SOVIET PHYSICS JETP

VOLUME 21,

INFRARED ASYMPTOTIC OF THE GREEN’S FUNCTIONS

L. D. SOLOV’EV
Joint Institute of Nuclear Research

Submitted to JETP editor January 15, 1965

J. Exptl. Theoret. Phys. (U.S.S.R.) 48, 1740-1749 (June, 1965)

The infrared asymptotic form of the Green’s function of a charged particle with spin 0 and
1/2 is found including all singular terms to all orders in e.

1. INTRODUCTION

IN meson theory (without account of the electro-
magnetic interaction), the Green’s function G(pz)
of a particle with mass m has in the infrared
region, p2 =~ mz, the form (x = pzm'2 -1)

G(p?) ~ z~' + const. (1.1)

This formula follows from the Killén-Lehmann
representation [1,2) and is valid in all orders of
the coupling constant. However, if the particle is
charged, the asymptotic form of its Green’s func-
tion becomes considerably more complicated
when the electromagnetic interaction is taken into
account. This asymptotic form has been investi-
gated in a great number of papers. It was shown
by various methods—the renormalization group
method,[z’:ﬂ the method of approximate solution of
the functional equations of Schwinger,m by direct
solution of the Dyson integral equation in the
ladder approximation (5] and with the help of func-
tional integration (6] __that the first term of the
expansion of the Green’s function in the infrared
region has the form

G(p?) ~ (—z)7', (1.2)

where v is, in general, a series in the fine
structure constant «, of which the first term has
been determined. It was shown by the renormali-
zation group method that y contains no term of
order o?.tT

The problem is now to find the exact expres-
sion for the exponent v and to determine the
higher terms in the expansion of the Green’s func-
tion. This question has been investigated by
Milekhin,m who used the method of functional
integration.“’j The higher terms of the expansion
were estimated by perturbation theory. Finally,
it was shown by the author (101 that the infrared
asymptotic form of the Green’s function has, in
all orders in the coupling constant, the form
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G(p?) ~ (—z) 47 4 O(2¥) 4+ const, (1.3)

where, with a Feynman gauge,
y=—a/n (1.4)

to all orders in «.

In the present paper we determine the explicit
form of the function O(x?) without use of per-
turbation theory. We obtain a formula which, in
analogy to (1.1), contains explicitly all terms
which are singular in the infrared region. It thus
fully generalizes (1.1) to the case with electro-
magnetic interaction.

We consider the Green’s function of a particle
with spin 0 and Y. We shall use the K#llén-
Lehmann representation (1,2,10] 5pq expansions of
the matrix elements of the fields with respect to
the momenta of the soft photons, obtained by the
Low method M1 as generalized by the author, %
who showed that the Low method is in general not
applicable to the matrix elements for real proc-
esses in the higher orders in e. The graphs for
such processes contain at least two external lines
corresponding to charged particles. The exchange
of soft photons between these leads to infrared
divergences and makes the Low method invalid.
In our case, however, we shall consider matrix
elements of fields whose graphs contain only one
line corresponding to a real charged particle.
These matrix elements contain no infrared
divergences, and the Low method can be applied
to all orders in e.

2. PARTICLE WITH SPIN 0

Let us consider the Green’s function for a
charged spinless particle, which we shall call a
meson for definiteness. We consider first the
matrix element!)

Das in[**], A=c=1, ab= g""ambn, = a®b® — ab,

n

k| > = (2m)92k0 §(k— k'), dk = dk / (2)32k°, (F) = []F (ks).
i=1
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Tn=<0|(D|r, ki,...,kn>, (21)

where & is the Heisenberg operator of the meson
field at the origin of the coordinate system, r and
m are the momentum and the mass of the meson,

and k; is the momentum of the photon with polari-
zation €j. This matrix element is represented by

the graph of Fig. 1.

PRy

FIG. 1.

It has been shown earlier,m] that the expan-
sion of T, in the momentum k, =k has the form

Ty ~ k4 0(1). 2.2)

It can be shown in a similar fashion that the next
term in this expansion has the form O (k In k).
Let us determine the explicit form of O(1) in
(2.2). To this end we use the following equality:

To(e—k) = eTny, (2.3)

which is a generalization of the Ward identity.
This equality follows from the relations obtained
by Kazes.['¥ It is easy to prove it directly. For
this purpose we note that insertion of a photon
line with momentum k in the internal line corre-
sponding to the charged particle or in the simple
meson-photon vertex and the substitution € — k
lead to the change

F(q) —el[F(q) —F(qg+ k)],

where F (q) is the factor corresponding to the
above-mentioned line or vertex and q is the mo-
mentum of the charged particle on which it de-
pends. The factor corresponding to an external
line is simply multiplied by e.

Let us now consider an arbitrary graph for
Tp-1 corresponding to a renormalizable interac-
tion with all counter terms, insert in it a photon
with momentum k in all possible ways and make
the replacement € — k. Then we obtain Eq. (2.3)
for the given graph of Tp-; and the corresponding
class of graphs T,. Summing over all graphs of
Ty -1, we obtain this equation for all renormaliza-
ble matrix elements (2.1). We note that (2.3) is
valid for an arbitrary charged particle with a
renormalizable interaction.

Following Low,[“] we further consider the
class of graphs T(r}) in which a photon with
momentum k, =k and the incoming meson can

(2.4)
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FIG. 2.

be separated from the remainder of the graph by
cutting a single meson line (Fig. 2). They give the
contribution

Ton® = Ay (r + k) 2rk)~tel (r+ &, r). (2.5)

We shall consider arbitrary directions €, in
particular such for which €k = 0. The function I
has the following general structure:

I(r+Fk, r) = (2r+ k)f + kg,

where f and g are invariant functions of
(r + k)2 It follows from (2.3) (for n = 1) that

(2.6)

@2rk) kI (r + &, r) = e0|@|r> = eZ, (2.7

where Z corresponds to the external meson line
with all inserts. (In the usual renormalization
method, where the contribution of these inserts is
equal to zero, Z =0.) From (2.7) we obtain

f=eZ. (2.8)

As far as the function g is concerned, it
suffices to take it into account for k = 0, i.e., for
the case of real meson lines. But in this case
g = 0. Thus, to the accuracy of interest to us,

2r—+4k)e 7.
2rk

In Ap-;(r +k) it suffices to include two terms of
the expansion in k:

Tn(i) = An_i(r + k') (29)

An_i(r)Z,
(2.10)

2

d ]
ZAn_y(r+ k)= ( 14+ ek P /

)Tn—l + 27']'"‘ P

0

where

c="rly, ..., kno1, &1, ..., En-1.

The contribution of the remaining graphs of
Tr(12) can be taken account of for k = 0. In order
to determine its magnitude, we use (2.3). Substi-
tuting in it T{!’ from (2.9) and (2.10) and
T (k= 0), we find

0 7]
143 k——) ot 2 2 A Z]
e[( —}—I_jc e Toy+2r 0r2A 1(7)
+T,@(e—>k) = eTr_y, (2.11)
which leads to
i} 0
T,@ = ——e[ %.‘103'5;,‘21"_1—’_2’4855/\"’(")Z]‘ (2.12)
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Combining the expressions (2.9), (2.10), and (2.12)
and including the order of the next term of the
expansion, we obtain the desired expansion of Tp
in terms of k:

- (A—l— ZBC>Tn_1+O(klnk), (2.13)

(2r Jf—k)s

2.14
oak ( )

re 0
A=—¢e Bc_e(Tka—cs)%'

We note that this derivation is strictly valid
only if a mass A is introduced in the photon
propagation function. Otherwise the derivative
9An-1( I‘)/ar2 does not exist. However, this de-
rivative drops out from the final result, which
remains true for A = 0. As to the next term in
the expansion, which is denoted by O in (2.13), it
would be of order k for A = 0. For A = 0, it has
the order k In k.

In deriving (2.13) we assumed that k = kj is
much smaller than all other momenta. Let now
kp-y be much smaller than all other momenta
except kp, with kn <« kp-y as before. Then we
can expand Tp_; in (2.13) with respect to kp-1-
We keep in the pole terms in ky two terms of
this expansion and one term in the terms of the
order of a constant. We thus obtain an expansion
in ky and k,_4, in which all terms are symmetric
under the interchange of the variables, except the
term

By, w1 =(Br,_,+Be, )A. (2.15)

However, this term can be easily symmetrized.!?]
Using the condition ky <« kj_;, we replace the
factor rk,_, in the denominator of (2.15) by

r (ky + kp-1). Then we obtain the symmetric ex-
pression

re;

e? re;
B~~=————(ki~—i— )( gy 8
U k) \ e SN T

and the expansion in kj, ky-; will be valid for
arbitrary kp, kp—; much smaller than all remain-
ing momenta. Extending this expansion to the
remaining photon momenta, we obtain finally

el 1 3 2

), (2.16)

)z+$‘ O (k2 In k;) ] . (2.17)

We are now in the position to find the asymp-
totic form of the meson Green’s function G(p2 ),

using its spectral representation,“sZJ which we
write in the form [¥
a
g r2) er
ey = | L v, (2.18)

ol —

where a is arbitrarily close to m? and the func-

L. D. SOLOV’EV

tion v (p?) is continuous in the neighborhood of
m?. The spectral function, which is a generalized
function of the class S*,

g(p?) = (271)® D)8 (p — pn)<O| @ [N KN|D+][0>  (2.19)
.

for p2 sufficiently close to mz, reduces to a sum
over the states |N) = |r, k;,...,k, ) containing
a meson and an arbitrary number of soft photons.
Here

(27)° 3 6(p — px) = (20)°) & g S Smfax)
k) = Z( Zn)n,

where Xn denotes summation over all four
polarizations of the photon” (Feynman gauge) and

- (S(Tk) S(p—r—Fki—

X6(p—r—k— (2.20)

S = (2n)3 Scfr o= k)

= '21]8 diz S(fr e=ip-n= Z',%( S dk eikx\' - @.21)

In the last equation we have introduced the
Fourier integral of the 6 function from the con-
servation law in order to factorize the contribu-
tions from the different photons, which are then
summed over n.

In order to avoid the singularities in (2.19) in
integrating over the small momenta of the inter-
mediate photons, we provide these with a small
fictitious mass A, i.e., we set k% = (k% + A2)V/2,
We then take the limit A — 0 before the limit
p2 — m?. Substituting (2.17) in (2.19), we obtain

g-(p2)=ZZZ(Zn) (42)
<[1+ 325

Noting that
(Az)"=(a2)n[ 1+Z +V0(Ak)], (2.23)

1 ’LJ

+20(k,21nk)] (2.22)

where
ere eke
== Tk ’ == —TI ] (2 .24)
we rewrite (2.22) in the form
g =2*(g1+82), (2.25)

81

Z(En) (a?)n[1+2 By | S0 keim k) ]

o s
0 i3 il

(2.26)

257; = —1 for the time-like and 5 =1 for the space-like polar-
izations, M) Nemen = —gmn.
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a=3(3n) @3 (2.27)

\
\

Let us consider g;. Summing over the polari-
zations and changing the notation of the photon
momenta, we write (2.26) in the form

g1= D [(h)n+ (R n-an(n—+ 1) Hn net + (%) nms nO (In k2],

(2.28)
where
h=—(Z )Z Hy = etm? ( ki)
. rk rhar (ki 4 kj)rk; \ rkirk; /
(2.29)

Substituting in this (2.21) and summing over n,
we find

1 L o
g = E&S diz § dx e-itm-rwt [ 14§ § akdiy et i,

+Sik0(1nk)eikx], (2.30)
where
v y
F =\ dkners = {axh+  akn(etrs — 1)1 § qkheivs,
Yy
(2.31)
Here the integral to y (from y) is an integral
over the region pk =y vVp? (pk > yVp?):

y = Vp*— m. (2.32)
For A — 0 we have
v 1
2y dz
dkh =yInY 1B, B= (1— )
§ vin-=+ v § )
(2.33)

__q_ (D \?
b=1— (7]

[v is given by (1.4)]. In the remaining terms of
(2.31) and (2.30) we can set A = 0. Let us write

o
F=y]ni——|—B+D, (2.34)

D=vylny -+ dkh(ers— 1)+ akners. (2.35)
)

The subsequent calculations are conveniently
carried out in a coordinate system where p = 0.
It follows from the conservation of four-momentum
in (2.21) that in this system actually r? < p? — m?.
Therefore, all terms in (2.30) (except e”if*X)
can be expanded in r, which after integration over
r leads to 6 (x) and its derivatives. After inte-
gration over X we can easily estimate each term

of this expansion with the help of a change of
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variables,3 ) x0— xo/y, k — ky. It is not difficult
to see that Hyy; of (2.29) and B of (2.33) give no
contribution of interest to us. We have

1

2\71 ) iz oD
gp=— () = (age-ivetn| 4 — "7 y2 i et
st 2m< )Zns e [1 2m v 6(x)+LV6(X)6r

+o(x) § ész(lnk)eka], (2.36)

where all quantities are taken at r = 0. Inte-
grating over x, we obtain

= b () [ 2 b owron ]

2m\)e
(2.37)
where
1¢ .
Ri— ﬂidx exp {— izy +vS} fi(z), (2.38)
dk ©dk
S — l o Ry __ pikx .
ny+§ C 1)+§ Set,(2.39)
f@)=1, f(@)=iz§ dkkers,  fya) =1 ar e,
0 0
(2.40)
It is easy to show that
S — ——»C—-{—i;—ln(x—}—iO), (2.41)
where C is the Euler constant,m] and
—f(z) = file) = i(e +i0) . (2.42)

We are therefore, dealing with integrals R;
which, as shown by Gel’fand and Shilov, "
uniquely define, in the class S*, the generalized
step functions:

o1 : , vt
R, = e—C\?'HV.’T/ZEr/ Swdxe~1xy(x +i0) % = e—Cv ?EY) , (2.43)
Y47
_ R = H = ¢—CV e
r=Ro= e s (2.44)

In the last expression the index + may be omitted,
since it is integrable at zero in the usual sense
for the value (1.4) of y. Thus

1 2 v A y,\_v_i [
—_ e — —Cy 2
&1 Zm( },e) ¢ !

— —_— 5 y
T'(y)
Introducing

5 n—;—{—O(yﬂny)]. (2.45)

r=p'm?—1 (2.46)

3)We note that the integral over x° in (2.30) defines, in gen-
eral, a generalized function of y in the neighborhood of y = 0.
Therefore, this change of variables is possible only for y # 0.
The integrals remaining after that are defined as the values of
this generalized function at the regular point y = 1. This remark
refers to the terms written in (2.36). The remaining terms are
continuous at y = 0.
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and noting that

y=§mx(l———14—z>—{—0(x3),

we obtain finally

giz,,{(ﬁ)ve—c f‘"ﬁ._i“_x_, x—\—O(ﬂlnx)“
m?
(2.47)

Let us now consider g, of (2.27). Summing
over polarizations, we have

e=23 (h)n—ﬂl( — ;l:) .

n/

(2.48)

The subsequent calculations are analogous to
these just discussed. We obtain finally
1/ mx\? 1 1
= ("ol o],
g2 m2< he \) T [ o 1O
Thus the spectral density of the meson
Green’s function (2.25) is equal to

(2.49)

m?
(2.50)

Substituting this expression in (2.18) and 1nte—

gratln[g it as a generalized step function for p?
5,121 we obtain for the meson Green’s

functlon the following asymptotic expression:

L - Loy
60 =2 1=+

4) x] -+ const, (2.51)

m\Y
Zi= Zz(ﬁ) T (1—). (2.52)
We note that at the point x = 0 this function
must be regarded as a generalized step function
(—x +1i0)Y-1.015]

3. PARTICLE WITH SPIN 1,

Let us now find, in exactly the same fashion,
the infrared asymptotic form of the Green’s func-
tion of a charged particle with spin 1/2 (proton).
We consider the matrix element (2.1), where now
®$ is the proton field, and r and m are the mo-
mentum and the mass of the proton. We write it
in the form

Tn —_ -anzu, (3.1)

where u is the proton spinor, and the constant Z
corresponds, as before, to inserts in the external
proton line.

The equation (2.3) is also valid in this case.
The contribution from the graph of Fig. 2 is now
equal to 4)

eg 7,(1) _ An~1 (7‘ + k) (2rk)

A(r+E+m)I(k). (3.2)

3 = ya, {ym, yn} = 2gmn,

4?,2(%)"64 A [1 (,1+,2)x+0(x21nx)]

L. D. SOLOV’EV

As shown in [“’16], we have, up to terms in (3.1)

which do not depend on k,

I (k)= ee —]— [lc 8], (3.3)

where u’ is the anomalous magnetic moment of
the proton.
Let us consider, instead of (3.2),
G = Ay (P) (2rk) (P + M)I(k),
P=r+k M=PF,

(3.4)
M=m+rk/m-+ 0O(k?). (3.5)

The difference of (3.2) and (3.4) does not contain
k™!, and we include it in ‘@g). Since P(P +M)

=M (P + M), we see that Ap—4(P) in (3.4) has

the same matrix structure as %n-1 and does not
contain P. Therefore, the expansion of Ap—¢(P)
in k has the form (2.10) (with T replaced by ¥4
and Z =1). Substituting T'" and T®) (k=10) in
(2.3), we have

0
-
S ek )gn_l + 2rk 52

SIS
CZ{UT“' ﬁ(?rc
(4

Any (r):l

X (2rky 1 (D + M)Fu + To® (e—>k) =eTny.  (3.6)
Noting that
@rkyt (B M) fu — (1 + i) u (3.7)
2m
we obtain
e d

Tn(z) = — eZ( gn._1 —*z—n; —’— 27'8—571\11_1(7')

+2ca~a—— anai\)u (3.8)

. orc /

Combining this expression with T(“, we find the
following expansion for Ty:

7, — (a T ZBC)T,H 1 ZGdut0(kInk), (3.9)

where a and B, are given by (2.24) and (2.14)
and

A AA

_rtm ” 3.10
ok [k s] + e ( )
Extending the expansion to the remaining
photon momenta, we obtain
61, 7.
ro=@a [(1+ 3%+ 4 Z L)z
=1 ai (lld]
+20(k521nki)]. (3.11)
i=1

Let us now consider the proton Green’s func-
tion
G(p) = pGi(p?) + mGz(p?).

The spectral representation for Gj(
form (2.18):1,%

(3.12)
2) has the



INFRARED ASYMPTOTIC OF THE GREEN’S FUNCTIONS

Sa si(r?)dr?

Gi(p?) = Vo +vi(p?),  (3.13)
Ps1(p?) + msy (p*) = s (p)
= (2a)P 8 (p— py)KO|D|NYN[D|0y.  (3.14)
N

Substituting in this the expansion (3.11) and
summing over the spin directions of the inter-
mediate proton according to the formula

Zuaz;—{—m,

we obtain

s(p)=2" (% ﬂ)n(a2)n{[1 +- Zaﬁ"% + 20 (k? In /(-i)}

i, *4j
(R4 m)+ E [8: (- m) + - m) 128 1) ).

(3.15)

The terms with u’ in this expression cancel,
and we have

s() =2 {5 (b +m) + 2(2m), @)

X — ki + (& (¢ + m) + (7 4 m) é,;l%i)/zrsi]} . (3.16)

where gy is given by (2.26). Summing over photon
polarizations, we obtain

s(p) = 22[gi(p + m) + gm],

where g, is given by (2.48). Thus the present
case is reduced to the previous one:

sz = 2*(g1+ ).

From (2.47) and (2.49) we obtain the spectral
densities of the proton Green’s function:

(3.17)

s1 = Z2g,, (3.18)

Z2( m\¥ zt

i (p? =__(__> e—Cv [1 4 Liz + O(2?1nz)],

(%) () ( (3.19)
1 1 1

L,L——i—zv, Lz——*2—4-Y-

The infrared asymptotic of this function has the

form

(3.20)

Gi(p?) = Zi;i—z (—2)v1(1 4 Lix) + const,
where Z, is given by (2.52). Instead of (3.12) and

(3.21) one can also write
p+m\[m2—p?\"
" e m?

(3.22)

The first two terms in this formula agree with
the result obtained by Milekhin by functional in-
tegration. 8]

In conclusion we note that the method just

(3.21)

1 2p+m

G(P)=Zl(

—+const.
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presented can also be employed to find the in-
frared asymptotic forms of the vertex functions
and scattering matrix elements to all orders in
the coupling constant.[19:12] 1 particular, it turns
out that the scattering of charged particles into
small angles is described (except for a phase
factor) by the simplest one-photon graph in all
orders in e. This means that the scattering into
small angles follows the Coulomb law for arbi-
trarily large energies.
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