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Certain effects are considered that are due to the presence of local magnetic oscillations in a
ferromagnetic crystal containing impurities, at low temperatures. It is shown that if one of
the local levels lies close to the bottom of the spin-wave band, an anomaly should be observed
in the temperature dependence of the spontaneous magnetization: namely, it should decrease

appreciably faster than is required by the T3/2 law for an ideal crystal, even when the con-
centration of impurities does not exceed a few percent. Also considered is ferromagnetic
resonance in such a crystal in a uniform radio-frequency field. It is shown that when the g
factors of the matrix and impurity atoms are different, the radio-frequency field can excite
local oscillations only of s type. When the g factors are equal, only the usual ferromagnetic
resonance, with excitation of a uniform precession of the spins, should be observed.

1. LOCAL MAGNETIC OSCILLATIONS

“IOLFRAM and Callaway ] considered the energy
spectrum of a ferromagnetic crystal containing a
magnetic impurity atom; they showed that in it,
along with the continuous spectrum that corresponds
to spin-wave excitations of an ideal crystal, there
may be separate discrete levels that correspond to
so-called local (magnetic) oscillations. For exam-
ple, in a cubic crystal, in the nearest-neighbors
approximation for exchange interaction, there exist
in the general case three types of local oscillation:
s, p, and d. Of these p is triply degenerate and d
doubly degenerate. These oscillations obtained
their nomenclature through the fact that the sym-
metry of the corresponding spin deviations in the
neighborhood of an impurity atom coincides with the
symmetry of the s, p, and d wave functions in the
field of a cubic crystal.

It is necessary to separate two cases: (a) when
the distinct local level falls in the continuous-
spectrum band, and (b) when it lies outside it. In
case (a), in consequence of the interaction of the
discrete level with the continuous spectrum, the
local level broadens to a certain finite width, and
thus it acts as a virtual level. In case (b) the dis-
crete level is infinitely narrow and acts as a dis-
crete level in the full sense. For brevity we shall
call these two situations the cases of a virtual and
of a local level.

In an earlier paper, (2] the authors developed a
rigorous mathematical treatment of the problem;

this treatment permitted easy calculation not only
of the energy spectrum of a crystal with an impur-
ity, but also of the time-correlation functions that
are necessary for a description of various proces-
ses in such a crystal. We applied our method to a
discussion of inelastic scattering of slow neutrons
in a crystal with an impurity, and we showed that
in the energy distribution of the scattered neutrons
there should be peaks corresponding to excitation
or absorption of various local oscillations. In this
paper we wish to point out still another possibility
for the investigation of local magnetic oscillations,
one that has to do with their excitation by an elec-
tromagnetic field in ferromagnetic resonance. At
the same time we discuss here peculiarities of the
temperature dependence of the spontaneous mag-
netization of a ferromagnetic crystal with an im-
purity.

2. BASIC FORMULAS

Let S, g and S’, g’ denote the spin and g factor
for matrix and impurity atoms, respectively; let J
be the exchange integral between nearest neighbors
among matrix atoms, and let J’ be the exchange
integral between an impurity atom and the nearest
matrix atoms. The Hamiltonian of the spin system
of a crystal, in an external constant magnetic field
H, can be written in the form

= —7 XD SuSnia+ 27 D SiS1ia— 21" X S/Siya

n A A A

— wogH Z Sn? 4+ wogHS 1 — wog’HSy'%.

(2.1)
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Here n denotes the number of any site in the crys-
tal; the impurity is on site 1; 8, is the spin opera-
tor of a matrix atom, and S{ is the spin operator of
the impurity. The summation with respect to A
extends over nearest neighbors.

In the spin-wave approximation, we transform
from spin operators to spin-deviation Bose opera-
tors in accordance with the relations

St = (25) han,
Sp— = (28) "han™,

St =8 — antan,

S+ = (257) ay,
Sil_ = (2Sl)|/’di+,
Silz =5 — aﬁai, (2-2)

and we introduce the two-time Green function,
which we define as follows: [3J

Grm (t — ') = —i8(t — )< [an(t), am™ () ],

1, t>0

. (2.3)
0, t<0

0(t) = {
We shall also consider the Fourier transform
Gnm(E) (we shall sometimes denote it simply by
Gpm)» such that

Gnm<t—t')=§1;5 Gum(E)e~H-1dE,  (2.4)

In(?) it was shown that the Green function Gnm
for a crystal with an impurity satisfies Dyson’s
equation

Gnm = Gnm® + D) Gnp'VpiGim.

pl

(2.5)

Here G)y, is the Green function of the ideal crystal,

1 . 1 1 .
Gnmo —_ GO (k) ezk(n-m) —_ etk(u—m)’ (2.6)
N %" N %E — &

where &) is the energy of a spin wave in the ideal
crystal; V is the matrix of coefficients of pertur-
bation by the impurity, of size (z +1) x (z + 1),
where z is the number of nearest neighbors in the
crystal:

ez - —Y...—7

—Y o 0.. 0
V=2JS| — 0 o 0 |; (2.7)

—T 0 0 p

the parameters entering here are:
y=ohe+1)—1, p=o—14es, e=(—0]/J,
e=¢+ AgH/27Sz, o=S8/S, A=(g"—3g)l/g.

(2.8)

From the definition (2.8) it is clear that in the ab-
sence of an external field, € = ¢, and the matrix V
coincides with the corresponding matrix from[:2],
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Equation (2.5) can be written in the symbolic
form

G = G+ GVG, (2.9)

from which a symbolic solution for G can also be
found:
1

C=1—Gv

G° (2.10)

The poles of the Green function G, determined by

the equation
D = det|1 — GV|=0, (2.11)

give the spectrum of the local oscillations of the
crystal.
In the case of a cubic crystal we have

D = D(s)D*(p)D*(d); (2.12)
D(s) =142y +y>—ep —p — p(ngH — E) [ 218z
+ [2782(2y +y2 —ep — & — p) + (wogH — E)
X (2y + v2 — ep — 20) —p(ogH — E)?/218z]Gyy",

(2.13)
D(p) =1 — 2ISp (Gy* — G="), (2.14)
D(d) =1 —27Sp(G1® + Gas® — 2G2°).  (2.15)

These expressions reduce to the corresponding
formulas of (1?7 if we set H = 0.

We introduce also the expression for the density
of states,

g(E) = n~*Im Sp G(E — i0%), (2.16)
obtained int'?J (formula (3.15) in [2]);
1 Dy’ (E —i&) (2.17)

g(E)=g0(E)+;Imm,

where D = dD/dE. Here g((E) is the density of
states of the ideal crystal. By virtue of the rela-
tion (2.12) we have
DE, . DE,(S)

D~ D(s)

D¢ (p)
D(p)

This means that the various branches (s, p, and d)
of the local oscillations make additive contributions
to the density of states, with weights corresponding
to the degree of degeneracy of the local level.

Dy’ (d)
D(d)

+3 +2 (2.18)

3. ANOMALIES IN THE TEMPERATURE DEPEN-
DENCE OF THE SPONTANEOUS MAGNETIZA-
TION

For simplicity we restrict ourselves to the case
in which g = g’. The spontaneous magnetic moment
in the spin-wave approximation is

M = (N — 1) 1ogS + pogS’ — pog ) <antand, (3.1)
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where { ) denotes the statistical mean value over
a Gibbs ensemble with Hamiltonian (2.1}. In accord-
ance with the known spectral relation®-, connecting
the Green function with the correlation function, we
have

¢ 1 1

(a,,"‘an) == S eE/T——I ; Im Gnn(E —_ l%)dE

(3.2)
On summing both members of this expression over
n, we get in accordance with (2,16)

¢ g(E)dE

S <antand =§ o (3.3)

GEIT
where g(E) is the density of excitation states of the
crystal; it is given by formula (2.17).

In view of the relations (3.1)—(3.3) and (2.18),
we write the expression for the magnetization of
the crystal in the following general form:

M = (N—1)pogS 4 togS — g ; [e®T 112

00

dE 1
_HOgSeE/T_—i‘R
Dy (s,E—i&) . Di(p,.E— i)
XIm{ D(s,E—ié’) T3 D E—=i8)
+2 ) } (3.4)

The last expression takes account of the contribu-
tions of all the local oscillations.

We consider in more detail, for example, oscilla-

tions of s type. Let the point E = Eg correspond to
the virtual level defined by the condition

Re D(s, Es) = 0. (3.5)

We expand Re D(s, E) as a series in the vicinity of
the point Eg:

Re D (s, E) = Re D (s, Es)+(E — E)Re D'g—g (s, E)+

On separating the real and imaginary parts in the
expression for D(s, E —i &), we get on the basis of
the expansion just written

1 Dy(s,E—i8) _ 1 Iy(E)—(E— E,)dT\(E)/dE
7 VD E—i8) n  (E—E)HTiE)
where

Ts(E) = —Im D(s,E) [ Re D'g—g (s, E) (3.6)

is the amount of damping of the virtual level. If we
neglect the dependence of I'g(E) on E, we shall have
a Lorentzian form for the density of states of the
virtual level:
1. Dg(s,E—i8) 1 Ts
D(s,E—i&) n (E —E)+Tg2

In the case of a local level, I's = 0, and instead of

(3.7)
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the right member of formula (3.7) we get 6(E — Eg).

A similar treatment can be carried out for the
other types of local oscillation. The problem of
calculating the contribution to the magnetization
from the virtual oscillations thus reduces to the
calculation of the integral

S dE 1 I
D eET — 1 (E—E;)?2+ T3

o

(3.8)

This integral can be evaluated by use of the theorem
of residues, if we close the path of integration with
a semicircle of infinite radius. Since the integrand
has an infinite discrete series of poles on the im-
aginary axis, we get the result in the form of a
series:

1 2TE;
2VE2 T2

+Z V2+(2nnT+F,)} (3.9)
For I'g — 0, we get from (3.8) the well known ex-
pansion of the hyperbolic cotangent'

cothx—-——{— Z (3.10)

which explains the structure of the expression (3.9).
In the case of a high-lying virtual level, when
Eg/T > 1, it is easy to see directly from (3.8) that
this integral gives an exponentially small contribu-
tion ~e~Es/T. The case of a local level in general

is not of interest to us, because for it always
Eg/T > 1 and the integral (3.8) becomes negligibly
small. Thus the physically interesting case is de-
termined by the condition Eg/T <1, when the local
level falls in the range of the temperature interval
being considered. Since our treatment is restricted
to low temperatures (because of the spin-wave ap-
proximation), the condition Eg/T <1 means that Eg
falls close to the bottom of the band. However, it
is known[!] that near the bottom of the band (and
also near its top) the damping of the virtual level
is small, so that we may suppose that I's < Eg and
expand the expression (3.9) as a series in powers
of T's.

Thus for the integral in (3.8) we get

= 8T2Esnn
F‘ 2 [Esz-{—(Z:rmT) 22

1 1 ]Il
T2 | ———
Rt [eE/T—l £,

The first and third terms of this expansion agree
with the corresponding terms of the expansion of
integrals of the type (3.8) according to the theorem
of Tikhonov and Samarskii -4 ; the term containing
the first power of I'g does not reduce to a simple
function, since in their method it is expressed as

[eE/T — 4] —

+.... (3.11)
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a complicated integral, to be taken in the sense of
a principal value. We can give a more convenient
representation of the series that occurs in the ex-
pression (3.11):

8T2Esnn
L 2 7 1 @)
T, L t@nt1) (B, et
=3 (==t (2T, e

where ¢(l) is the Riemann function.
The expansion (3.12) is valid under the condition

E;|2T < m. (3.13)

For Eg/T < 1 we can expand the first term in (3.11)
as a series and neglect the other terms, which are
proportional to various powers of I'g/T « 1. Thus
the integral in (3.8) is approximately equal to T/Eg.
At low temperatures (T << Tg, the Curie point),

this expression in the formula (3.4) for the magne-
tization should be compared with the expression

; [eﬁﬁk/T _ 1]_

which describes the number of spin deviations in
an ideal crystal.

Thus we see that of the two terms determining
the temperature variation of the magnetization,
(T/Te)?/? and T/Eg, at low temperatures the prin-
cipal one is T/Eg, connected with the impurity,
since Eg << T by hypothesis; and this term con-
tains the smaller power of T. It should be noticed
that both terms have the same sign.

And thus we arrive at the following conclusion:
if any virtual level of the local oscillation lies near
the bottom of the spin-wave band, then the spon-
taneous magnetization of a ferromagnetic crystal
containing impurities should decrease anomalously
fast with temperature, much faster than according
to Bloch’s T%/? law, at temperatures for which
Eg < T. Physically this is a very understandable
result, since under this condition the local state of
the crystal with energy Eg should be occupied, and
this is the state with a deviated spin on the impur-
ity atom itself and near it. Thus under the condi-
tion stated, when there is still very weak excitation
in the whole crystal, the spins can be already
strongly deviated on the impurity atoms and near
them, and this leads to a rapid decrease of magne-
tization. Broadening of the virtual level I'g dimin-
ishes this effect, since some of the local states then
enter the interval T; but since, under the conditions
considered (local level near bottom of band), I'g is
very small, the effect of broadening can be neglec-
ted. From the anomalous temperature variation of

L~ (1T, (3.14)
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the magnetization in a crystal with impurities, it
should be possible to determine the quantity of
virtual local levels.

4. EXCITATION OF LOCAL LEVELS IN FERRO-
MAGNETIC RESONANCE

We shall calculate the dynamic susceptibility
xaﬁ(w) of a crystal in a uniform field of frequency
w, by using the known relation from the theory of
kinetic coefficients 5’

[

xep(@) =i § 0(v) (Ma(x), Mp)> eio-57dx,

—00

(4.1)

where & = 0%, and where M, is the magnetic-
moment operator of the whole crystal. We are
interested in one component of the tensor suscepti-
bility x*(w) = % X, (w), which is obtained by setting
a =+and B =—in (4.1); then

My = po D) g(n)S*(n) = po 2, g(n)[2S(n) ] an.
n n
Thus (4.1) can be put into the form

wH(©) = —pi 21g(m)g(n)[S(m)S (r) 1% Gom (0 + i&).

mn
(4.2)
In describing the sum over m and n, it is important
here to take account of the different g factors for
the matrix and impurity atoms. On introducing the
parameters defined in (2.8), we can conveniently
write (4.2) in the form

1 (0) = —o (A + 1)? p2g2SGu — 26" (A + 1)

X no?g>S ( Gim — Gu)

1

3
z ) M=

- MOZgZS( Z Gmn —2 S‘ Gim + G11> (43)

mn==1 m==1

All the sums that occur here, over Green func-
tions that descrlbe a crystal with an impurity, were
calculated by us?) for a simple cubic lattice. Thus
according to formula (4.9) of 2], we have

3 Gam = 3 600) o = REICE Y('z )S’
Y(kp) |, ,Y(kd)
+3 0 T2 D0 } (4.4)

where G'(k) = (E — &) ! are the Fourier compon-
ents of the Green function G%m of an ideal crystal.
By virtue of the expressions (4.13) and (4.14)
(23, we have

Y(©0,p) =0,

in
Y(0,d) =0, (4.5)

the expression for Y(k, s), (4.12) of 2], can (in the
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presence of a constant field H) be transformed to
the form

Y(k,s)= — (ep — v?) Gy®

L
27z

+2[2]S (mogH — E)—v—v2+ep+p]G°()

—[asay v — s —0p)
+ (nogH — E) (2y — v* — ep — 2p)

2 0 2

— 7 (g — E ) Jiear. (4.6)
Thus ZynGnm is calculated. As regards the

other sum Zp, Gy, With the help of relation (2.10)

it can be put into the form

z+1 1 \‘
=3 (_
%G"" - Z_ =G )y, O7m
% m p=1
z+1 1
— (0 —
G0 % ( 1—G°V)1p' (@.7)
p==1

On calculating the last sum, we get as our result

_ T4y
o +[p (2782 4 wgH — E) — 2JSzy] G“
+ 252D (5) (4.8)

An expression for Gy, (5.10), was obtained in fe],

[278z 4+ 0 (2782 4 wgH — E)] G1,° 4 p (4.9)
2182 D (s) ‘

Gii =

Now, on summing the results (4.3) to (4.9), we
present the desired quantity in the form
—Npg? gzg __1,~
—

‘e )by 1

7o) =

— W’g%S (0 —1)

D(s,0) o—wo
1 2
- Mo2g257»{ (0 + 1)00[5:(0—0]
+pmo—+—2(p+1)2]Sz 1
278z ® — g

2(c —1)(p+1)-27Sz 4+ (26 — 1 —2
4 2(0—=1(p+1) 2]SZ( ) pwo — 20pw Gr (o)

20p 2 [ 2JSz(p + 1)+ p (00— o)

T 37s; }D (s, m) — HogSI ey 278z
XG“O((O)—l— ZJSZ m (410}

Here wj = MygH is the Larmor frequency for uni-
form resonance (h has here been set equal to 1);
D(s, w) is what we earlier denoted simply by D(s)
and is given by the expression (2.13).
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Despite a certain cumbersomeness of the ex-
pression (4.10), it permits a clear physical inter-
pretation. We notice first of all that the parameter

= (g’ — g)/g is a measure of the difference of the
g factors of the matrix and impurity atoms. For
equal g factors, A = 0, and the last two terms vanish.
Since for A =0

[D(s, ) Tao / D(s, 0) =1,
we get instead of (4.10) the elementary formula

xH(o) = (4.11)

—hg [(V— 1)S+ 8-
— W
This expression coincides in form with the suscep-
tibility of an ideal ferromagnetic crystal. The re-
sult (4.11) means that when the g factors are equal,
neither type of local oscillation is excited in ferro-
magnetic resonance. This is completely analogous
to the case in which ferromagnetic resonance is
studied in an ideal crystal with two sublattices. As
is well known, in such a crystal, if the g factors of
the atoms of the different sublattices are equal,
then in uniform resonance the spin-wave branches
that correspond to optical magnetic oscillations are
not excited. The local magnetic oscillations in a
crystal containing impurities are in a certain sense
analogous to the optical oscillations of an ideal
crystal composed of two sublattices. A local os-
cillation of an impurity atom is a peculiar nucleus
of an optical band of oscillations, which originates
if we replace half the original atoms of the crystal
and form a second sublattice from the magnetic
atoms brought in.

The last two terms in (4.10) when A # 0 describe
the contribution to the susceptibility from the local
oscillation of s type. Oscillations of the p and d
types in general make no contribution to the sus-
ceptibility of the crystal in a uniform field, because
of conditions (4.5). These relations are essentially
selection rules, connected with the symmetry of
these oscillations in a lattice of the type consid-
ered. Thus it turns out that a uniform field can
excite only the most symmetrical oscillation, the
s type.

We restrict ourselves to this qualitative inves-
tigation. It would be possible to separate the real
and imaginary parts in (4.10), bearing in mind that
w =w +i0"; but the expressions obtained would be
very cumbersome. We point out only that the im-
aginary part of x"(w), which is connected with the
absorption of electromagnetic radiation, contains a
contribution proportional to the quantity

1 Im D(s, )
D (s, ») ~ [ReD(s, )+ [ImD(s,0)}’

which in the vicinity of the local oscillation w =wg

(4.12)

Im
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has approximately the Lorentzian form (3.7). It is
not difficult to see, however, that (4.12) has an

asymmetric form with respect to the resonance
point w = wg.
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