this inner product, we obtain a Hilbert space H.
At the same time, since L is a quotient of two
nuclear spaces, it is itself a nuclear space. In-
troducing the dual space L* of linear continuous
functionals over L we arrive at the rigged
Hilbert space (Gel’fand triple of spaces)*
LCHC L". Obviously W = L*.

The operation (a, A) generates unitary repre-
sentations on H of the inhomogeneous Lorentz
group: U(a, A)y (g) =y ((a, A)g), and the
algebraic operations in £ induce on H the alge-
bra a of operators a(g): a(g)y(h) =y (gh). If
W admits a representation of the form

W(g) =D |pa|? Wa(g),

where the Wy, satisfy all the above requirements,
the functional W is called reducible. We shall
consider below only functionals consisting of a
finite number of irreducible ones. To each ir-
reducible functional Wy corresponds a vector
Yoa = H, such that U(a, Ao = ¥ ¢a, and

oy Pop> = 8ap,  H(1) = D partpoas,

Wa(g) - pa_1<l130a, ‘ll)(g) >.

We impose yet another condition on W:

6) The energy-momentum operator must have
zero as an isolated point of the spectrum.

Owing to the relativistic invariance of the
theory, the condition 6) is equivalent to the exist-
ence of a u >0 such that the whole continuous
spectrum of the energy-momentum operator is
localized above the hyperboloid p? = u?. We note
that this condition is necessary also for the proof
of the possibility of constructing the asymptotic
states ¥ip out BJ,

We will show for a theory which satisfies the
requirements 1) — 6) that an irreducible W is

*The term rigged Hilbert space is a literal translation of the
Russian term defined by Gel’fand and was used in the English
translation of [2]. In the translater’s opinion the term ‘“Gel’fand
triple’’ (used in the German translation) is more esthetic.
(Translator’s note).
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uniquely determined by its @ and that the inter-
section of a finite number of 2, corresponding
to irreducible functionals, allows to reconstruct
all Q. out of which this intersection is formed.
This is the content of Sec. 2. In Sec. 3 we consider
the possibility of extending this result to theories
which do not satisfy the requirement 6). Several
consequences of these propositions are discussed
in Section 4.

We note that all results which are obtained
remain valid also for an arbitrary number of
fields with arbitrary spins, and that only the re-
quirements 1), 2), 6) are important for the de-
rivation of our results.

2. PROOF THAT W IS UNIQUELY DETER-
MINED BY Q.

Let Wy be a functional satisfying the require-
ments 1)—6) and consisting of a finite number of
irreducible functionals. Let W, be a functional
satisfying the conditions 1)—5). Assume that in
addition ©; = Q4. It is easy to see that in this
case W, satisfies also the condition 6). By
definition W, admits the representation

N
Wi=2 |pal*We.
a=1

We want to show that the functional W, consists
of the same W,,.

One can construct the Hilbert spaces H; y from
the functionals W, ;. Consider the mapping V
from H; into H,:

Vi(8) = ¥2(g).

If y;(g) =0, g=Q, = Qy and consequently
Vi (g) = 0. Conversely, if Vy;(g) =0,
g= 2y = Qy and hence y;(g) = 0. It follows that
V is a linear and one-to-one mapping of L; C H;
onto Ly C Hy. Then

Wa(gth) =<Vu(g), Viu(h)D.

For a fixed g, this is a linear functional of

%1 (h), continuous in the topology of L;. This is
a consequence of the continuity of W,. Therefore
the expression V*Vy,(g) is meaningful, namely:
V*Vy, (g) belongs to L{ for any y,(g), i.e.,
V*V is a linear continuous mapping of L, into
L{. We denote V'Vy (1) = f=L;. Since W, is
relativistically invariant,

Ly 41(8)> = Wa(g) =Wa((a, A)g) =<, Ui(a, A)p1(g)>.
It follows that f is a generalized eigenvector of

the energy-momentum operator, corresponding to
the eigenvalue 0.
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We now make use of the assumption that this
eigenvalue is an isolated point of the spectrum.
This assumption implies that any ¢;(g) can be
represented in the form

Yi(g) = P1(8°) + vi(gh), &° = g0, &'=0,

g (P1...pn) = gn(P1...Pa)@o,1 (P14 ... +Pn),

91(p) ={

1’ pevi}l}"
01 pEV:;aP-

7+

o (p) = {;) PE Vi,

y PE V‘/aP-
Here V; is the part of the forward cone situated
above t#e mass -hyperboloid p? = u? together with
its boundary. Since f is a generalized eigenvector
corresponding to the eigenvalue 0, (f, y;(g!))
= 0, and consequently

Wa(g) = <f, ¥1(&°)>.

It remains only to note that the ensemble
{91(g°)} g= = forms a finite-dimensional space,
since

N N
P1(8°) = D\ Poultoas P1(8°)> = ) Poa tox, P1(8)>

1 a=1

N
= Z PaPoaWa(g).
a=1
The functional f is densely defined in the space
and as a consequence of its linearity we have

N
<G b1(89)> = D) falpa]2Wal(8).

a=1
Since the functional W, is positive semidefinite,
it follows that fo, = [Ag|% = 0. In addition,
Ag # 0, since otherwise we would arrive at a
contradiction by interchanging Wy and W, in our
reasoning.

Thus, W, consists of the same irreducible

functionals as Wy, Q.E.D.

3. ON THE POSSIBILITY OF RELINQUISHING
CONDITION 6)

The question whether the result holds also in
theories satisfying only the requirements 1)—5)
but not satisfying 6) remains unanswered in the
general case. We can however indicate a class of
theories for which this result is certainly inap-
plicable.

We introduce the functional Wj:

Wo= (1,0,0,0,...).

Obviously W, is irreducible and its 2, consists
of all g for which gy = 0.

Consider an irreducible theory W, for which
the set { ¢ (g)} g = 0 does not contain transla-

tion-invariant states. The only representative of
such theories satisfying requirements 1)—6) is
Wj. All other theories of this type do not satisfy
the condition 6). Assume there exists at least one
such theory W, differing from W,. Then Q@ C Q,,
since otherwise @ would contain at least one
element g with gy = 0, contrary to the assump-
tion. Thus © =Q [1 Q. If the result we have
proved would remain valid also in this case, it
would imply W = W, which is false.

Thus, if there exist theories with this property
which differ from W, one could not extend the
proof to incorporate these theories.

4. SOME CONSEQUENCES

We consider the class of theories which can
be reconstructed from their © up to the expansion
coefficients in terms of their irreducible ingredi-
ents. This class of theories will be denoted by
A. According to what we have proved the class A
contains the theories satisfying 1)—6) and con-
sisting of a finite number of irreducible ones. The
following propositions are obvious.

1. If the space @ belonging to a theory W
which satisfies the conditions 1)—5) contains the
space £, belonging to the theory Wy = A, then W
consists of the same irreducible functionals as
Wj,. The decomposition of W into irreducible
functionals contains all the irreducible W, which
occur in W, if and only if Q@ = Q. In particular,
there does not exist a theory W satisfying 1)—5)
for which the space  is strictly larger than the
space  of an irreducible theory belonging to the
class A. This fact has already been used in as-
sumption 3).

2. If W& A and the theory W’ is obtained
from W by a one-to-one similarity mapping V

V(g) =Vi(g), o' (z) =Vo(z)V!

(¢, ¢’ are the field operators of the theories W,
W’), then in order for W’ to satisfy 1)—5) it is
necessary and sufficient that it be composed of
exactly the same (all of them) irreducible func-

tionals as W. If W is irreducible, then W’ = W,
Let us now consider the formulation of the

symmetry problem in this formalism. The start-
ing point is the introduction of a group J of
automorphisms on X. We denote the group ele-
ments by 7. We have to remember that in addi-
tion to the automorphisms associated with the
“usual’”’ symmetries (parity, isospin transforma-
tions etc.) there exist other automorphisms, e.g.,

g =go, g (p1...pn) =a(ps?)...a(pn?)&n(p1...pn),
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where a(p?) are such functions that a and a™!
are both infinitely differentiable functions in-
creasing like a power (multipliers on S;;). Find-
ing and investigating such ‘‘unusual’’ groups of
automorphisms may present a certain interest.

Let W be an irreducible functional belonging
to the class A. With each element 7= J we
associate the functional Wt defined by Wr(g7)
= W (g). We consider only such groups J, for
which Wr = A forall T J. It is easy to see
that W1 is also irreducible. A theory is invariant
under J if W = W.

Let us assume that W = W. One can intro-
duce a reducible functional W which is invariant
under the group:

it We A (this is certainly true for finite groups)
all the W+ can be reconstructed from W. In
other words, a part of an irreducible functional
(belonging to the class A) which is symmetric
under a certain group of automorphism, deter-
mines the original functional up to an automor-
phism of the group.

Consider for example the group J correspond-
ing to parity. It consists of the two elements 1 and
P, with

(Pg)o= g0, (Pg)n(zi...2n) = gr(x1P ... zsP),

P = —Xx;, 2
Define Wy =1, W; =0,
Wit(zy...20) = Yo [Wa(zy...20) &= Wa(ziP ..

. ZaP)].

Then, according to our results, if all Wﬁ are
given, the W, are all determined up to a common

sign.

5. CONCLUSION

Let us analyze the meaning of the results we
have derived. Lt us define the set M C Q2. By
definition the set M consists of those functions
g = Q for which gh= Q for any h =Z. The prop-
erties of W imply that M is a closed linear

manifold. If g= M, a(g)y(h) =0, i.e., a(g)=0.

Conversely, if for a g = Z there exists an a(g)
=0, then g =M. Thus M is the setofall gz

for which a(g) = 0. This representation shows
that the set M is invariant under (a, A), under
involution, and that it is a bilateral ideal. Obvi-
ously M is a maximal bilateral (and hence a
maximal right) ideal in ©. M can be uniquely
determined if € is known. Whether © can be
constructed if M is known, remains an open
question, even for irreducible functionals.

The following proposition seems very plausible:
An irreducible theory is uniquely determined by
the ensemble of its dynamical equations, i.e., by
M. One might consider the results of the present
paper as a first step towards a proof of this propo-
sition. The next step should consist in a proof that
it is possible to determine  uniquely in terms
of M.

One might look at this problem from another
angle. Consider two irreducible theories of the
class A. Each of them generates its own operator
algebra a; ={a,(g)} and a, ={a,(g)} over the
Hilbert spaces H;y and Hy;. The algebras a; and
a, are isomorphic under the correspondence
a,(g) = ay(g) if and only if M; = M,. If in addi-
tion @ = Q,, this isomorphism is implementable
by a similarity mapping as(g) = Va, (g)V’i. In
this formulation the result we have obtained is
related with the results obtained by Haag and
Kastler 4.,

In conclusion I use this occasion to thank L. V.
Prokhorov for discussions and constant interest
in this work.
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