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Account is taken of the fact that in a weakly inhomogeneous medium, for which the geomet-
rical optics approximation is valid, the number of resonant particles interacting with a longi-
tudinal wave may vary considerably with the distance. As a result, in some cases the wave
absorption coefficient may oscillate in space in a certain region of the plasma.

THE damping of a longitudinal wave in a weakly-
inhomogeneous plasma was already considered in
a number of papers (see, for example,[1'4]). The
external field causing the presence of plasma in-
homogeneity was calculated in [%8] where it was
found that corrections to the real part of the wave
vector k%( z ), connected with the account of the
external field F, can be neglected in the geomet-
rical-optics approximation, while the correction
to the imaginary part of ky(z) is of the order of
K% (ko is the geometrical-optics parameter, «,

= ky?dk,/dz). Some decrease in the Landau damp-
ing is connected in this case with the fact that the
accelerated electrons (moving in the external field
F) produce Cerenkov radiation of somewhat lower
intensity than the electrons moving with constant
velocity.

The cited articles employed the geometrical -
optics method, which is valid when the properties
of the medium change little over a distance on the
order of the wavelength. No attention was paid so
far in the calculation of the absorption coefficient
of the wave, however, to the fact that the distribu-
tion function of the resonant particles fy(u(z)) can
change appreciably over distances of the order of
the wavelength (u = particle velocity ). We show
in this article that an account of this circumstance
can lead to a radical change in the character of the
damping of the longitudinal wave in a weakly in-
homogeneous plasma. In particular, it may turn
out that in some region of the plasma there will
propagate not a damped wave but a wave that grows
in space.

To solve this problem we shall follow an analy-
sis close to that used earlier 3. We consider the
one-dimensional case, in which the kinetic equation
for the nonequilibrium part of the distribution func-

tion (f = f; + ¢; ¢ < f;) has, neglecting the exter-
nal field ', the form

. dp , Ee ofo
—lwq)—i_u—a?;_‘_——nT on =0,
fo=N(3) exp (—u?/20.2) | Y2mw, 1)

where u is the velocity of the plasma electrons
parallel to the electric field of the normal wave E,
v = kT/m the average thermal velocity of the
plasma electrons, and N(z) the plasma electron
concentration. The solution of (1) can be obtained
in the elementary fashion. (it is assumed that —iw
= —-iw+v, v—0):

z
¢(z) = 8oe?@%* exp (— u?/2v.?) S

—ooesign u

E (z)e~i@suN (z)dz;

8 = e/ Y2nvidm. (2)
Expanding E and N in Fourier integrals

o0 +o00
E(z)={ ehydk, N(z)={ Nueidk
and recognizing that the particle concentration
changes little, i.e., k’ < k in the entire important
interval, an assumption which must be made in
order to employ later on the approximation of
weak spatial dispersion, where |1 -w}/w?|<« 1,
w} = 41e®N/m, as well as the geometrical-optics
method (see alsol®] ), we obtain
+oo ;
Ekelkz
= — u2/204%) \ ———dk.
@ = 0N (2) exp (—u/20r?) § Tk, o)

—o0

DAs was already noted, inclusion of the corresponding
term in the kinetic equation yields a correction[®] for Im k, = %2.
We neglect corrections of this order in what follows.
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Using Maxwell’s equation
+oo
—ioE +4nj =0, j=e S ug du,

~—00
we obtain in the usual manner

5:{— iyn _fzﬁ;wt W( V_;)kvt) — 1}%61'}@.::1121

o?(2)

Utz

E =

where, for example, when k >0 and w > 0,
2—_L. e—x’S et’dt.
V=

Wiz)=e> 4+

0

In the case of weak spatial dispersion, when
w/kmvt > 1 and kpy = 27/Ay (A is the shortest
wavelength of the radiation), Eq. (4) transforms to

VYrwdi

Ey
e {S xp(—
320l Y &3
0
Ex w? ) ih }
J— . _ i zdk
Lks eXP( 2k2we ) ° :

w* o2
et (2) =m(1‘ o)

It is easy to see that Eq. (5) is similar to the equa-
tion for the field of the longitudinal wave of a homo-
geneous plasma placed in an inhomogeneous dielec-
tric [see formula (1) of [17],

For the balance of the analysis we must specify
the form of the function k (z). In this paper we
shall deal with the case when the properties of the
medium vary linearly, i.e.,

&2E
TR E=— ) eirzdk
Z

2k 2

(5)

ko? (Z) = Q4 — 0z, (6)
where a >0 and oy >0 are constants. This case
is important also because the analysis presented
below, in the geometrical-optics approximation,
can be used with some refinement for an arbitrary
dependence of k3 on z, provided the function k3(z)
has one simple zero. We note also that, as already
mentioned, Eq. (5) is valid only for those Fourier
components of the field Ex for which k « w/v¢
(the higher Fourier components of the field E at-
tenuate rapidly ). Therefore, the integration with
respect to dk in (5) must be limited to k = ky,

« w/vy where necessary. As w/vi — », ky, can
also be arbitrarily large.

To explain the singularities that occur here, we
solve the following idealized problem: Let an ex-
traneous current j = jp6(z)e 19t be specified in
the plane z = 0 and let it excite a longitudinal
field described by Eq. (5), in the right side of
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which we must introduce a term corresponding
to the specified extraneous current

I = — (4miw® / 3v¢2002) job (2).

In view of the fact that the integral terms on the
right side of (5) are small, we make use of the
perturbation method, i.e., we seek a solution of
(5) with the indicated extraneous current in the
form E = E; + E;, where E; is of the order of
the right side of Eq. (5). In the zeroth approxi-
mation the field E satisfies the equation

d?E ke?
—d—Z%—i—a%-Eo =B6(2), ki =21=a1—az,
1
. g
B — _ i’ (7)
3v2002a? ’

and we should have E;— 0 as z; — —, whereas
only an outgoing wave should exist when z; — +
(more accurately, as soon as z;/a%3 » 1),

Under the foregoing assumptions, we can write
down a solution of (7) in elementary fashion, with
the aid of Airy functions 7] and in the geometrical
optics approximation, i.e., when ¢ = z;/a%? » 1
Ey= —B’c7"¢®¥ when 2z > 0;
2, << 0,

y = %50’ + 1/ 4.

Ey~ 0 when

B’ = Ba'w(0), 6)

Here v(0) = 0.63 is the value of the Airy function
v(t) at t=o0Ll™,

Using (8) we can readily obtain, for example by
the saddle point method with a — 0, also an ex-
pression for the Fourier component of the field
Eok

B’
Ep—— 2
Y als
We then have for the determination of E; the equa-
tion

eik? /3a

k <<0. 9

2
d2E1 k(} E1 — ZMB,]"
dz? a?
e 1 [ i k3
= — 0?20 2/c2—{—777<—zk+——>]dk
2V aa'’s § k3 ‘ a ' 3

p = 2Yne’/ 3y2v5a?,

where E{— 0 when z; <« —1 and E = E; + E4
— Ag(elY —pel?) ~ Ay exp (iy —p) when z; > 1;
Ay = —B’/01/4, and p(z,) is some real function of
p <1

As already noted, in the case of a linear depen-
dence of the wave vector on the coordinate (6), geo-
metrical optics is valid provided

(10)
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x il =z"]a>1. (11)
Using this circumstance, we can calculate the in-
tegral (10) by one of the asymptotic methods. We
must exercise certain caution here, since the ar-
gument of the exponent in the integrand of (10) con-
tains a second large parameter 7 = wz/v%vl, cor-
responding to the approximation of small spatial
dispersion.

We write the integral of (10) in the form

(k=vVz &)

Lo [0 %,

2Yn a'hz, X a

f(€) = —e /28 +i(—E+ E/3),

(12)

where € = (<.uz/v12;z1)o¢/z‘“}/2 is a dimensionless pa-
rameter equal to the ratio of the two large param-
eters indicated above, € = n/ k. Thus, J depends
essentially on the value of €. We shall calculate
the integral J by the saddle point method. The
presence of an essential singularity of the integrand
of (12) at £ = 0 is of no significance, for as ¢— 0
we have

; 3 c £2 2
24 /2 } dg e—M/2E e—"/2¢
e =~ dg = — —0.
§ Xp { o 1(8) £ § £ g n

Therefore the integration in (12) can be carried
out not from zero, but from some quantityZ)
t<a/ Z:’;/ 2, As already indicated, the quantity
k= 5\/z—1 is bounded by the condition n > 1, i.e.,
k < w/v¢. On the other hand, the presence of in-
finity in the upper limit of (12) is insignificant, for
at large values of k the integrand function oscil-
lates rapidly.

To determine the saddle points, we use the
equation

df | dg = e + iE3(—1 + E2) = 0.

This is a fifth-degree equation, which cannot be
solved for an arbitrary value of the parameter e.
However, we can easily find the roots of (13) if
€>»>1 or e 1.

Let us consider in greater detail the case € < 1.
We see readily that the expression for the root of
Eq. (13) with Re £ > 0 can be sought in the form

(13)

E=1+ Da,en,

n=1

e 1. (14)

DThe integral (12) converges near & = 0 for values
|arg &| < 7/4.
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Substituting (14) in (13), we obtain recurrence re-
lations for all the coefficients a,. If we confine
ourselves to terms of order €2, then

§=&n =1+ 'hic+7/se, (15)

2 fﬁ+%—]+ia}. (16)

i/ ®?

I= g { gt~

When €6 < 1, the value of 6 is equal to 6,
= wta/4v{z"/?. If the condition €5; < 1 is not sat-
isfied, then we have for 6 a somewhat more com-
plicated expression, in which the largest term, as
before, is equal to 6;. If §; < 1, then

a'/e . 2 213/2 e ]1( . _ 612 a2
]_Wexp{l[—-g—a +Z J 14 id —2—)6 s
e, 7)

If we disregard small terms of order 6, then
formula (17) corresponds to the results obtained
by Silin and Rukhadze (3,41, On the other hand, if
the condition 6; < 1 is not satisfied, then a factor
eld appears in (16), and its inclusion can lead to a
radical change in the character of the damping of
the wave in the plasma (see below). Let us dis-
cuss now the second limiting case, when the num-
ber of resonating particles N ~ e % changes ap-
preciably over a distance on the order of the wave-
length A = 21/¥z{, i.e., € > 1. In this case it is
convenient to introduce in (12) a new variable
& = £4i. Then the roots of (13) can be sought in
the form

0o

Ei —=g's Z ana—znﬁ’
n=0

e>1.

Using the obtained recurrence relations for the

coefficients ap, we have

(_1) n3n
st

Et S Sl/s[ 1 + 2 8—‘2(77'{"1)/5] , (18)

1=0
where, of course, €5 has five values. It is easy
to show that the saddle point ¢y, corresponds to
the value arg €5 = 21/5. Since the integral (12)
is a rapidly oscillation function in this case, we
can confine ourselves only to its most rapidly os-
cillating part (see below). We therefore have
from (18)

=~ g'heils e 25 g1, (19)

and we put here and below €Y% = |¢'/%|, and

Eln

zia/z

5 3/ /6 1/. i \]
exp{ I (_ S'/5e—&nz/a + e ,'562.."[1/5>
a 6 J

6 \'s
Xp{ (’? e—&ni/s{ _('0 )

\ L-t6a2 /

a'ls
1/1—6 S’/mzl’h
a'ls
— ¢
'V10 !:‘,1/“’217/‘

J~ —
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o (20)

s
+62ni/5( > zi}, e >1.

vt2a4

It follows from (19) that in the case € » 1,
considered here the root of Eq. (13), determined
by relation (19), corresponds approximately to a
plane wave with a wave number

k=DRek+ilmk,
2 o9 2 s 9
Rek:—(—w——a) sinji, Imk=(£~a) cos—n.
v b} b

2
t

It is important to note that J oscillates in
space much more frequently than the normal
wave, whose length is

21

—:—ﬁ’

The solution of Eq. (10) under the boundary
conditions indicated above is written in the form

2 s
A 7">[“U*zt"] = M/2n, MM=¢gb>1.
2o

E, = 2a’uB’ [iCD(G)A + @4 (o)

X ZSI(D(U)J*dzi——(D(o) S CDi(c)J*dzi},

—00 o0

2

A=1im § ©(0)]'dz,

z2;—>00 °

(21)
where &(c) and $,(0) are connected with the
Airy functions v and ul?] by the formulas &(o)
=v(-o0) and &(0) = u(-o0). In particular, as

z; — —» we certainly have E; << E;, for it can

be readily shown, by using arguments similar to
that leading to formula (16), that J is exponentially
small as z; — —~, and

©(0) = '2|o| " exp (—*s]a|"™),
®1(0) = |o|"kexp (s|a|*)
as o¢— —oo,

When z;— «, using the asymptotic formulas
for the Airy functions, we get

Ey— 2uB’a’4 o0~ "het?, Z1 —> 00, 22)
The total field can be represented in the form
(zy— )
B 2p4 B
E=Ey+E = “*ﬁew(1— M4 j = — —-elVp,
0/4 a/a / g
A
p=—<<1, (23)
/ 5 21 4 1
_ A4mo [ @) day Yo { @ (0)7 dz
3V2vlah V2 vPa'hs
= S ki(z)dzi (24)

The lower limit of integration, equal to —, has
been replaced in (24) by zero because the function
& (o) is exponentially small when z; < 0.

As follows from (24), the character of the damp-
ing of the wave, determined by the behavior of the
function J(z;), depends essentially on the value of
€. If € < 1, we can readily separate by using for-
mula (16) the slowly varying part of ky from the
rapidly oscillating one. As a result we obtain for
the slowly varying part of k; the following expres-
sion (ky(z) = ak(z))

Yrw® exp(— w?/2v2)
6 V—Q Uts 212

When €6 <« 1 we have 6 = 6; = wha/4vizl/2,

On the other hand, if the indicated condition is
not satisfied, then 6 has a much more compli-
cated form, and, as already noted, the largest term
in 6 is still equal to 6;. When &; < 1, we obtain
a formula which coincides with the corresponding
formula given in the articles of Silin and Ru-
khadze [3:4],

It follows from (25) that the wave damping, de-
termined by the integral

kis (Z) =

cos 0, e<< 1. (25)

21
S /fis dZ,

0

is smaller than that obtained by an analysis that
does not take into account the circumstance noted
above. Moreover, it follows from (25) that in some
region, where cos 6 < 0, the wave grows in space.

In the case when € > 1, the expression for J
is determined by formula (20) and, as already
noted, J oscillates more rapidly than the normal
wave, i.e., J executes many oscillations over a
distance of the order of the wavelength A. Because
of this, the quantity k; determined by (24), oscil-
lates more rapidly than the normal wave (¢,

»> vy zy/a), since
Vr wd

375 vySe'nz 2

. 5< ° )'/5 4 ___( »? \l‘/5 OQZn
g = oS-, 2= o cos —,

6 Uts(lz /

ki(z2) =~ extazicos (§y + Lozg)cosy, e>1,

4
§1 = tan il (26)

5
We note that in (26) we retained only the most
rapidly oscillating terms [see (20)].

It follows from (24) that although there exist
regions where the amplitude of the wave grows in
space, the wave loses energy on the whole propa-
gation path, since

27
= tan —.
T2 = % tan =
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To clarify the meaning of the foregoing results,
let us determine directly the interaction between
Maxwell-distributed electrons of the inhomogeneous
plasma with the field of a normal longitudinal wave
of such a plasma. We assume as before that the
properties of the plasma change in accordance
with the linear law (6). We consider the one-
dimensional case, when the Fourier component E,
of the longitudinal field excited by the current j
= euNZ2/3 6(z —ut) is determined by the equation[ljz

E )
({dzzzm + kozEm — p,ﬂ“‘mu,
= —ieNtw? [ 3ove?, ki =z =+ az, (27)

and that the dependence of u; on z can be ne-
glected (|1 -wd/w?| « 1, see above).

If we assume that the field sources are located
in a finite region of space, then the boundary con-
ditions of the problem are as follows: E., is finite
everywhere, and as z; — + the field E, — ely,
i.e., E,, should contain only an outgoing wave as
Zy— +to,

Using the foregoing boundary conditions, we ob-
tain the solution of (27) in a manner similar to that
used for the preceding case. As a result, going
over in the resultant expression for the field to the
limit as z; — =, we obtain the radiation field

i s
Ey = Eraq w—_—u—‘izy—‘*exp[i(ﬂ—

200 (Z/Zil/‘ SN au

o’ .
3ou? )] e
Calculating the work performed by the charge

per unit time on the radiation field at the point z,
we obtain

dw . jews Y as
— = — eubye—iot | t=(,—z)ou = —wl“ Vﬂ bl
dt 7yl
® 3
Xexp[i(——— 2y — —l—y)]Jr c.c., %1—>00, (28)
au 3aud

If we now average (28) over the Maxwellian dis-
tribution

N's 2
fo=——— exp( “ )

T (2a) o, rx

and introduce a new variable k = w/e, then

dw o’m 2z @ ¢ ®?
—=—ﬁ~#———cos[— —f———:llmg exp[——Am
dt  3V2mna'lvidz'h 3 «a 4 | 2v,2k?
i k3 )] dk
—( — — = 29
+—( =kt )| (29)

It is evident that for the slowly varying part, which
can be readily separated when € < 1, formulas
(25) and (29) satisfy a relation of the type of the
Kirchoff theorem [see (16)]. When € > 1 the
quantity dw(zq)/dt is, like kq, a rapidly oscillat-
ing function (¢, »Vz;/a)
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As can be seen from the foregoing, the pres-
ence of the effects considered above is connected
with the circumstance that the number of particles
which interact with the normal wave in the given
section of the plasma can change appreciably over
a distance on the order of the wavelength. Such a
situation takes place, for example, for a Maxwell-
ian distribution in the case of weak spatial disper-
sion (u? = w¥/zy > v}). It follows from (28) that
the work performed by one charge on the normal
wave behaves, as a function of z, in the following
manner: dw/dt changes little in the region where
u ~ w/z}%(z,), and oscillates outside this region
(when z is close to z;, the oscillation is slow, and
when z is greatly different from z,, dw/dt oscil-
lates rapidly ). If the number of resonant particles
changes appreciably with the distance, then the
character of the interaction of the wave with the
charges at the given point of the plasma is in-
fluenced much more strongly not by the charges
for which u ~ w/¥'z; for this point of space z = z,,
but by the charges for which the velocity u is of
the order of the phase velocity of the wave
(u =~ w/zi/z(z)) in neighboring sections (z = z;),
since there are many more such charges. How-
ever, in accordance with the statements made
above with respect to formula (28), these charges
give an oscillating radiation reaction dw/dt. If the
number of the resonating particles Ny does not
change strongly over one wavelength (€ « 1), then
these oscillations are slower (dw/dt ~ cos 6). On
the other hand, if N;,. changes appreciably over one
wavelength (€ > 1), then dw/dt oscillates rapidly
[see (20)]. This effect is absent only when & <« 1.

In conclusion we point out that the effects under
consideration should take place also in the case of
a weakly inhomogeneous magnetoactive plasma.
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