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The permissible rate of decrease of the forward scattering amplitude is estimated on the 
basis of the Phragmen-Lindelof theorem and the theory of Herglotz functions. As an example 
for the application of the results, a proof is given of the incompatibility of the two-particle 
unitarity condition and analyticity in the Lee model. 

J. Recently, much attention has been paid to the 
circumstance that, owing to unitarity, the imagi­
nary part of the scattering amplitude is positive 
for 

and physical values of the energy.[lJ Together 
with analyticity, this leads to interesting results 
in the region of high energies. [2] 

( 1) 

On the other hand, there has also been a suc­
cessful development in another direction based on 
some theorems of the general theory of analytic 
functions connected with the concept of harmonic 
measure. [3] Here the PhragmE'm-Lindelof theo­
rem (PLT in the following) plays a fundamental 
role. It turned out that in this approach the posi­
tiveness of the imaginary part of the scattering 
amplitude leads to important results. [4J We 
should like again to address ourselves to the pos­
sibilities contained in this method. 

Recently, Jin and Martin[5] have studied the 
question of the restrictions on the rate of decrease 
of the forward scattering amplitude imposed by 
unitarity, analyticity, and crossing symmetry. 
They arrived at the conclusion that 

lims2 !T(s, 0) I (lns)'l• = oo (2) 
S-+<X> 

or 

limiT(s, 0) I (Ins)'"= oo, (3) 
S-+<X> 

if T ( s, O) has an additional zero. 
2. We shall show in the present paper that the 

results l2) and (3), which are obtained as neces­
sary conditions for the convergence of certain in­
tegrals (about which it is known beforehand, from 

1>Jagiellonian University, Cracow, Poland. 

the general theory of Herglotz H functions, that 
they are bounded [GJ ) , are not the best possible 
conditions. With this aim, we consider the ampli­
tude for the scattering of 1r+ mesons by protons 

T(z) = 1h[T+(z) + T-(z) ], 

for which the Cauchy formula takes the form 2l 

f2 z2 -1 1 
T(z)= T(1)+-- ----=---= --,--

M z2 - WB2 1 - WB2 

(4) 

(5) 

where z = w + iy; w is the energy of the incident 
meson in the lab system and is proportional to the 
invariant s. 

For Im u > 0, u = z2, we see from (5) that 
Im T ( u) > 0 and therefore, T ( u) is a Herglotz 
H function. It follows from this[GJ that for 
E < arg u < 1r - E 

cf lui~ IT(u) I~ c'iui. (6) 

Now the question arises whether T ( w) can de­
crease more rapidly than 1/w2 at infinity, i.e., 
whether 

lim w2T(w + iO) = 0. (7) 
Ol-++<:x> 

As already noted, microcausality imposes on the 
increase of T the restriction 

2>In deriving this formula, one assumes, besides crossing 
symmetry and the Schwarz-Riemann lemma, that 
lim T(w + i0)/w2 = 0 such that the corresponding integrals 
O>--> 00 

converge, and 
I T(z) I < Ae•l•l, 

for Im z > 0, which follows from the causality condition.[7] 
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I T ( u) I < A exp ( e I u I'") , lmu > 0. 
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(8) The relation (13) can be proved even if <I» ( w) 
has no finite limit at infinity. Indeed, for a Her­
glotz H function, for which lm H ( w) = 0 for 

Then condition (7) is fulfilled in the upper half­
plane by the PLT,[3J i.e., we have 

lim uT(u) = 0 for Imu > 0. 
lul-+oo 

(9) 

The asymptotic equality (9) is in clear contradic­
tion with (6), and thus (7) cannot be fulfilled. 3> 

In analogy to the foregoing one can easily show 
the finiteness of the number of zeros of T ( w ), if 
it is bounded by a polynomial at high energies.C5J 4> 

Some remarks connected with the existence of 
zeros of T ( z) are collected in the Appendix. 

3. Let us show now how our discussion can be 
applied to the proof of the incompatibility of uni­
tarity and analyticity in the Lee model (another 
proof was given several years ago by Ter-Marti­
rosyan [12] ) • We recall that in this model the scat­
tering amplitude satisfies the following equation: 

g2 1 'f' dx(x2 -1) '/, 
T(z}=--+-J IT(x)l 2. (10) 

eo-z n 1 x-z 

Here the unitarity condition 

Im T(w + iO) = (w2-1}''•1T(w) 12, w > 1, (11) 

is taken into account, which also implies that at 
infinity, T ( w) must have the form cp ( w)/w, where 
I cp ( w) I is bounded. 

It follows from (10) that T(z)a) is a Herglotz 
H function, b) has only one cut along the real axis 
for wE ( 1, oo ), and c) satisfies the reality condi­
tion 

T(z) = T*(z*). 

Let us consider the function 

<l>(z) = (z- Eo}T(z), 

which has all the properties enumerated above, and 
for which the unitarity condition takes the form 

Im<l>(w) = I<D(w)l 2(w2-1)'"/(w-w0), (u~1. (12) 

If <I» ( w) has a finite limit at infinity, 5> this limit 
must be real, since the sign of lm <I» ( w - iO) is 
opposite that of lm <I» ( w + iO) for w > 1. There­
fore we obtain from (12) 

w ~ w0, one of the following integrals must con­
verge:[ 12] r ImH(w) dw, 

(J) 

'f' ImH(w) dw 
J IH(ro) 12 w . 

For the function <I» ( w) the second integral di­
verges because of ( 12). Therefore we must re­
quire that 

lim.<l> ( w) (ln w) ''' = 0. (14) 

The equations (13) and (14) reduce thus to 

limwT(w + iO) = 0, 
Ol-+00 

which must not be the case, as shown earlier. 
This is the proof of the incompatibility of the uni­
tarity condition and analyticity in the Lee model 
(without form factors). 

4. Since the boundedness b(t a polynomial plays 
an essential role in the proof 13] of the inequality 

cr~z(ln ro) 2 > const (Gtot}2, (15) 

this inequality (15) is another of the results ob­
tained from the theory of harmonic measure. 

As is seen from our discussion, the PLT affords, 
besides simplifications in the course of the proofs, 
also important improvements of the results obtained 
earlier. 

I thank I. T. Todorov and Nguyen Van Hieu for 
useful discussions and also B. Slowinski for a 
careful reading of the manuscript of this paper. 

APPENDIX 

T ( u), being a Herglotz H function, is real for 
u E (-oo, wi3) and has a positive derivative. 
Therefore, T( u) only has a zero on this half-axis 
if 

lim T(u)=M<O 
u-oo 

or 
lim T(u) = -oo, 

tt-+-oo 

lim <l>(w + iO) = 0. 
Ol-+00 

( 13) since near the pole it is positive for the values of 
u considered. If 

J)This was shown by Jin and Martin['] assuming polynomial 
behavior of T(w) at infinity. 

4 lon this point cf. also(B-1°). 
S)Owing to the two-particle unitarity condition, it suffices 

for this that there exist a limit to the imaginary or the real part 
of T(w) alone. 

lim T(u) = 0, 
tL--+00 

then we obtain by the PLT 

lim T(u) = 0 
lt--+-00 

and T ( u) has no zeros an the real axis. Hence 
one can impose stronger restrictions on the rate 
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of decrease of T ( w) even in the other case, ana­
lyzed by Jin and Martin. 
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