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It is shown that the "focusing" singularity [i] arising in field theory in a p-space of constant 
curvature can be removed if the S-matrix is const"ructed in accordance with the group of 
motions of this space. 

1. INTRODUCTION 

RECENTLY several authors [1- 3] have been de
veloping a field theory in which instead of the 
usual "flat" momentum space they have intro
duced a p-space of constant curvature. This 
generalization of field theory is based on the con
cept of a displacement of a p-space of constant 
curvature. In contrast to the usual Minkowski 
space where the displacements form a commuta
tive group, in this case the displacements are 
noncommutative and do not form a group. It is 
natural that such a violent change of the geometry 
will introduce considerable difficulties concur
rently with obvious progress (removal of diverg
ences). One of such complications -the so-called 
"focusing" singularity - has been discussed by 
Gol 'fand [1] who has proposed a method of regulari
zing this singularity (normalized displacement). 

In order to elucidate this phenomenon we con
sider the simplest second order loop-the polari
zation operator (cf., diagram). We note that the 
"focusing" singularity arises only in diagrams 
containing closed fermion loops. In place of the 
6-function 6 ( l + t) which expresses the law of 
conservation of energy and momentum in the 
usual theory, here we encounter the so-called 
matrix element of the displacement operators 

<pld~(l)d~(-t) jp> (1.1) 

(cf. [2]) which is a generalization of the 6-function 
to the case of p-space of constant curvature. 

Utilizing the explicit form of the displacement 
operator [1] it can be easily shown that this 
matrix element must give a contribution not only 
in the obvious case when l = t, but also for arbi-

trary fixed l and t at the point p satisfying the 
condition 

pl = pt =· --1. (1.2) 

The last two equations define a two-dimensional 
surface in four-dimensional p-space. On the basis 
of the classical Dirac definition of the 6-function 
this situation could be expressed by the words: 
''the argument of the 6-function vanishes on the 
two-dimensional surface." It is clear that the 
construction of a consistent field theory on the 
basis of such a quantity will be very difficult. 

In the present note we shall show that it would 
be more correct not to specify the 6-function in 
terms of the properties which manifest them
selves in the integration of its product with other 
functions, but to start with expansion in terms of 
certain complete systems closely related to the 
geometry of p-space of constant curvature. If 
such a procedure is adopted the "focusing" singu
larity gives no contribution to the matrix elements 
of the displacement operators. 

2. A PROJECTIVE TWO-DIMENSIONAL MODEL 
OF FIELD THEORY 

For simplicity we shall utilize a two-dimen
sional model of the version of the generalized 
field theory under consideration. Specifically, all 
the momentum vectors will be assumed to belong 
to a two-dimensional space of constant curvature. 
Accordingly the coordinates in this space are de
termined by a projective method with the aid of a 
three-dimensional sphere. If we denote by Pa 
( a = 1, 2 ) vectors in a two -dimensional space of 
constant curvature, and by Pi (i = 1, 2, 3) vec
tors in three-dimensional Euclidean space, then 
the following relations hold 

(2.1) 

The formula for the distance s ( p, q) in projec-
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tive coordinates has an exceedingly simple form: 

cos s(p, q) =·PQ. (2 .2) 

Here Qi are the projective coordinates corre
sponding to the vector q. Thus, the distance be
tween points of p-space of constant curvature 
s ( p, q) is simply the angle formed by two vectors 
in three-dimensional space. Consequently, the 
group of motions of a space of constant curvature 
is isomorphic with the group of rotations of a 
three-dimensional sphere. 

The whole construction of a field theory can be 
carried out in terms of the projective coordinates. 
We shall state here only the displacement formula 
which we require (cf., formula (2.1) of[t] ): 

Do (L) = T A'h. (2 .3) 

" The operation TM is ;!. three-dimensional reflec-
tion in the hyperplane perpendicular to the unit 
vector M and has the form 

TMP = p- 2P(PM). 

A is the vacuum vector with the coordinates 
{0,0,1}. 

3. THE GEOMETRICAL MEANING OF THE 
"FOCUSING" SINGULARITY 

(2.4) 

We shall show that the "focusing" singularity 
is related to the existence of points which are 
stationary with respect to motions in p-space of 
constant curvature. We consider the matrix 
element (1.1). Writing it in the form 

(pldo (l) d~ (- t) I p) =(do (t)do (-l) pIp) (3.1) 

and evaluating explicitly the effect of the operator 
d0 ( t) d0 ( -l) on the vector p satisfying equation 
(1.2), we see that the vector p is stationary with 
respect to this transformation: 

d0 (t)d0 (-l)p=p. (3.2) 

In projective notation the condition of stationarity 
(1.2) has the form 

(PL) = (PT) = 0. (3.3) 

The case of a diagonal matrix element (1.1) 
has been discussed by Gol'fand [tJ. It can be 
easily seen that a similar situation will occur in 
diagonal matrix elements of products of an arbi
trary number of displacement operators. In the 
case of three displacement operators 
(pjd0 ( -l )do ( s )do (l )jp) we have the relation 

D0 (L) D0 (S) iJ0- 1 (L) P = T T A'l'rA T TATLSP = P, (3.4) 

which is obtained if we use the obvious formulas 

(3.5) 

The condition of stationarity for the vector P has 
here the form 

(3.3') 

In the case of a product of an arbitrary number 
of displacement operators 

(3.6) 

we can always represent the complex operator 
appearing above in the form of a product of two 
reflections 

Do (Ll) Do (L2) ... Do (Ln) P = T ~/)' Np, ( 3. 7) 

where M and N, generally speaking, depend on 
all the parameters L1, •.. Ln: 

M = M(L1, ... , Ln), N =N(L!, ... , Ln). 

The conditions of stationarity in this case are the 
following: 

(PM) = (PN) = 0. (3.3") 

We see that although a displacement is a unique 
operation and that different parameters corre
spond to different transformations of the space, 
for each operator constructed from displacements 
there exist points which are stationary with re
spect to the effect of this operator. Knowing the 
result of the action of the operator on such a point 
we cannot obtain the parameters for this trans
formation. It is just because of this that the 
"focusing" singularity arises. From this the 
method is clear by means of which the "focusing" 
singularity can be eliminated. One must specify 
displacements not by the results of their action 
on some vector, but as transformations of the 
space. This is achieved by means of going over 
to integration over the group of motions of p
space in the formalism of the S-matrix. 

It is useful to compare the matrix element 
(3.6) with the corresponding expression in the 
usual theoryO: 

(pldo(li) ... d~(ln) lp) =·6(l1 + l2 + ... + ln). (3.8) 

We see that in the usual theory due to the com
mutativity of the displacements there is no de
pendence on p, and as a result of this a singular
ity of the type discussed above cannot arise. 

l)l'l the usual theory the effect of the displacement operator 
d0 (l) reduces to the addition of momenta: d0 (l) I p > = ll+p>. 
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4. DEFINITION OF THE 6-FUNCTION. IN A 
SPACE OF CONSTANT CURVATURE 

It is well known that in the case of a Euclidean 
space the c)-function with all its properties is 
given by the expansion 

l'J(p _ q) = _i _I eix(p-q) d2x. (4.1) 
(2n) 2 J 

The quantity eipx is closely connected to the 
group of displacements of the Euclidean space. 
Specifically, to every vector of the two-dimen
sional Euclidean x-space ( x = ( x1, x2 )) there 
corresponds uniquely an irreducible one-dimen
sional representation of the group of displace
ments of the p-space. The exponential e1PX can 
be taken as the basis for this representation. The 
effect of a displacement on the exponential is as 
follows: 

d(k)eipx = ei(p+k)x. (4.2) 

In other words, d (k) = eikx in the given irreduci
ble representation is also the matrix performing 
the operation of displacement. Since the group of 
displacements of a Euclidean space is Abelian all 
its representations are one-dimensional and the 
effect of the matrix is simply multiplication by a 
number. Moreover, in no representation is it 
possible to distinguish between a vector in the 
space of the irreducible representation and the 
displacement operator operating in this space. In 
other words, it is not possible to distinguish be
tween the points of the space and the elements of 
the group. 

In the case of a field theory in a p-space of 
constant curvature the symmetry between the 
coordinates of a point and the vectors para
metrizing the displacements of the space of con
stant curvature is explicitly violated (cf., Sec. 2 
of [2J). We shall now show that this asymmetry in 
the field theory under discussion is not a matter 
of principle and can be eliminated if the generali
zation of formula (4.1) to the case of a space of 
constant curvature is carried out taking into ac
count the properties of the group of motions of 
this space. 

As has been indicated in [tJ we can introduce 
spherical polar coordinates in a space of con
stant curvature, and as a result of this the ele
ment of volume will have the form 

dQ = sin ltdlt dqJo (4.3) 

It is well known that the element of volume of a 
space of constant curvature or, what is the same 
thing, the element of area of a three dimensional 
sphere can be extended to an invariant element 

of volume of the group of three-dimensional ro
tations, viz., 

1 0 

dg= (Sn) 2smltd¢dltdqJ, (4.4) 

where cp, J, and l/J are the Eulerian angles. All 
the integrals over the space of constant curvature 
can be converted in a trivial manner into integrals 
over the rotation group in the following manner: 

·~ f ( lt, qJ) sin lt dlt dqJ = 4n ~ j ( lt, qJ) dg o ( 4 0 5) 

Utilizing this relation we can in the formulation 
of the field theory replace the integrals over the 
space of constant curvature by integrals over the 
group of motions. This replacement is of a 
purely formal nature as long as we do not consider 
the matrix elements of the displacement opera
tors. 

In integrating over the space of constant curva
ture i! is natural to utilize the spherical harmon
ics Tm ( J, cp) which constitute a complete sys
tem. Any arbitrary function on the sphere 
f ( J, cp) can be expanded in terms of them into a 
Fourier series: 

co l 

f(lt, Ill)= ~ ~ Cm1 {f) Y m 1 (lt, <p)', (4.6) 
l~Om=-l 

where 

Substituting (4.7) into (4.6) we obtain 

j(fJ, <p) 

= ~sin lt' dlt' dcp' j(fY, <p1) ~ Y m 1(lt', qJ1 ) Y m1(f1, Ill), (4.8) 
l,m 

i.e., in the integration in question the quantity . 
~ Y m1('fr, Ill) Y m1 (fJ', <p') 
l,m 

acts like a c)-function: . 
~ Y m1(f1', Ill') Y m1(t'l; qJ) = 6 ({}- {}') l\(qJ- Ill')· (4.9) 
l,m 

(In future for the sake of brevity we shall not 
write out the limits for the summations over l 
and m.) 

Since the values of the angles J and cp com
pletely specify the vectors in a space of constant 
curvature we can write (4.9) in the form 

• 
(plq) = 6(p, q) = ~Ym1 (p) Ym1(q), (4.9') 

l,m 

where p and q are vectors with spherical coordi
nates respectively given by ( cp, J) and ( cp', J' ). 
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Equation (3.9) can be regarded as the definition of 
the matrix element (pI q). 

We now consider the matrix element 
(pI d0 ( l) I q), which can also be written in the 
form (pld0 (l)q). Utilizing expansion (4.9) we 
obtain 

(pI do (l) q) = ~ Y~ (p) Y!n (do (l) q) 
l,m 

= ~ Ym1(p)Tmn1(do(l))Yn1(q), (4.10) 
l,m,n 

where T~n ( d0 ( l)) is the matrix of the transfor
mation d0 ( l ) acting in the space of the represen
tation of the group of rotations of weight l. The 
expression T/rm ( d0 ( l)) denotes that this matrix 
depends on the parameters of the transformation 
d0 ( l ), for example on the corresponding Eulerian 
angles. 

In formula (4.10) once again the asymmetry 
between the vectors of the space and the trans
formation parameters is manifested. However, 
now the method is clear whereby we can alter our 
definitions and make the theory completely sym
metric with respect to the momenta of all the 
particles independently of the manner in which 
a Lagrangian is constructed from them (cf. [2] ). 

Specifically, we generalize the expansion (4.6) to 
the case of integration over the group. The 
Fourier series will have the form 

00 l 

B by an appropriate transformation of displace
ment: 

P = do(kp)B. (4.14) 

Thus, we make each vector P correspond to a 
certain displacement do (kp ). If the displacement 
operator is written in k-parametrization (cf., 
formula (1.1) of[t] ), then the vector kp coincides 
with p. It is clear that this relationship is 
mutually unique. Therefore the following formula 
always holds 

(plq> = (d~(kp)Bido(kq)B> 

(4.15) 

Since only the fact of the coincidence of the 
transformations d0 ( kp) and d0 ( kq) is significant, 
while the vector B is arbitrary, we can take 
another step and write 

Equation (4.16) justifies the replacement of 
(4.9a) by (4.13). 

(4.16) 

The matrix element (4.10) can now be written 
in the completely symmetric form: 

<PI d~ (l) 1 q> 

= ~ T!nn (do (kp)) T!n., (do (l)) T!n (d~ (kq)). (4.17) 
l,m 

f(cp,it,'ljl)= ~ ~Cmn1 Tmn1 (cp,tl','ljl). (4.11) We now return to the "focusing" singularity 
l=O m,n=-l 

We recall that the matrix elements T!nn ( cp, J., 1/J ) 
which depend on the continuous parameters 
cp, J., 1/J, at the same time constitute a complete 
functions over the group. The coefficients c~n 
have the form 2 ) 

Cmn1(f) = ~ T mn1(q/, {t', '¢')/(cp', {t', '¢')sin {t' dcp' d{t' d'¢'. 

(4.12) 

The matrix element (pI q) can be expanded by 
means of the formula 

and consider the matrix element (1.1) 

<P 1 d~ (t) d~-l (t) 1 P> 

~ T!nn (do (kp)) T!n., (do (l)) T~r (d0 -l (t)) T~n (d~ (kp)) 
l,m,n,r,s 

= ~ T~n (do (kp)) T~m (do-1 (kp)) T!,.. (do(l))F!r (Jo-1 (t)) 
l,m,n,r,s 

l,m,r,s 

~ •z h z h = L.J T rs (do (t)) T rs (do (l)) = (t Jl) = {) (l, t). (4.18) 

< I > ~ r· Z( ) T l( ) < 1 > (4 13) We have utilized here the basic property of the P q = L.J mn gp mn gq = gp gq · · 
z,m,n representation: 

We interpret the symbol T:rm ( gp ) in the fol
lowing manner. We take a fixed vector B (for 
example, the vacuum vector B = A = ( 0, 0, 1 )), 
and we obtain all the other vectors P by acting on 

2)For the sake of simplicity we omit here the normalizing 
factors which, generally speaking, are different for different 
values of l. 

T (do (l)) T (do (t)) = T (do (l) do (t)) (4.19) 

and the unitarity property of the matrices T: 

T~n(d0 (l)) = T~m(do-1 (l)). (4.20) 

The chain of equations (4.18) shows that there 
is actually no dependence on p in complete agree
ment with formula (3.8). This proves the absence 
of the "focusing" singularity. 
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5. A MORE PRECISE FORMULATION OF THE 
FORMALISM OF FIELD THEORY 

In this section we shall show that the whole 
formalism of field theory in the case of p-space 
of constant curvature can be altered in accord
ance with the generalized law of energy-momen
tum conservation (4.13). First of all we note that 
in going over from integration over p-space to 
integration over the group of motions of a p-space 
of constant curvature it appears that the special 
role of displacements of p-space is suppressed3 ) 

(cf., formula (2.16) of[2J ). We shall show that in 
the case of integrating over the group the special 
role played by the displacements can be preserved. 

We point out first of all that if the vector K 
which parametrizes the displacement has the 
following coordinates: 

Kt =·sin {} sin qJ, K2 = sin {} cos ljl, K3 = cos ljl, (5.1) 

then the matrix of the displacement Do ( K) will 
have the form 

(5.2) 

cos ljl - sin ljl 0 1 0 0 
g(!p) = sinq> cosljl 0 , g({}) = 0 cos{} -sin{} 

0 0 1 0 sin {} cos {} 

(5.3) 

(cf. [4•6] ). In other words, the displacements 
Do ( K) = do ( J., cp ) are picked out from the arbi
trary rotation g ( cp, J., ~ ) which depends on the 
three Eulerian angles cp, J, ~. by the condition 
~ = -cp. 

We can now proceed to generalize the formal
ism of quasifields [2J. As in [1, 2J, we restrict our
selves to the case of pseudoscalar mesodynamics. 
We assume that the quasifields of the nucleons ~ 
and of the mesons cp are functions over the group 
of motions of p-space: 

(5.4) 

The only restriction imposed on the operators of 
the quasifields ~ and cp is the form of the pair
ings: 

<\IJ(gp)\jl(gq}>o = (m + p)-16(gp, gq), 

(<p(gh)<p(gs) >o =• (!12 + k2)-16(gh,gs)6(1jlh + 'i'A). (5.5) 

3)The transition to the integration over the group of motions 
of p-space can be regarded as a generalization of the concept 
of virtual momentum. In this paper this generalization is mini
mal, since the values of the matrix elements remain as before. 
However, if we completely do away with the special role played 
by the displacements, then far-reaching physical consequences 
will result. 

The remaining pair products of quasifields yield 
zero when averaged over the vacuum state. 

The interaction Lagrangian has the form 

.A= g<~l~l'i'> 

= g~\j; (gp)(gp ig~< igq)\jl (gq) IP(gh) dgpdgqdgh. (5.6) 

It can be easily seen that in the evaluation of the 
matrix elements the "extra" integrations intro
duced in going over from the element of space 
volume to the element of group volume are 
eliminated in a trivial manner. In order that the 
matrix elements obtained in the expansion of the 
S-matrix 

(5.7) 

should completely coincide with those given, for 
example, in [2] it is necessary to divide the matrix 
element corresponding to an arbitrary diagram by 
( 21r )a, where a is the number of independent 
loops (consisting both of fermion and of boson 
lines). 

6. REMARKS 

We shall make a number of remarks with re
spect to the limitations of the two-dimensional 
spherical model of field theory considered above. 

The first remark is related to the fact that in 
the present paper we have considered the case of 
spherical geometry in p-space. This geometry 
cannot be utilized for a sensible generalization of 
field theory since the correspondence principle is 
not satisfied here. A physical meaning can be 
ascribed only to the case of elliptical geometry. 
In going over from spherical geometry to elliptical 
geometry the formula for the displacement 

Q =·Do(L)P, (6.1) 

if it is regarded as an equation in L has two 
solutions. (These are the so called "classical" 
and "nonclassical" displacements, cf. [t] ). It can 
be easily seen that the "focusing" singularity 
occurs only for "classical" displacements. But 
the inclusion of "nonclassical" displacements 
needed for the transition to elliptic geometry does 
not introduce any changes into our arguments. 

The second remark concerns complications 
which arise when the number of dimensions of the 
space of constant curvature is increased. In the 
case of four dimensions conditions (3.3)-(3.3") 
which separate out the "focusing" singularity 
give us two-dimensional surfaces. However, this 
complication in no way affects the arguments 
given above. 
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It is worth while to make the third remark in 
connection with the fact that in some versions of 
the field theory under consideration investigations 
were made not of an elliptical, but of a pseudoellip
tical p-space (cf., for example, [3] ). The spectrum 
of the representations of the group of motions of 
this space is much more complicated than in the 
case of elliptical space. Since the group of mo
tions is noncompact infinite dimensional repre
sentations arise in this case. However, it can be 
shown, that there exists a series of unitary in
finite dimensional representations which consti
tutes a complete system of functions [5]. Conse
quently, a Fourier expansion in terms of these 
functions exists, and our arguments utilizing only 
the possibility of expansion and unitarity can be 
completely repeated in this case also. 

The result of the present paper consists of the 
fact that the geometrical meaning of the ''focus
ing" singularity has been elucidated and it has 
been shown that this danger in the generalization 
of the field theory under consideration turns out 
to be fictitious and can be easily circumvented if 
the scattering matrix formalism is constructed 
taking into account the group properties of the 
operation of displacement in a p-space of constant 
curvature. 
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