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A rate-equation analysis is performed of the processes in a laser in which a saturable filter 
is employed for Q switching. It is shown that two modes of excitation of the laser exist (a 
soft and hard regime). In the hard regime the excitation threshold of the laser is determined 
by the parameters of the system. It is also demonstrated that when the amplitude of the trig­
gering signal exceeds threshold, a pulse of standard amplitude and width is produced in the 
system. If spontaneous decay can be neglected, the problem can be solved by quadrature. 
The condition for generation of a giant pulse and the maximum values of its properties are 
derived in this case. The limiting values of the decay time and the width of the giant pulse 
are found. The results of the calculations are compared with experiment. 

IT has been shown in a number of papers [1-4.] that 
certain substances, in particular, solutions of cer­
tain metallic phthalocyanines, exhibit a decrease 
of absorption coefficient under the influence of 
light from a ruby laser. This property of the 
phthalocyanine solutions has found application in 
Q-switching lasers. 

The kinetics of the processes which occur in a 
laser with such a filter may be described by rate 
equations. We assume that in a single-mode cavity 
there are two types of particles, each of which has 
two energy levels; the separation between these 
energy levels is the same for the two types of par­
ticles. It is assumed that initially the particles of 
the first (or "n") type (ruby) are in a negative 
temperature state, whereas the second (or "m") 
type of particles are in their ground state. 

The system of rate equations for the level popu­
lations and the number of photons in the cavity is 
the following: 

dn No+ n 
- = - 2wnpn- ---+ Wp (No-n), 
dt Tn 

No = n1 + nz, n = nz- n1, 

dm Mo-m 
-= -2wmpm+---, 
dt Tm 

Mo = m1 + mz, m = m1 - mz, 

~ p ~+n ~-m 
- = Wnnp- Wmmp-- + ---+ ----,---
dt Tp 2knTn 2kmTm ' 

8:rtv2 

kn,m = - 3 - ~Vn,m V /'l')n,m· 
c (1) 

The following notation has been introduced: n1, 

n 2, m 1, m 2 are the total number of particles in the 
cavity in the "n" and "m" systems in the lower 

(subscript 1) and in the upper (subscript 2) levels; 
Wn and wm are the probabilities for stimulated 
transitions per unit time; Wn,m = un,mc/V, where 
un,m are the cross-sections for absorption in the 
respective systems, c is the velocity of light in the 
medium, V is the resonator volume; T n and T m are 
the spontaneous decay times for the upper state in 
system n and m respectively; pis the total number 
of photons in the cavity; T P is the decay time for 
the field in the cavity; the coefficients kn and km 
describe the fraction of the spontaneous emission 
in systems "n" and "m" respectively, which 
occurs in the resonator mode under discussion; 
kn,m are the number of modes in the volume V 
within the line width ~vn,m divided by the quantum 
yield of the fluorescence 1Jn,m; wp is the probability 
for exciting the "n" type particles via the pumping 
radiation. 

The system (1) was solved with the M-20 elec­
tronic computer. In making the calculation the 
following values were assumed for the parameters 
of the saturable filter: N0 = 1020 , m 0 = M0 = 2.5 
x 1015; Wn = 1.2 x 10-10 sec-1, which for a resonator 
volume V = 10 cm3 corresponds to an absorption 
cross section <Tn = 4 x 10-20 cm2, Wm = 4.8 x 10-fi 
sec-1, and correspondingly urn = 1.6 x 10-15 cm2; 

Tp = 10-9 sec. The spontaneous decay time Tm and 
the initial conditions of the system (1) were varied, 
with the initial difference in populations n0 and 
m 0 = M0 chosen so that 

This means that there is no gain in the medium 
filling the resonator at the time t = 0. 
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It is assumed that a certain initial number of 
photons Po is "injected" into the cavity at the 
instant t 0 = 0. For an initial injection of photons 
Po above a threshold value Pthresh. the laser 
processes under consideration evolve in an 
extremely short time (.M « rn, 1/wp, kmrm); 
hence during the calculation several aspects of the 
system of equations (1) were neglected, viz., the 
pumping and the spontaneous decay from the upper 
level of n-type particles were neglected in the first 
equation; in the second equation we neglected the 
spontaneous decay from the upper level of the 
m-type particles (this corresponds to taking 
Tn = oo, wp = 0, and km Tm = oo). 

For a sufficiently large trigger signal a very 
strong emission pulse occurs from n-type parti­
cles and the system produces an intense (so-called 
giant) pulse; somewhat before these processes 
occur the medium is completely bleached (that is, 
half of the m-type particles are transferred from 
the lower energy level to the upper level). De­
creasing the initial injection of phonons Po delays 
the formation of the giant pulse. This is because 
of the increased time required to bleach the filter. 
Further decrease in the quantity Po results in inhi­
bition of giant pulse formation, the initial number 
of photons being insufficient to bleach the medium. 

At the instant during the formation of the giant 
pulse when p takes on its minimum value Pmin the 
condition for self-excited oscillations is satisfied: 

(3) 

(initially wnno < wmmo + rp1 and without external 
triggering the system cannot begin to oscillate). 
Condition (3) means that the total gain in the sys­
tem equals unity and that the time constant for the 
decay of the oscillations is infinite. 

An interesting feature of this system is that it 
exhibits threshold properties; in particular, so 
long as the initial triggering signal Po does not 
exceed a certain threshold value Pthresh the 
system does not oscillate, but as soon as Po exceeds 
Pthresh by ever so little a pulse builds up (with 
standard, repeatable amplitude and duration be­
tween the half-power points). This pulse contains 
almost all of the energy previously stored by the 
n-type particles. Moreover once the filter has 
been bleached the growth of the la&er pulse occurs 
at a rate which is independent of Po (but which is 
determined by the parameters of the system); also 
independent of Po is the rate at which the active 
medium is depleted. These phenomena are illus­
trated in Figs. 1 and 2. In Fig. 1 we give the time 
dependence of the number of photons (solid line) 
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FIG. 1. Graphs of the time dependence of the number of 
photons at the resonance frequency and the population inver­
sion of the active centers in the laser for various strengths of 
the triggering pulse (n 0 = 1020 , m0 = 2. 5 x 1015 , T m= 10-9 sec.) 

and the population inversion of the n-type particles 
(dashed line). The functions are normalized to their 
initial values. (The curves for the number of 
photons are plotted with a logarithmic scale.) The 
lifetime for spontaneous decay of the m-type par­
ticles is taken to be constant and equal to 10-9 sec; 
Po is a parameter that varies from curve to curve. 
For this choice of system constants a value of 
Po = 1.5 x 1013 is insufficient to cause laser action 
(this is shown by the dot-dashed curve on a non­
logarithmic scale). Threshold for Po in the present 
case lies between 1. 75 x 1013 and 1.5 x 1013 , the 
maximum pulse strength is Pmax = 0.35n0 = 0.35N0 

= 3.5 x 1019 • In Fig. 2 we give the time dependence 
of the population inversion of the filter particles 
for the same values of the parameters; bleaching 
does not occur for Po = 1.5 x 1013; the curve n(t) 
has a minimum not equal to zero and the inversion 
of the active particles remains practically constant. 
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FIG. 2. The time dependence of population inversion in the 
filter for various initial triggering pulses (n 0 = 1020 , m0 = 2.5 
x 1015 , Tm = 10-9 sec). 
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FIG. 3. The dependence of the number of photons in the 
laser for various degrees of initial inversion (p0 = 1014 , 

T m = 10-9 sec). 

If the n-type particles are not completely in­
verted at t == 0, then it is clear that the amplitude 
of the laser pulses and their growth rate will be 
smaller and that the delay will be greater than for 
the case of complete inversion. This situation is 
shown in Fig. 3. For Po == 1014, T m == 10-9 sec, an 
initial inversion of the active particles n0 == 0.2 
x 1020 ·is insufficient for producing a laser pulse 
(the initial values of n0 were chosen in accordance 
with condition (2)). To form a pulse in this case 
and to decrease the delay it is necessary to have 
a more intense triggering pulse. 

The behavior of the system for different spon­
taneous decay times of the n-type particles is il­
lustrated in Figs. 4-6. As in the previous discus­
sion there is also a threshold in the parameter T m' 
assuming a constant initial triggering pulse p0• For 
p0 == 1 o14 the threshold value of T m lies within the 
limits 10-10 sec < T m < 3 x 10-10 sec. An increase 
in the spontaneous lifetime T m, which is a measure 
of the "inertia" of the bleachable medium, leads 
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FIG. 4. Time dependence of the number of photons and the 
population inversion of the active centers in the filter for var­
ious spontaneous decay times of the filter [p 0 = 1014 , T m = 1o-• 
sec (solid curves), T m = 3 x 10-'o sec (dashed curve)]. 
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FIG. 5. The initial stage of the formation of a giant pulse 
for various spontaneous decay times of the filter (p 0 = 1014 ). 

to a more rapid formation of the standard giant 
pulse (Fig. 4). In Fig. 5 we show on a magnified 
scale the initial portions of the curves of the func­
tion p(t). For p0 == 1014 and for Tm = 10-10 sec the 
system does not oscillate; p(t) goes to zero expo­
nentially with a time constant T ~ T p and n re­
mains essentially constant and equal to n0 == 1020, 

whereas m undergoes the variation shown in Fig. 6. 
In view of the foregoing there is in principle 

another way of exciting the laser. 
By a suitable choice of the excitation power one 

can produce an initial value n 0 such that condition 
(3) for self-excited oscillations will be fulfilled. 
In this case the oscillation builds up from a level 
p which is determined by spontaneous emission. 
This level is very small and the delay will be quite 
long; under certain conditions it will be longer 
than the duration of the exciting flash. By contrast, 
if one applies a triggering pulse to the system it 
reaches the state described by (3) with a significant 
excess of photons and hence delay time can be made 
small compared with the duration of the flash lamp 
pulse and small in comparison to the decay time of 
the population difference for n-type particles. 

When one may neglect spontaneous decay in the 
m-system it is simple to obtain the analytical form 
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FIG. 6. Graphical time dependence of population inversion 
of the filter for a Tm which does not exceed the critical value 
(p 0 = 1014 , T = 10-10 sec). 
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of the dependence of p on n. One may also estimate 
the pulse width and the delay time. These expres­
sions have the following form: 

n0 n n0 [ ( n )a] n0 ( n ) p = -ln--- 1 - - +- 1 -- + po, ( 4) 
2~ no 2a \ no 2 no 

m =~(!!_)a 
2a no 

(5) 

The instant t at which n takes on a given value n(t) 
is determined by the expression 

1 (' / { n0 n n0 [ ( n )a] t =- J d(lnn) -ln--- 1- -
2wn n(t) 2~ no 2a no 

+ ~0 
( 1- : 0 ) +Po}, 

(6) 

When t = 0, n0 and m 0 are related by condition (2) 
and {3 is the factor which measures the extent to 
which the requirement for self-oscillation is 
exceeded in the cavity containing the saturated 
filter. 

The condition for formation of the giant pulse is 

Pmin > 0 or Po > no I 2a~2• (7) 

For a» L 

1 1 (1 1 ) 
Pmax = Po+2no-2 f\+{:3ln~ , (8) 

and for a » 1 and {3 » 1 

The pulse width tn between the half-power point and 
the peak when a » 1 and {3 » 1 falls between the 
following limits 

Tp > tn > Tp/2. (9) 

The delay time falls between the limits 

[2wn~ (Po- Pmin) ]-1 > tdel > (2wm~Po)-1 . (10) 

The maximum power Pmax radiated by the laser is 

Pmax = Pmaxhv / Tp. (11) 

From the information contained in [t-a] it appears 
that the phthalocyanines have very short lifetimes 
in the excited state, less than 4 x 10-9 sec. Transi­
tion to the triplet state from the excited singlet 
level occurs in a time of the order 10-7 - 10-8 sec. 
Hence for a laser in which the saturable filter con­
sists of vanadium phthalocyanine or cryptocyanine 
the first variant of the machine calculation is prob­
ably the most suitable. However it is clear that 
one might find substances in which population of 
the lower level by decay from the upper state 
occurs much more slowly. Ruby is such a material 

if one thinks of absorption bands and the fluores­
cence in the R lines. 

We have studied experimentally the various 
operating regimes of a laser using a solution of 
vanadium phthalocyanine in nitrobenzene as a 
saturable filter. The experimental arrangement is 
shown in Fig. 7. The numbers in the figure denote 
the following: 1-a 100% reflecting mirror, 2-a 
cell containing the phthalocyanine solution (the cell 
length is 5 mm and its initial absorption is 90%), 
3-a ruby rod 120 mm long and 10 mm in diameter 
with uncoated ends, 4-a plane parallel glass plate 
whose purpose will be described below, 5-a 70% 
transmitting mirror. Two experiments were car­
ried out, which differed in that the ends of the ruby 
were arranged parallel to the mirrors in the first 
experiment. Ordinary laser action occurred first 
using the 30% mirror and the reflection from the 
end face of the ruby. This provided the triggering 
pulse to the cavity, i.e. the pulse designated as Po 
in the previous calculation. In the second experi­
ment the ruby was aligned to make a small angle 
(about 0.5°) with the mirrors. In this case the 
glass plate 4 was removed. Thus the glass plate 
served to ensure that the cavity losses were the 
same in both experiments regardless of the align­
ment of the ruby. 

In the first experiment we observed a giant pulse 
when the pumping intensity was sufficient to pro­
duce ordinary laser action between the 30% reflect­
ing mirror and the end face of the ruby. The 
emitted pulse had a duration of 10 nsec between 
the peak and the half-power point and had an energy 
of 1 joule. The pulse occurred 300 jlsec after the 
firing of the flash lamp. In this experiment n0 did 
not exceed 0.6 x 1020; {3 ~ 3.3; T P = 1.5 x 10-9 sec. 
According to formula (8) Pmax in this case could 
have attained the value 1019 and Pmax the value 
1.9 X 109 W. 

In the second experiment the flash lamp inten­
sity was considerably increased but no ordinary 
laser action due to a reflection from the internal 
surfaces of the resonator occurred. After approx­
imately 400-600 11 sec (the duration of the flash 
pulse between the 30% point and the peak was 
500 11 sec) there occurred a pulse 20-25 nsec long 

FIG. 7. Experimental setup. 
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radiation 
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(from the half-power point to the maximum) with 
an energy less than Y15 joule. 

These experiments demonstrate the existence of 
a considerable delay in the development of a giant 
pulse when excitation occurs without a triggering 
pulse. The small energy of the pulse in the second 
experiment can be explained by the decrease in the 
population inversion in the ruby towards the end of 
the flash lamp pulse. Comparison of the expected 
values of the pulse duration and its power with the 
experimental values shows poor agreement. The 
small power is easily explained by the nonuniform 
pumping of the crystal. It is more difficult to ex­
plain the increase in the pulse width. In our view 
there are two likely mechanisms. The first of 
these is the following. We assume that the field 
which is present initially in the cavity is non­
uniform over the resonator cross-section. This 
is a completely natural assumption since the laser 
puts out spikes in ordinary operation [s]. In such a 
case the resonator is divided into parts (in the 
plane of the mirror) which differ in the amount of 
initial excitation. The coupling between these parts 
is small, since it occurs only by diffraction. As 
shown previously, the delay preceding the appear­
ance of the pulse depends on the magnitude of the 

initial excitation. The radiation observed from the 
whole end face of the mirror will then be a series 
of pulses which together form the broad pulse 
which was observed experimentally. 

The second mechanism has previously been dis­
cussed by Hellwarth [S], viz., cross relaxation be­
tween the R lines of ruby and in particular relaxa­
tion between theE and 2A levels, from the first of 
which the depopulation occurs. 
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