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An exact expression is obtained for the differential cross section for electron-positron pro
duction by a strong electromagnetic wave in the field of a nucleus. The partial and total 
cross sections for a circularly polarized wave are derived taking into account nonlinearity. 
It is shown that the energy of the particles produced depends on the angles, but not uniquely. 

1. Several recent papers [1-s] considered the in
fluence of a strong electromagnetic wave on dif
ferent quantum processes. In interactions between 
particles and a strong electromagnetic wave con
taining a large number of identical quanta, an ap
preciable role is played by nonlinear effects con
nected with the absorption of several quanta 
simultaneously from the wave, or emission of 
several quanta simultaneously into the wave. The 
presence of nonlinear effects causes the cross 
section to start to depend on the intensity of the 
wave, and, in addition, the angular and the spec
tral distributions in the various physical proc
esses change. 

We consider in this paper the production of an 
electron-positron pair by a strong electromag
netic wave in the Coulomb field of a nucleus. The 
wave is regarded as a classical electromagnetic 
field whose action on the electron and the positron 
is taken into account exactly, since there exists 
an exact solution of the Dirac equation in the field 
of a plane wave. The interaction with the Coulomb 
field is considered by perturbation theory. An 
exact expression is obtained for the differential 
cross section for pair production for an elliptically 
polarized wave. The nonlinear effects cause the 
differential cross section to depend on the "quasi
momenta" of the particles. In addition, the ener
gies of the produced particles turn out at infinity 
to be functions of the angles, which, generally 
speaking, are not unique. 

For a circularly polarized wave, the cross 
section is investigated in limiting cases of small 
and large wave intensity: 

6=eAo/m~1, 6~1. 

The partial cross sections were obtained by inte
gration over the angles The total cross section 
was obtained for ~ » 1 . 

2. A solution of Dirac's equation for an elec
tron in the field of a plane electromagnetic wave, 
obtained by Vol~ov, [4] can be written in the follow
ing form ( ti = c = 1 ) : 

"f"t~ = ( 1 + Z;k kA) u<r> (f) exp {iSH}. (1) 

The vector potential Ap. of a wave with four
momentum kp. satisfies the conditions 

A4.=0, Ak=O 

and is a periodic function of the variable 
s = ( Xp. kp. )/ I k I . 

If there is no interaction, then (1) goes over 
into the solution of the Dirac equation for the free 
electron with four-momentum fp. = { f, iE }. The 
state of the particle in the wave is characterized 
by a "quasi-momentum" Pp. = {p, iE}: 

1 m2 

p,. = /,.-262 fk k,., (2) 

which satisfies the conditions 

p2 = -m*2, pk = fk, pA =fA, [pk] = [fk], (3)* 

where m * = m ( 1 + ~ 2 )1/ 2 is the effective mass of 
the electron in the wave. 

eroS e2ro S SH =fx+- fAds-- A2 ds 
fk 2fk 

(4) 

represents (accurate to ti) the classical action for 
the motion of an electron in the field of a plane 
electromagnetic wave.CsJ From the classical point 
of view, the occurrence of the effective mass is 
connected with the fact that the wave causes the 
electron oscillations to build up continuously, and 
the lowest energy state of the particle in the wave 
corresponds to motion along a certain closed tra
jectory with zero average momentum p. 

*[pk) = p X k. 
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The solution of the Dirac equation, correspond
ing to positron states, is written in the form 

normalized in such a way that 

A2 = 1lz(A12 + Az2 ) = pI w, 

'l't~ = ( 1-2;k kA) v<r>(-f) exp {-iS<+>}, (5) where p isthephotondensity. 

where sC +) is determined by expression (4) with 
the substitution e- -e. 

3. Let us consider the process of production 
of an electron-positron pair by a plane mono
chromatic electromagnetic wave, elliptically 
polarized in the xy plane: 

Ax= A1 cos ws, Ay = Azsin ws (6) 

in the Coulomb field of the nucleus 

cp(r) = -Ze I 4nr, (7) 

where Ze is the charge of the nucleus in Heavy
side units. Using the wave functions (1) and (5), 

we can write for the differential cross section of 
pair production in first-order perturbation theory 

- ~ da - Z2a.3 4 G {) (E+ + E_- Wn) df+ dL. 
da - Li n, dan - - 2 ) 2 n 3 4 ' 

n ( 'Jt Wn q 8+8-

Here a = e2/ 4rr = 1/137, the + and - signs refer 
respectively to the electron and the positron; the 
asterisk denotes complex conjugation; 

1' "' 1 
{Ro, Rt, Rz, Ra} = 2'Jt ~ { 1, cos x, sin x, 2 cos 2x }eig(x) dx; 

-:t 

g ( x) = nx + a sin x + b cos x + c sin 2x; 

= A ( f-x _f+x )· (10) b = eA (f-y _f+y \ · 
a e 1 f _k f+k ' ~ f _k f+k ) , 

In expression (9), summation has been carried out 
with respect to the polarizations [sJ of the electron 
and the positron. The amplitude of the wave is 

4. The momentum transferred to the nucleus 

q =nk- P+- P- (11) 

and the law of energy conservation 

(12) 

have been expressed in terms of the "quasimo
menta" of the electron and positron in the wave, 
p_ and p+. Taking into account relations (3), it 
is easy to verify that the function G (9) actually 
also depends on the "quasimomenta." This is a 
direct consequence of the fact that the state of the 
particle in the wave is characterized by the quan
tity Pw 

The law of energy conservation (12) shows that 
the n quanta captured from the wave are consumed 
in the production of an electron and positron, the 
state of which is characterized by the quantities 
E_ and E+. The pair production process begins 
here with a certain n0, such that the energy n0w 
is sufficient for the production of two effective 
masses: 

no;;;;:,: 2m* I w = 2mw-1 (1 + 62)'"· (13) 

With increasing wave intensity~ 2, the production 
threshold n0 increases, so that the field causes 
the particle oscillation to build up more and more 
and increases the gap between the electronic and 
positronic states. 

The particle characterized in the wave by a 
wave function (1) or (5 ), does not have any definite 
energy. Let us expand the wave function (1) in 
terms of states with definite energy. For sim
plicity we assume that the wave is circularly 
polarized ( A1 = A2 = A0 ) and omit the factor in 
front of the exponential. Then the time-dependent 
part of the wave function can be written in the 
form 

'¥<->"' ~An exp{-i(E-+n-w)t}, (14) 
n =-oo 

where the expansion coefficients An are expressed 
in terms of Bessel functions: 

z = eAo I [ k, L Jl 
0) f-k 

and satisfy the following conditions: 

n n=-oo 

The quantity E_ + n_w is the instantaneous 
energy of the particle in the wave and can assume, 
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generally speaking, either positive or negative 
values. The mean value of the energy is E _. 
From this point of view, the conservation law (12) 

takes the form of the vanishing of the sum of the 
instantaneous energies of the electron and posi
tron in the wave: 

The quantities E+ and E_ are expressed in terms 
of the momenta and energies of the particles at 
infinity, when there is no interaction with the wave. 

It follows from (2) that 

1 m2 

E+=e++-··s2 ·-;:---;---:-- (16) 
- - 2 e±-lf±icos1'l-± 

If, for example, we fixed the quantities that char
acterize the positron at infinity, namely E + and 
J+, then the energy of the electron at infinity c, 
which can be determined from the conservation 
law (12 ), will be a function, and furthermore 
generally speaking a non -unique function, of 
cos J_. The cause of this ambiguity is that one 
and the same mean particle energy E in the wave 
can be obtained, generally speaking, for several 
values of the particle energy at infinity E. Let us 
consider, for example, the case when the wave is 
incident on an electron that moves directly 
towards it. If the particle has a definite value of 
the momentum prior to entering the wave 
[ fo = - ( t;2 )m~ 2 ( 1 + ~ 2 ) -t/2 J, the particle will 
have in the wave a zero average momentum p = 0 
and E = m *. If we now take particles with mo
menta ft = f0 +Aft and f2 = f0 - 6.f2 , which corre
sponds to different energies Et and E2, then the 
average momenta can be made equal in absolute 
magnitude, but opposite in direction, correspond
ing to identical average energies. 

The determination of the quantity E ( J) for a 
specified value of E reduces to a solution of the 
algebraic equation 

x" sin2 1'l-- 2Cx3 sin2 1'l- + (s2 + C2 sin2 1'l- + cos2 1'l-)x2 

-2C (112£2 + cos2 {)) x + 1M"+ C2 cos2 1'l- = 0; 

C = E I m ~ ( 1 + s2) '1', 

1 :::;; x = e I m < C, 0 :::;; 1'l- :::;; Jt. (17) 

An analysis of this equation shows that in the re
gion of angles 0 :-s J < 1r /2 the equation can have 
either one or three solutions of interest to us. In 
the angle region 1r/2 :-s J :-s 1r, there can be either 
one or two such solutions. The number of possible 
solutions is connected with the number of zeros of 
the derivative dE/dE as a function of E. If 
dE/dE has no zeros, then the function E (E) is 

monotonic, and consequently the inverse function 
E(E) is unique. If dE/dE vanishes once, then 
E (E) has two intervals of monotonicity, and the 
inverse function E (E) is, generally speaking, 
double -valued, etc. In the angle region 1r /2 :-s J 
:-s 1r the function dE/dE has a single zero corre
sponding to a minimum on the E ( E) curve. 

We note incidentally that the smallest possible 
value E = m * corresponds to an angle J = 1r. In 
the angle region 0 :-s J < 1r /2 the existence of 
zeros of the derivative dE/dE depends on the value 
of ~ 2 • If 0 < ~ 2 :-s 2, the function dE/dE> 0; if 
2 < ~ 2 < 8, then in some region of angles 0 :-s J 
:-s Jo ( ~) the derivative dE/dE> 0, and when Jo 
:-s J :-s 1r/2 the value of dE/de vanishes twice. 
Finally, when ~ 2 :::- 8, the function dE/dE has two 
zeros in the entire angle interval 0 < J < 1r /2. 

We present an approximate solution of (17) for 
~ 2 « 1. If E :::- m ( 1 + ~ 2/2 ), then in the entire 
angle interval 0 :-s J :-s 1r the solution is unique and 
of the form 

1 m2 
e ~ E - -- s2 --=--=:::-------:::-;-;-
~ 2 E-(E2 -m2fhcos1'l- (18) 

If m * < E < m ( 1 + ~ 2/2) then there are no solu
tions for the angles 0 :-s J s 1r /2, and for 1r /2 
< J :-s 1r there exist two solutions with I Et - E2 l 
- m~4. 

To conclude this section, we make one remark 
which is useful for what follows. As indicated 
above, the functions contained in the cross section 
depend only on the "quasimomenta" P±· This 
circumstance simplifies the determination of the 
integral cross sections un, since it is possible to 
change over in the integration to the variables p + 
and p_, in which the energy conservation law has 
the simplest form (12). The transition is carried 
out in the following manner: 

5 df+dL = 5 dp+dP-
e+e- ··· E+E- ··· 

5. Let us examine in greater detail the produc
tion of a pair by a circularly polarized wave At 
= A2 = A0 • In this case the functions (10) are 
calculated in final form and are expressed in 
terms of Bessel functionsYJ The expression (9) 
for G can be written in the form 

n2 { (ab)2 ( z2 ) Wn2 

G=--;:;:ln2(z) -4~+q2a2+ 1- Iii U-k) (f+k) 

X[k, f++LJZ}+ln'2{ -4 [:~)2 
Wn2 } eAo 

+(f_k)(f+k)[k,f++LJ2, z=---;-Jaj; 

[ L f+] [ E+L E-f+] a= k --- · h= k --+--, (19) 
' f-k f+k ' ' f-k f+k 
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where J~ is the derivative of the Bessel function. 
The differential cross section, represented by 

the formulas (9) and (19), has a very complicated 
character and can be investigated only in certain 
limiting cases. In the case of a wave of low in
tensity ~ « 1, the arguments z of the Bessel 
functions satisfy the condition z < n~ « n, and 
therefore the n-th harmonic of the cross section 
is 

(20) 

If the frequency of the field is sufficiently large: 

w/2m* ~ w/2m-;::;1, 

then the principal role is played by harmonics 
with n ~ 1. 

(21) 

We expand the Bessel functions in powers of 
~ 2 [7] and, confining ourselves to the first term of 
the expansion, we obtain from (9) and (19): 

dan = Qndao, 

Qn = 4n [~]2 (£2) n-1{ m2 [k, _2::_- ~]2}n-l' (22) 
2nn! Wn 2 f-k f+k 

where da0 represents the usual expression for 
the differential cross section for the production 
of a pair by a photon with frequency wn = nw in 
the Coulomb field of the nucleus [6]: 

Z2a 3 I f+ II L I dc,+do+do_ 
dao = (2 ) 2 3 4 :rt Wn q 

X { -4[ k, e;~~ + E~:~ r + q2 [ k, :~k - L+k r 
2 Wn k f f 2 2 } + U-k) (f+k) [ ' + + -l . (23) 

We have assumed here that the particle mo
menta coincide at infinity with the mean particle 
momenta in the wave, that is, f± :::::; P±• and the 
energies of the particles are connected by means 
of the usual conservation law E+ + E_ = wn. This 
is fully justified, since f differs from p by an 
amount proportional to ~ 2 [cf. (2)]. 

In particular, for n = 1 (if, of course, 
w > 2m*) we have 

( 2c,+e- 1 ) x ln----
mw2 2 

(26) 

where ~ = r5z2o:, and r 0 is the classical "radius" 
of the electron. 

Formula (26) does not take into account the 
screening of the wave of the nucleus. Therefore, 
according to [6] it is valid if 

(27) 

Integrating expression (26) over the positron 
energy, we obtain for w2 » m * 

Gz = £2{D ( 64ln 2w2- ~~~~) (28) 
15 m* 225 · 

If the frequency of the field is small (which corre
sponds to the actual situation): 

w/m* ~ w/m~'1, (29) 

then harmonics with large numbers participate in 
the pair production: 

n ~ no ~ 2m* I w ~ 1. (30) 

Therefore for the Bessel functions which enter 
into the cross section we can use the "approxima
tion by means tangents." [7] As a result we obtain 
for the n-th harmonic of the differential cross 
section expression (22) in which the quantity Qn 
is somewhat modified: 

(31) 

where Eo denotes, for convenience, the base of the 
natural logarithms. 

Taking account of the fact that n are large 130), 
let us estimate the integrals of (31) by the Laplace 
method. [B] Then the n-th harmonic of the cross 

Q1 = 1, · da1 = dao. (24) section takes the form 

For n = 2 (when w2 = 2w > 2m*) we get 

2m2 [ L f+ ]2 da2 = 2£ -- k, -- - - dao. 
W22 f_k f+k 

(25) 

The differential cross section (25) can be in
tegrated over the angles. However, the resultant 
expression is very cumbersome and simplifies 
only in the extremely relativistic region, where 
all the energies are appreciably larger than m 

2m* 
no=--. (32) 

(J) 

For the total cross section we obtain as a re
sult of integration with respect to n 

- 1 
1 !D \ (1- x2)2 { ln Eo2~,2·(1- x2) } 

a ""'--- .l dx exp no------'--
8 no£2 

0 x x 

(33) 
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Thus, in this case the pair-production cross sec
tion is very small, as expected. 

Let us consider the process of the production 
of a pair by a wave of large intensity, ~ » 1. In 
this case the principal role is assumed by har
monics with numbers n » 1. It will be convenient 
in what follows to express the arguments of the 
Bessel functions in terms of the angles P+ and 
p_: 

_ 2 P+P- sin S+ sin s_ cos cp }1/2 

(E+- P+ cos S+) {E-- P- cos S-) ' (34) 

where ()± are the angles between P± and k, and 
cp is the angle between the planes ( k, p +) and 
(k, p_ ). 

We see from this expression that when cp = 1r 

and sin ()± = m *IE±, the variable z assumes a 
maximum value 

z _ n ~ IP+I+IP-1 
max- (1 + ~2) '/, Wn 

(35) 

If the frequency of the wave is not large, i.e., 
m/ w ~ 1, harmonics with large numbers partici
pate in the pair production process: 

Equations (38) and (39) are valid for n ~ n0• We 
note that when ~ « 1 they go over, naturally, into 
expressions (31) and (32). 

Let us consider the integral cross section of 
the n-th harmonic for the numbers n which exceed 
the threshold value appreciably: 

n ';;P no, (40) 

assuming here that m/w :::.:, 1, i.e., 

no';;P1. (40') 

This corresponds to the ultrarelativistic "quasi
momenta": 

(41) 

In this case Zmax (35) is close to n and, conse
quently, the principal role is played by the angles 
cp and ()± close to their optimal values: 

<po = l't, So±~ sin So±= m* / E±. (42) 

In order to estimate the intervals of variation 
of the angles near cp0 and 80±, we use the asymp
totic expression for the Bessel function in terms 
of the Airy function ~ [S, 7]: 

ln(ne) ~ ~ ( ! r3
<1> [( ~ r3

(1- e2) J' 
n ~ 1, e ~ 1. (43) 

(36) Expanding 1 - z2/n2 near cp0 and 80±, we get 

Near the threshold, that is, for n ~ n0, the mo
menta I P± I « wn and therefore, as follows from 
(35) 

Z:::::;; Zmax<n. (37) 

In this case, as above, we can use the "tangent 
approximation" [T] for the Bessel functions. This 
leads to the following expression for the differen
tial cross section: 

(38) 

Here wn = nw. 
To obtain the total cross section of the n-th 

harmonic it is convenient to go over, as indicated 
above, to the variables P±· Taking into account 
the fact the n are large, let us estimate the inte
grals by the Laplace method [B] • 

1 <I> f. ~2 )n n ( no2)n+2 2m* 
O"n::::: 8 n2~2 \eo2 1 + ~2 no 1 - --nz ; no=--;-- ( 39) 

1 ( 2 )2/3 ( n )2/3( z2 ) 
ln(z) ~- - <l>(u), u = \- 1--

l't \ n , 2 n2 

( n \ 213{ 1 m*2 1 E+2 
~ -I -+-~+--(M+)2 

2 I ~2 E~- 2 m*2 

+~ E_2 (M-)2+ E~-(11m)2} 
2 m*2 {J)n2 't' ' 

We see therefore that the important range of 
angle variation is 

(44) 

L1S± ~ m*/E±n'ls ~ So±!n'l•, 11cp ~ n-'1•. (45) 

In addition, a limitation is imposed, generally 
speaking, on the energy difference 

n'hm*2 / E~- ~ 1 (46) 

or, if we introduce the quantity~= IE+- E_l/wn, 
then 

m*2 1 
n2/3_~---~ 1 

Wn2 1-,:12 ~ • 
(46') 

Let us consider the momentum q (11) trans
ferred to the nucleus. The minimum value of 
lql (when P+ and p_ have the same direction as 
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k) is q0 ~ m *2/ wn. For the angles cp = cp0 and 
e± = eo± we have 

q ~ qo(J)n2 I E+E- ~ (J)nm* 2 I E+E- ~ (J}n8, (47') 

where ® is the angle between the total momenta 
p+ + p_ and k. The change in the angle ® occurs 
principally as a result of the variation of the 
lengths of the vectors p+ and p_ (that is, of the 
energies). At the same time the angles e0± them
selves also change. 

From (46) and (47) it follows that ®max 
-2/3 Th "" "f 3/2 ~ n . en qmax ~ wn~max » q0 1 n » n0 . 

We shall henceforth consider only such values of 
n. It will be shown below that the cross section is 
small when n0 « n « n0312 . 

Thus, in the situation in question, we can ex
pect in the integration, as a result of 1/q4, the ap
pearance of a logarithm 

qmax (J)n 
ln-- ~ ln-,-1,-3 . 

q0 m n' 
( 48) 

We change over in the integration to the vari
abies P±. It will be further more convenient to 
separate the integration with respect to the argu
ment of the Bessel functions. To this end we in
troduce the additional integration 

2 

(J)n2 x\o ( (J}n2 ) 
-- J dx2b --x2 - a2 
m*Z o m*2 ... ' 

(49) 

[ P- P+ J 
a = . k, p_k - P+k . , 

(50) 

The a-function which we have introduced can be 
used for the integration with respect to the angle 
cp between the planes (k, p+) and (k, p_ ). As a 
result we obtain 

- Z2a3 4n ?' 2 I I P+ II P-1 dE+ sin 8+d8+ sin 8_d8_ 
Un- *2(2 )2 jdx j 4 m n (J)n 0 q 

where G is determined by formula (19) in which 
it is necessary to make the substitution f± - P± 
and substitute the value of the angle cp deter
mined from the a-function (49). Then 

(J} 2 

q2 =- : 2 (E+- P+ cos 8+) {E-- P- cos 8-) 
m 

x{t-xz _ r1 _ m'2((J}n- P+ cos 8+-:- P- cos 8_) ] 2). 

' l (J}n (E+- P+ cos 8+) (E_- P- cos 8-) f• 

[k, P+- P-JZ (J}n2 { 
(p+k) (P-k) = m*2 1- xz 

[ m'2 ((J}n- P+ cos 8+- P- cos 8-) ] 2} 
- 1 - (J} 11 (E+- P+ c~s 8+) (E-- P- cos 8-) 

((J}n-P+COS8+-f-COS8-) 2 . 4 (ab)Z= m*2 

(E+-P+cos8+)(E--p-cos8_)' a2 x2 

P+Sm + p_sm - (J}n 2 . 8 . 8 \2 2 } 
X + --x 

{(E+-p+cos8+ E_-p_cos8_; m'2 

(52) 

The region of integration with respect to 
dE +de +de_ is bounded by the following conditions: 

(53) 

In view of the fact that the principal role is 
played by x ~ x0 ~ 1 and by angles &± close to 
e0±, we can carry out an expansion near these 
angles, assuming where possible that e± = Bo± and 
x = 1. We then obtain as a result of the integration 
the following expression for o-n: 

Z2a3 x,' d 2 
Un = -----;-2 2n \ 1 X 2 '/ m J0 ( -x)' 

1 (J} 11 ( 1 - x 2 ) '/, 37 - 30 ln 2 
X n • - ----ln'2 (z) 

m 18 

(54) 

We go over from Bessel functions to their 
asymptotic expression (44) in terms of the Airy 
function: 

4·2213 ID ""dz {[ 2 l 
Un = -Jt- n2/3~2 ~ zl/2 31D'2(u) + uiD2(u) J 

zo 

x ln _2':_ - "Jfz (J} ( 2 )1/3 
m* n 

37-30ln2"",2 ) 21-16ln2 } 
- w (u - uiD2 (u) 18 8 , (55) 

where if; = r5z2a, <I> and <I>' are the Airy function 
and its derivative 
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u = uo+ z, uo = (n I 2)''•6-2, 

z0 = (no I n)2(n / 2)'l•, no= 2m* I w. (56) 

The value of the integral in (55) depends on the 
two parameters u0 and z0• We can therefore 
consider several limiting cases. Let 

(57) 

Then the harmonics of importance are those with 
the numbers 

(58) 

In this case z0 « 1, and the lower limit of inte
gration in (55) can be replaced by 0. In addition, 
u0 « 1 and therefore it can be neglected in the 
arguments of the Airy functions. Taking the 
logarithm outside the integral sign at the point 
z ,.., 1, we obtain, integrating the Airy functions, 

3716f{213) (]) wn213 

an~ 2n n2/362ln~~· (59) 

where {3 is a constant of the order of unity. 
For n0 « n « n0312 , the lower limit of inte

gration in (55) is z0 » 1. In this case we can use 
the asymptotic form of the Airy functions [5•7]: 

<D(t) ~ 1M-'1• exp {-2/at'/.}, t~ 1, (60) 

which leads to an exponentially small value of the 
cross section: 

an ~ exp { -2no3 I 3n2}. 

Analogously, when n » ~ 3 , that is, u0 » 1, 
we have 

(61) 

(62) 

Thus, in the limiting case of 11 » 1 [cf. (57)] the 
effective number of harmonics, which make the 
main contribution to the pair-production cross 
section, is determined by inequalities (58) and is 
large. Let us estimate in this case the pair
production cross section summed over all bar-
monies: 

~· 
a=~ an ~ ~ an dn ~ (D 1-ln ~ w6 . 

n 6 m 
(63) 

In the opposite limiting case 11 « 1, the cross 

section is exponentially small for all n » n0 : 

Finally, if 11 ~ 1, there are several non-expo
nentially small harmonics with numbers 
n ~ n0~. 

The parameter 11 can be represented in the 
following form: 

(64) 

(65) 

where p is the density of the quanta, r 0 the 
classical "radius" of the electron, and A"k = 11/mc 
is the Compton wavelength of the electron. 
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