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A transformation of a local field is considered which consists in the transition from a field

¢ (p) toa field ¢ (p)=a (p? )¢, where a(pz) is an infinitely differentiable function of
power growth, and ¢ (p) is a field operator in the momentum representation. If a is not a
polynomial, then the field ¢, is in general nonlocal. However, if ¢ (p) decreases sufficiently
rapidly for [p?| = |p} — p’| — « lin particular, like exp (—u|p?|) for some p > 01, then the
field ¢4 is local for any a and the initial field can only be a generalized free field.

1. INTRODUCTION

THE distinction of the class of generalized free
fields is of fundamental interest, since it allows
one to separate out the theories which manifestly
cannot describe real processes. It is known that
a local field which satisfies one of the following
three conditions: a) ¢ (p) has an infinite zero
(i.e., ¢ as well as all its derivatives are zero)
for pj —p?=p?=~d <0; b) ¢ (p) =0 for
0 <p? <m? and has an infinite zero at p = 0; and
c) e (E)) =0 for p? >M?, is a generalized free
field.") This result was obtained with the as-
sumption that the theory described by the field
operator ¢ (x) satisfies the following require-
ments: 1) the matrix elements
(a|@(x{)....9(xn)|B? of products of field
operators must be continuous functionals in the
space Sy, of infinitely differentiable and rapidly
decreasing functions of 4n variables; 2) there
exist unitary representations U (a, A) of the
inhomogeneous Lorentz group and ¢ (Ax +a)
=U(a, A)o (x)U%(a, A); 3) the spectrum of the
energy-momentum operator lies in the upper
light cone; 4) the theory has a unique vacuum,
i.e., such a state that U (a, A)y, = ¢y; and 5) the
field ¢ (x) is local, i.e., l¢ (x), ¢ (y)l =0 for
(x —y)* <o0.

In the present paper we shall show that a field
which satisfies all the requirements enumerated
above is a generalized free field if ¢ (p) [the

Fourier transform of ¢ (x)] decreases sufficiently

rapidly for |p?| — «. The main instrument for the
proof of this assertion is the a transformation of
the given theory, which is defined as the transition
from the theory described by the field operator

@ (p) to a theory with field operators ¢4 (p)

=a(p?)¢(p), where a(p?) is a real function.
We shall choose a from the space Opp of in-
finitely differentiable functions with power
growth.

We assume that the field ¢4 also satisfies all
requirements 1) to 5) for arbitrary a€Oypf.
Choosing a function a (p?) which has an infinite
zero at p? = —d?, we find that @g must be a gen-
eralized free field. Since a can be chosen arbi-
trarily, ¢ itself is a generalized free field.
Starting from this, we can formulate the following
criterion: a necessary and sufficient condition
for a field ¢ satisfying requirements 1) to 5) to
be a generalized free field is that ¢4 satisfy 1)
to 5) for arbitrary a€Oyg.

It will be shown that, if ¢ (x) satisfies condi-
tions 1) to 5) and ¢ (p) decreases sufficiently
rapidly as |p?| — =, then ¢, always satisfies
conditions 1) to 5).

2. PROOF OF LOCALITY OF THE FIELD ¢,

Let us thus consider the theory which is ob-
tained from the given one by the transformation
@ (p)—a(p’)¢(p). We assume that the original
theory satisfies 1) to 5). In terms of the Wightman
functional W,

Walzi...2zn) = Pol@(x1) ... 0(zn) | Po>

it is easy to see that the theory with ¢4 always
satisfies conditions 1) to 4). If, in addition, the
theory with ¢ allows the construction of asymp-
totic states and an S matrix,[23 then the theory
with @5 also allows the construction of such
quantities and has, up to a factor, the same
asymptotic states and the same S matrix.

Let us now consider the problem of the locality
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of the theory with ¢5. According to the results
of Borchers,m it suffices to prove the mutual
local commutativity of the fields ¢ and ¢45. Let
us consider the expression

Iga)= §...§ do... deag(ar... 20)
X <ol @(@1) - . . @ (2it) @ (i) Pa (Ti41) @ (@it2) - - - [ %02,
where g € S., is such that g(zi...z,)
=0 for (z; — zi1)2 << 0 and
g(zy. .. TinZiTipaZita. . . Tn)
= —g(z1...TivaTipTiTit2 . . . Tn).

The vanishing of J (g, a) forall g, n, and i isa
necessary and sufficient condition for the mutual
local commutativity of the fields ¢ and ¢g4.

In the momentum representation

1@ a)=1...(dp....dpag(ps...Pn)a(pin)
X<Po|@(p1) .- . @ (Pi=t) @ (P:) @ (Piy1) . .| bod.

Integrating over py,...,DPi, Pj+2;---,Pn, Pi+4 and
summing over the signs of pj,; o, we can write
J (g, a) in the form

1(g, a)= dp2a(p)f(p).

Let us now note the following: J (g, a;) = 0 for
any polynomial a;, since ¢ (x) always commutes
locally with the field $a,(x)=P(O)¢(x) (P is
an arbitrary polynomial, and O the d’Alembertian
operator). We note further that f must be a con-
tinuous linear functional in Opf and hence, must
be expressible in the form f(£)=DF (&), where
¢ =p? D is some polynomial of differential op-
erators, and F (£) is a continuous function which
decreases more rapidly than any power of ¢ for
[&]— .

Applying the operator D to the other side, we
have

§azamr@) =0

for any polynomial a, (£). These equations imply
for the Fourier transform F (a ) of the function
F(£) that ¥ (@) has an infinite zero at a = 0.
The manner of decrease of F (&) for |&] —
determines the analytic properties of F (a). It
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theories the condition of mutual local commutativ-
ity is satisfied for any function a (p%), as we set
out to prove.

It should be noted that such a rapid decrease
of F (£) must be a consequence of the rapid fall-
off of the Wightman function Wy (py,...,pn) and
not of the function g(py,...,pn). Otherwise, the
function g(xy,...,X,) could be continued ana-
lytically into a region including all real values of
the coordinates, which is impossible since
g(Xy,...,Xn) =0 for (x; - xi,,i)z <0. In particu-
lar, a theory of precisely this type is one for
which ¢ (p) decreases not more slowly than
exp (—p|p®|) for some p >0. Since ¢ (p) is an
operator distribution, the condition of exponential
decrease must be formulated in the following way:
there exists a u >0 such that exp (1| p*|) ¢ (p) is
also an operator distribution (the matrix elements
of products of these field operators must be con-
tinuous functionals in Sy, ). For such theories the
function F(£) decreases no more slowly than
e-klEl for [£] — =, and hence F(a) can be
continued analytically into the strip |Im a|<pu
including the entire real axis.

3. CONCLUSIONS

Thus, the field operators of a locally interact-
ing field can not decrease very rapidly for
|p?| — . The estimate obtained for the rate of
decrease can evidently be sharpened, since the
exponential decrease guarantees the analytic con-
tinuation into a strip, and the general result re-
mains true for a wider class of theories in which
F(a) can be continued analytically into an arbi-
trary region including the real axis (for example,
with boundaries coming arbitrarily close to the
real axis for |Re a |— =),
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