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The topics considered are the application of the Green’s-function method to the theory of the
dispersion and absorption of electromagnetic radiation in semiconductors, and also to the
theory of the shape of resonance lines. Expressions in closed form are derived for the op-
tical constants and the line shape, by finding the energy spectrum of the photons. The method
developed is applied to the theory of the line shape of magnetooptical resonance and to the
theory of the absorption of radiation by free carriers. It is shown that in a quantizing mag-
netic field resonance oscillations can occur in scattering both by optical phonons and by

acoustical phonons.

IN the treatment of the absorption and dispersion
of electromagnetic radiation in matter by the
methods of quantum mechanics the usual starting
point is the quantum-mechanical expression for
the current density, from which one determines
the real and imaginary parts of the electric con-
ductivity, after which one connects these quanti-
ties with the absorption and dispersion. Here it
is often unclear how some complicated mecha-
nisms of absorption and dispersion can be re-
duced to an electric conductivity. It is more con-
venient to use the method of Green’s functions in
the second-quantization representation.t"? The
photon spectrum E is determined by the poles of
the photon Green’s function; the imaginary part T°
of the spectrum gives the damping of the photon—
that is, the absorption of the electromagnetic
radiation—and the real part E gives the disper-
sion:

ReE/|k| =c/n, 1)

where k is the momentum of the photon, ¢ is the
speed of light in vacuum, and n is the index of
refraction.

In our opinion an advantage of this method is
that it allows us by means of a unified scheme to
get a simple determination of the line shape in the
case of resonance absorption, because the damp-
ing of the quasiparticles which absorb the photon
is also included in the imaginary part of the spec-
trum according to a definite rule. The ordinary
absorption coefficient per unit length, k, is con-
nected with the imaginary part of the spectrum
by the relation

nw="T/v, (2)

where v is the speed of light in the substance.
1. When anharmonicity is not taken into ac-

count, the Hamiltonian of the system of photons,

phonons, and current carriers is of the form

H=Hp+ H;i+ He + Hpe + Hpe + Hpy. (3)

Here Hp is the Hamiltonian of the photons:
Hpy = D or(BxPr + 1/2), 4)
k

and wg = |k | is the frequency of the free photon;
Bﬁ, Bx are photon creation and annihilation oper-
ators; h = ¢ = 1. The expression (4) corresponds
to the Coulomb gauge for the field and to the ex-
pansion

A (x) = D) {exF Bue™> + Herm. adj.}, (5)
k

for the vector potential, where ek is the polari-
zation vector of a photon, the volume of the
crystal is taken as unity, and Fy = (27/wk )1/2.
We write the Hamiltonian of the phonons by
introducing creation operators cg and annihila-
tion operators cq of phonons of branch v with
quasimomentum ¢ and frequency Qqu:

Hy = 2 Qq (cg*cq + Ya)- (6)
qv

Introducing creation operators af; and annihila-
tion operators ap of electrons in the conduction
band with quasimomentum p and energy eg, and
also creation operators by and annihilation op-
erators bp of holes in the valence band with
quasimomentum p and energy Eg’ we write the
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132 Z. 1.
Hamiltonian of the current carriers in the form
H, = Z (ep°ap’ap + ep” bp'byp). (7)
P

In the coordinate representation the second-
quantized operator of the carriers is

P (z) = Z {bp+(Pvp + ap‘]’cp}- (8)
P
For the calculation of the matrix elements we
use the functions of Luttinger and Kohn!¥:
Py = [ Uro + 2 U0 (V) 0ms | Fp (2), (9)
where Uj, are the Bloch functions at the bottom
of the bands, and Fp (x) is the solution of the

Schrddinger equation with effective mass in an
external field. We have

Hpo = D exFi {3 ap* Brap, + 3. by, Br ap,

P1pkK
+ 3,0 ap,* Bubp," + J,° bp, B bp,'} + Herm. adj., (10)
where
3" (o pak) = § diagr, Jeng, (11)
3 is the current operator (m, n = ¢, v), and
H; = 2 eqGy {ic° a5, cq ap, + ic° by, cqap,
Pipqv (12)
+ i, ag, cqbp," + 0,0 by, ¢q bp,'} + Herm. adj.,
where
im" (P13 Pag) = S Bz @, €79, (13)

qu is the interaction constant, and equ is the
polarization vector of a phonon of branch ».

In forming the Hamiltonian for the interaction
of the photons with the phonons we use the follow-
ing arguments. The vibrations of the atoms at the
lattice sites give rise to a current (ionic polari-
zation current in ionic crystals, polarization
current of the electron shells in homopolar
crystals). This current interacts with the elec-
tromagnetic field. For example, for the displace-
ment vector in an ionic crystal we have from (1,2]
the expression

u(z) = D) [2dQ4] " {equ cq (1) €9 + Herm. adj.}. (14)
qv
Using the fact that
ot Ca (t) = —iQqucq (£),
we get for the current of the lattice vibrations
(15)

J, =Zeu = Ylew 8qvCa(t) ¢'® | Herm. adj.
qv

The form of gqv depends on the nature of the
crystal.
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The Hamiltonian for the photon-phonon interac-
tion will be of the form

Hy =234

= ) (exeqy) Frg,, Bxcq’ 8 (k —q) + Herm. adj. (16)

kqv
2. For the determination of the energy spec-
trum we introduce the retarded Green’s function
of the photon:

Dy (1) = 0(t) Sp {ePH By* (t) B (0)} = 6 (¢) <Bx’ | Bws

. . . . 1, t>0
Bt () = eHIBH (0) e-iflt, 9 (t) = {0’ <o 1D
and its Fourier transform with respect to time:
4o
Dy (E) = { dt ¢i® Do (2). (18)

The poles of D(E) in the lower half-plane of
the variable E determine the spectrum of the
photons.

The equation for D(t) can be obtained by
differentiating (17) with respect to time:

i-:—tDkk'(t) = i8(2) <Bx*|Bxr> + 0 (£)<[BxH]|Bxd. (19)

The right member of Eq. (19) contains new
Green’s functions which involve operators for
phonons, electrons, and holes. By writing ana-
logous equations for these functions, we get an
infinite system of coupled equations. To the
lowest order in the interaction constants we can
truncate this system, using the approximations

<ap1+ Bk+ apz I Bk'> = 6131])2 anc <Bk+ l Bk'>

and so on, where n€ for the electrons and nY for
the holes are given by the Boltzmann distribution.

From the finite system of equations obtained
in this way we find the real part

(ex ew) | 8xy ]2 | Fr 2

(20)

ReE = —
° Ot 2 Qi — @y,
I (np, —np,S)
Ful? | ex pzc Pt
R e
4 | e’ 21— npz —np°) | |edyt P (1 —np® — %)
ep,” + p,” — ep,” + €p,° + @
| exd,” lz (np,” —nyp,%) } 21

+ spzu_ Spnv — O ( )
and the imaginary part
T = nu ) (exew)? | &, [ | Fr P O (Qev — %)

+ T 2 | Fk l2 {I echC |2 (nl’zc - anc) 6 (,0‘0 - szc - m”)

PiP2
+|ed.’ 2 (1 —np,” —np°) 8 (ep,° + &p," — k)
+led,” |* (np,” —np,”) 8 (ep,” —&p,” — )} (22)

of the spectrum.



THE GREEN’S-FUNCTION METHOD

The first sums in the expressions (21) and
(22) describe the dispersion and resonance ab-
sorption caused by the interaction of photon and
phonon. The case of absorption has been con-
sidered earlier,m and there the expression for
the line width caused by anharmonicity was also
derived. The first and last terms in the second
sums describe the interaction of photons with
free carriers. In the absence of external fields
these terms do not lead to absorption owing to
the impossibility of simultaneously satisfying the
conservation laws for energy and momentum.
When there is an external magnetic field these
terms describe the absorption associated with the
cyclotron resonance. The remaining terms de-
scribe interband transitions. With an external
magnetic field present they lead to expressions
for the Faraday and Voight dispersion magneto-
optical effects,[sj and also for magnetooscillatory
effects.[6T

3. Let us now consider the line width of the
magnetooptical absorption owing to damping of
the carrier states because of scattering by pho-
nons. For this we must include in the chain of
equations Green’s functions containing operators
of the electron-hole and phonon fields, and make
the truncation in the next order of perturbation
theory. For example,

ap,” cq.* cabp.’ | B> = Bquq. NV, <ap,* bp," [ Bier>

and so on, where

(23)

Ng = [*% 4 1],

When we find the Green’s function that appears
in the right member of (23) and substitute it in (19),
the result is that the third sum in (21) is replaced
by
| FelP e P (1 —np"—np) ¥

I'= , 24
3 TR e
where the line width at the resonance is the
quantity
T=n Z | equ Gav [* {] 2" [* [ VO (ep° — &p,° — Q)
Pq
4 (14 Ng) 0 (ep°—&p,"+ Qq)]
=+ | iv”’iz [(1 4 Ng) 0 (ep” —ep,” — Q)
+ Ngd (8p” —&p," + Q) 1} (25)

Let us consider the case of scattering by
acoustical phonons at high temperatures. When
we include the scattering of electrons by longi-
tudinal phonons, we have
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Eyq

|Gy [* = 2Ms ’

2

icczﬁ(plx—px_*.qx)é(plz_pl_l“qz)lnlnz(quJ;é)’

where In1n2 is the generalized Laguerre poly-
nomial with a weight factor, E; is the constant in
the deformation potential, s is the speed of sound,
M is the mass of a cell, and y% = eH. We consider
the case in which

ef = wo(n + 1) +p2/2me, Qg =s|q|, wo=eH/[m

(m€ is the effective mass of the carrier). As-
suming that Qg < €p, We get

y=Ew(BMsBm)~ 3 milpi? — 2vo(mi—m)h. (26)
n; i=c¢, v

It can be seen from the expression for 7y that
resonance oscillations are possible, as in the
case of scattering in a strong magnetic field. ®
For scattering by optical phonons the line width
will contain an oscillating expression analogous
to the magnetophonon resonance.

3. Let us study the influence of a quantizing
magnetic field on the absorption by carriers
within the bands, with phonons participating. To
find the absorption coefficient it is necessary to
find the quantity (ap ap, | Bk’) which appears in
the right member of (19), making use of the argu-
ments that have been given. When we make an
approximation of the type

<ap+ cq+ Cqy Bk+ Qp, I Bk’> = 6qq, 6pp. np'3 Nq <Bk+ I Bk> (27)

and use the fact that

3 = em~[e:8nm,p1z + (i€y + €x)yo¥na [ 28n,, noit

+ (ex — iey)YOV(ni + 1) /2 dapn—t] Opyx Pox 6p1zp2z )
after substituting these expressions in (19) and
averaging over the polarizations of the photons and
phonons we get for the main term

_ B

I'= 3R 2 |qu * qzz I, {[np (1 4 Ng) — npq Vgl

nn,
qpz

X6 (0 + &p — &pq— L) + [1pNg—npiq (1 + Ny)]

X 0 [0 + &p— Epiq Q), p= (va P, n). (28)

When for the optical phonons we substitute
2n1Qpe? 1 1 1
9%V, (ﬁ——)

€ €9

lev |2 =

(Vy is the volume of the unit cell, ¢; is the static
dielectric constant, €, =n?, and Q, is the limit-
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ing frequency of the optical phonons), we get: 'V. L. Bonch-Bruevich and S. V. Tyablikov,
Metod funktsii Grina v statisticheskoil mekhanike
T — I_F’Z_P_%M (i ,i) (The Green’s Function Method in Statistical
160,2Vo e &0 Mechanics), Fizmatgiz, 1961.
w St ap np (1 4+ N)—nyq N 2 Abrikosov, (iror’kov, and Dzyaloshinskii, )
= *pr— 27,2 (na— ng) —2m (0r £ Q)" Metody kvantovol teorii polya v statisticheskol

fizike (Quantum Field Theory Methods in
Statistical Physics), Fizmatgiz, 1962.
It can be seen from the expression for T'" that for 3J. M. Luttinger and W. Kohn, Phys. Rev. 97,
869 (1955).

41,. E. Gurevich and 1. P. Ipatova, JETP 45,

(29)

0r = Y2 (ng — ny) [ m¢ 4 Qo

there will be resonance oscillations of the type 231 (1963), Soviet Phys. JETP 18, 162 (1964).
treated by V. Gurevich and Firsov M for pg = 0. SHalpern, Lax, and Nishina, Phys. Rev. 134,

In addition to this, and in contrast with the results A140 (1964). L. Roth, Phys. Rev. 133, A542 (1964).
of L. Gurevich and Uritskii’,m for the scattering 81.. E. Gurevich and Z. I. Uritskii, FTT 2,

by acoustical phonons there will also be a reso- 1239 (1960), Soviet Phys. Solid State 2, 1123 (1960).
nance absorption at wi = yg/mc (ng —ny). Itis 7Burstein, Picus, Wallis, and Blatt, Phys. Rev.
easy to see that the integration over p, in (29) 113, 15 (1959). Roth, Lax, and Zerdling, Phys.
leads to a logarithmic divergence; that is, it does Rev. 114, 90 (1959).

not remove the resonance character of the ab- 8V. L. Gurevich and Yu. A. Firsov, JETP 47,
sorption. Another important point is that the ef- 734 (1964), Soviet Phys. JETP 20, 503 (1965).

fect can occur with the emission of an optical

phonon, unlike the magnetophonon oscillations in Translated by W. H. Furry

the electric conductivity. 25





