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A closed system of equations is obtained for relaxation relativistic hydrodynamics under the
assumption that the resultant nonequilibrium states can be described thermodynamically.
Both limiting cases—relativistic and ultrarelativistic—in which the relaxation process is due
to the chemical reaction rate, on the one hand, and the rate of creation and annihilation of
pairs, on the other, are considered. A study is made of the propagation of small perturba-
tions in a relaxing medium. For small relaxation times, a limiting transition is made to
equilibrium relativistic hydrodynamics. The structure of a weak relativistic shock wave is
considered with account of relaxation. The equations of two-component relativistic hydro-
dynamics are generalized to cover multicomponent systems and are applied to multiple par-

ticle production.

1. FUNDAMENTAL EQUATIONS OF RELAXATION
RELATIVISTIC HYDRODYNAMICS

TO formulate the equations of relaxation hydro-
dynamics we introduce, as in nonrelativistic hydro-
dynamics, 1 an additional parameter £ (in the
general case, several such parameters), charac-
terizing the deviation of the system from complete
thermodynamic equilibrium. This parameter may
be, for example, the concentration of one of the
mixture components. We assume further that the
resultant nonequilibrium states can be described
thermodynamically, i.e., the following thermo-
dynamic identities hold:

dw = S dp + Tdo + wds, de = nTdo -+ wdn + exds,(1.1)
n

where w and ¢ are the heat function and the entropy
per particle; € and n are the density of the internal

energy and the number of particles per unit volume.

In the state of equilibrium, when £ = £y(n, o), we
have
we(p,0,8) =0, e(n,0,&) =0,

wy = (0w/0E)p,0, &= (0e/0E)n,o.

We shall assume that ¢ characterizes the con-
centration of one of the components of the mixture.
Let £ be constant, and then the supplementary
equation can be written in the form

(1.2)

dg/ds = 0.
Using the equation of continuity as a whole
d(nur)  Owa
6xk — alh ’ (1 .3)

where v is a certain four-vector, connected with
the heat conduction and the relaxation process, we
obtain

O(rud) _ v (1.4)
axk 6.%};

In the general case, however, one of the mixture
components reacts with the other and the concen-
tration { does not remain constant; therefore Eq.
(1.4) should be written in the form

O(nurk +jr) __ _gﬁg

(’)xh axk ’

where f; is the diffusion four-current.

The spatial component j has the meaning of the
ordinary diffusion current, while the temporal com-
ponent j4 determines either the dissociation rate
in the relativistic case or the rate of pair produc-
tion and annihilation in the ultrarelativistic case.
Again using Eq. (1.3), we ultimately obtain the re-
laxation equation

& _ _ i (1.5)
ds Oxy,

The equation of motion and the entropy balance
equation are

d(wuz) émh Ove

o _ ove (1.6)
ds & T 6x1 6xh +wu dxy’
do ot Ojn
nl o =w_—+tw + W (1.7)

We define the velocity by means of the same condi-

tion as in the book by Landau and Lifshitz. 2]
Inasmuch as the particle current nu; + vj should

give the particle density n in the proper system,
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the four-vectors v; and jj, as well as the four-
tensor T, should satisfy the additional conditions

urve = 0,  uptie = 0, Upjr = —Jo,

(1.8)

where j; is the temporal component of j;, taken in
the proper system. By virtue of these conditions,
Eq. (1.7) can be represented in the form

; )= =)
t’kch(Sauh ka —]k - 6Jch T
om0 (&)ﬂ ‘
T ® 9z, "oz, \'T . ’ (1.9)

where p is the chemical potential and Sg is the en-
tropy per unit volume. The right side of (1.9)
corresponds to the production of entropy in a unit
volume as a result of the irreversible processes
occurring in it. The quantity £ should be positive.

According to the Onsager principle, the currents
Vi, jj» and Tik should be linear functions of the

fOI‘CGS

The coefficients in the expansions are determined
under the following conditions:

a) The medium is assumed isotropic. b) The
expressions for the currents, when substituted in
(1.9) should ensure the positiveness of the right
side. c¢) The currents should satisfy identically the
conditions (1.8). d) In the nonrelativistic limit, the
corresponding nonrelativistic expression should be
obtained for the currents. e) The principle of sym-
metry of the kinetic coefficients applies. f) In the
absence of relaxation, the equations should go over
into the known relativistic equations with account of
viscosity and thermal conductivity.

The last of these conditions is satisfied by vir-
tue of (1.2) automatically if the preceding conditions
are satisfied. We note that the foregoing conditions
are completely analogous to the conditions imposed
by Doich B for a unique determination of the coeffi-
cients in the expansions for the currents in relati-
vistic magnetohydrodynamics.

As a result we obtain the following expressions
for the currents:

A (NS )

1 auk
T ﬁxl ’

()

I (2, e
== S (3 ) (1)) =20
x( { axz(w§>+u1 haim(?)}+uijo, (1.11)

where « is the known thermal conductivity coeffi~
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cient and D and D, are the diffusion coefficients,
with ¢ = 1. The viscosity tensor Tk has the same
form as in [2J

Separating the pure diffusion part in (1.11), we
can rewrite the relaxation equation (1.5) in the form

d§ jpD
nds ———0xh r, (1.12)
where
__ 9(urjo)
r= e (1.13)

The meaning of (1.13) becomes clear if we go over
to the proper system, where ndt /ot = —3j,/0t, i.e.,
the variation of the relaxation parameter ¢ is de-
termined by the variation of j, with time in the
same volume element.

In Eqgs. (1.3), (1.6), (1.7), the relaxation equation
(1.12), together with Egs. (1.10) and (1.11) and the
equations of state form the closed system of equa-
tions for relaxation relativistic hydrodynamics.

We consider below the most important particular
case, when we can neglect viscosity and thermal
conductivity of the medium, and also diffusion
(D = Dy = 0). In this case the system of equations
takes the form

, G(wus) 0(nuy) _
ds dx; dzy,
do
—_— — 1014
nT L= r r. ( )

We consider small deviations from the state of
local thermodynamic equilibrium.

For small deviations, the quantities w and r can
be expanded in powers of £ — £,. It is obvious, that
in the state of equilibrium r ‘.g —ty " 0. Confining

ourselves to first-order terms, we get
do

 Juadg— — E )2

nl— = weers (E — &o)?,

where T = n/r; is the relaxation time. From (1.14)
we see that the change in entropy, for small devia-
tions from the equilibrium state, is of second order
of smallness.

2. PROPAGATION OF SMALL DISTURBANCES IN
A RELAXING MEDIUM AND TRANSITION TO
EQUILIBRIUM HYDRODYNAMICS

We consider the propagation of small disturban-
ces, such as sound waves, in a relaxing medium.
For small deviations from the equilibrium state,
confining ourselves to first-order terms, we obtain

r==rydf + rabn, Op = pebf + pndn, (2.1)

since the change in entropy is of second order of
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smallness.
According to (2.1), we write (1.14) in the form
06n + 661}5 —0,
06 06 a6
Ua+ m_ﬁ_*_g; §=0,
0z w 0z
908 T'n
i ;("’H;ﬁ”)’ (2.2)
where

Co? == (n/w)ow | on

determines the rate of propagation of the sound
vibrations with frequency w »> 1/7 (a, B =1, 2, 3).

The solution of the last equation in (2.2) we seek
in the form

i}
E = — A—ié —_ .
8¢ n, A—l—l—ra—t

Eliminating the derivative of én, we obtain

2 6261)'9 }
ax‘paxa

0200,
o

Dirn 020Uy
wre axvaxq

=0. (2.3)

It can be shown that in this approximation the mo-
tion is potential, i.e., curl v = 0. This denotes that
6ZGUV / axyaxq = A6Ua.

Thus, Eq. (2.3) can be rewritten as

0 ( 0%06vq 02004
a_{ I _c“zAO“}+ o

— oAbV = 0, (2.4)
where

Co* == Coo? — P&T'n/WIe: (2.5)

Equation (2.4) is formally identical with the corre-
sponding equation (see |I') in nonrelativistic hydro-
dynamics, while (2.5) determines the equilibrium
speed of sound c,.

We see from (2.4) that absorption of sound
waves takes place. Indeed, let us represent a
small velocity disturbance in the form of a plane
wave; then we can readily arrive at the well-known
relation between the frequency and the wave vector

1—iot

/2
)
e — cotior /'

e., the propagation of sound is accompanied by
dispersion.

Let us now consider the question of the transi-
tion to equilibrium hydrodynamics. The equations
of the characteristics of the system (1.14) for one-
dimensional flow are of the form

dv __ vECw dx

—=v

or __ V0o (2.6)
dt 14+ vee  dt

We see therefore that as 7 tends to zero the char-
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acteristics of the relaxation hydrodynamics do not
go over into the characteristics of equilibrium
hydrodynamics, which are determined by the speed
Co.

A direct series expansion of all the hydrodynamic
quantities in powers of the small parameter 7 does
not lead to the desired results, since the next higher
approximations give expressions that diverge in
time. Therefore, to go over to equilibrium rela-
tivistic hydrodynamics we must consider the flow
starting from the instant when the relaxation proc-
ess in the zeroth approximation in the parameter
69 = ¢o7/L (6y < 1), where L is the characteristic
macroscopic length, has already been completed.
Under these conditions, the following expansions
will be valid at subsequent instants of time

E= o+ W + 0D+ ...,

0 n
- = 1) 2/V(2)
o [Ty = VO N+
G
A=) ﬁw;,,; 7 = BoVal 82V e 4.
do

T 0oZ® + 52Z@ - .. (2.7)
where &‘1’2’, N, Vg, and Z are functions of the
variables n, vq, and o, and ¢ depends also on x.

Explicit expressions for the coefficients N, Vg,
and X can be readily obtained by comparing (2.7)
with the system (1.14) and by recognizing that the
spatial derivatives increase the order of smallness
of the quantities by unity. Just as in the paper of
Stakhanov and Stupochenko, ) we obtain

0§o 0 143

gu) g v
on 6:1:5 (1 —v?)*

In addition, taking into consideration the expansions
w = Il)o(n, 0') + 602UJ§§§(2) +...,
p = po(n, 0) + So(p)e=ef® + ...,

where w; and p, are the equilibrium values of the
heat function and of the pressure, we ultimately ob-
tain the equations of motion in first approximation,
in the form

LR N Y 0

where ¢ = anc% plays the role of the viscosity
coefficient.

To go over to the ultrarelativistic case, when
the chemical potential in the zeroth approximation
is u =0, it is necessary to make in (2.8) a substi-
tutionn — S, w — T. M The latter case is of inter-
est in the hydrodynamic theory of multiple particle
production.
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3. WIDTH OF SHOCK WAVES WITH ACCOUNT OF
RELAXATION

To determine the distribution of the thermo-
dynamic quantities over the width of a shock wave,
we make use of the ordinary hydrodynamic conser-
vation laws for the mass, energy, and momentum
flux with account of the fluxes brought about by the
irreversible terms. The corresponding conserva-
tion laws for a stationary discontinuity are of the
form (see [5])”:

() arealeg (3)+oz( 7))

= nou’ =1, (3.1)
4
mow2 4 p—( 50+t ) (14 s
= nnguxOZ + Do, (3.2)
4
W,y (—3-11 -+ g) Uyl = nywou,'ul, (3.3)
& _ _ dis 5.4
nutd—x—— dx (5:4)

(the shock wave moves from right to left, the state
ahead of the shock wave is designated by a zero
index).

For shock waves of low intensity, all the quan-
tities in the shock wave can be expanded in powers
of the entropy discontinuities Ac =0 — g, the
pressure discontinuities Ap = p — p, and the con-
centration discontinuities A¢ = ¢ — £,. Taking into
account the thermodynamic equations (1.1) we get,

as in [

1 1

w—wO:»n—Ap—I—TAo—}—ngg‘l-i ( \Apz
0 ~ g, g\

a;“( 1>Ap_”° 4( )
s ()
—”02[1'12;(;1)—

2 apg_

n—n0=—n02

— Ry

i) 1\\2
Ap?. .
w(Gpzln)) |3 @9)
Let us express the derivatives in (3.1) in terms
of derivatives of p, ¢, and £. It must be borne in
mind here that differentiation with respect to x in-
creases the order of smallness of the quantities by

unity (since the width of the shock wave is inversely

proportional to the amplitude of the wave). There-
fore the derivative dp/dx is a quantity of second
order of smallness, whereas the derivatives
do/dx and d¢/dx are of third order. Thus, on the

DThe earlier paper by the author[°] contains an error: the
time derivatives should be omitted.
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whole, the mass flux due to the thermal conductivity
and diffusion is of second order of smallness. As
a result we obtain (3.1) in the form

nuy = (i)z (1+u.?)

X{ (apag__;iasi) (wq}

From this we get the expansions for ux and uy.

Substituting the obtained expansions in (3.2) and
(3.3), we get two equations relating the jumps in
pressure, entropy, and concentration. Subtracting
one equation from the other, we obtain the follow-
ing relation between the discontinuities of the
entropy and concentration:

(A+ud) (T
noTAO-+n0ng§=_——l-l—;ax—wo (1-0—0-)
w aT a<wg) dp

X{T\%;E_Tﬁpogl op\ T dz”

We took account here of the fact that
u” 0 /1

_— | - 1

1+ u” 6p(n>+

is a quantity of first order of smallness and tends
to zero as Ap — 0. In the acoustic approximation

V = C. and
6(1) . 1
op\nle: niwece?

To determine the discontinuity of the concentra-
tion, we make use of (3.4). Integrating directly, we
obtain

newy

IAE = —jx + &oVa.

Further, inasmuch as j, = (9j,/0¢)A (the first term
of the expansion in the equilibrium state is
jé” = 0), we ultimately find the following equations

for the concentration and entropy discontinuities:

P14+ i2/ng?) dp
i(1+ joz/no) dz’

AE =

. . weP 1+ 2/ne dp
0—[0 1+j4)§/n] i dz’ (3.6)
where
1 or T
P *ﬁ"a;;{“’(i“nwar/ap>("§°*0>
T ow:/d
+( a;%p "’“’)(D"_Dg")}’
oT T
O="3 “(“m&m)
__ D Towyop \
?( oT/op _w§>f‘ (3.7)

Now, in exactly the same manner as in [5], we
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can easily find the following differential equation

i2 [ 02 1}
- p—p
21201 Op " + oWy —=- ap (p — po) ( 1)
iz \dp d1
— i LR 3.8
ail(i_}_ ng )d;r ap n’ (3.8)

where the coefficient a, depends not only on the vis-
cosity and thermal conductivity coefficients but also
on the diffusion coefficients; p, and p; are the pres-
sures at large distances on both sides of the dis~
continuity surface. Integrating (3.8), we can easily
find an expression for the width of the shock wave
0%, and also expressions for the variation of the
entropy and concentration inside the discontinuity.
Inasmuch as the width of the shock wave is inversely
proportional to the amplitude of the wave, it turns
out, as expected, that the changes in entropy and
concentration on the shock wave are quantities of
second order of smallness in Ap.

4. EQUATIONS OF MULTICOMPONENT RELA-
TIVISTIC HYDRODYNAMICS AND THEIR AP-
PLICATION TO MULTIPLE PARTICLE PRO-
DUCTION

To describe multicomponent systems it is neces~
sary to introduce several additional parameters &.
The thermodynamic equations are then of the form

1

dw = —dp+Tdo+ Y w: dim,
n R

de = nTdo+wdn+ Qe din, (4.1)

where m runs through values whose number is one
less than the total number of components. As be-

fore, in the state of equilibrium, when £y, = £y (n,0),

we have

€&m (n1 g, EOm) = 0- (4.2)

wgm(p7 g, EOm) = 01

It is obvious that for multicomponent systems
we shall have several relaxation equations

pFom . Olem (4.3)
ds oxy,
The additional conditions (1.8) will take the form
Upvp = 07 UpTip = 0, uhjh771 = —Jon. (44)

Further, to determine the coefficients in the expan-
sions for the fluxes, we impose the same conditions
as in Sec. 1. As a result we have

- T\2j 0 (n
n= ”(7){%(?

~2o(5) ()

m

- J}uas

1111

)
)

(4.6)

e (i) o (3
L

-+ Uifom.

>+mm

Some of the coefficients Dy,, D, and Dy, may be
equal to one another by virtue of the Onsager prin-
ciple.

Let us write out the complete system of equa-
tions of the multicomponent system, neglecting
viscosity and thermal conductivity of the medium,
and also omitting the diffusion terms. For small
relaxation times this system becomes

n{ e (oua) 9} = — (),

81‘3
d(nuw)
0.Ik -
d - {
nTﬁ'lf ~ 0, Em_ _M, (4.7)
ds ds Tin

where ¢’ is the analog of the viscosity coefficient
and T are the relaxation times.

In the ultrarelativistic case the number of de-
grees of freedom of this system decreases by unity,
and Egs. (4.7) take the form

d oT i} 0
(T . —_ ’
S{ds( ua)+6a 6;&1(@ dzg B)
d(Suz) _ d&m _ Emn— Eom
oz ! ds Tm ’

v = D\t STcom® (4.8)
In the zeroth approximation, which we shall con-
sider for simplicity in what follows, the right side
of the equation of motion can be neglected; then,
using the usual procedure, (6] we can readily obtain
the characteristic relations on a simple wave. On
the characteristic of the sound wave, as before, we
have

Cwz = kM, 2z=1In(S/S8), n=Arthv. (4.9)*

In addition, on the characteristic of the particle
current line, there is one more relation:

dt
—Z (1=,

dln(gm_gorn): (4.10)
which obviously is connected with the presence of
the relaxation equation. Conditions (4.8) and con-
ditions (4.9) constitute the initial system of equa-
tions when solving the problem of multiple particle
production.

From Landau’s hydrodynamic theory 7 it is
*Arth = tanh .
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known that the total multiplicity is given by the ex-
pression

N=K(E/2M)', (4.11)

where E is the energy of the colliding nucleons in
the laboratory frame. However, in multicomponent
hydrodynamics we can also specify the multiplicity
of individual species of secondary particles, which
is obviously expressed by the formula

Ni = EoilV, (4.12)

where &,; are the equilibrium values of the com-
ponent concentrations. The calculation is carried
out for the stage of free scattering of the system,
when the temperature of the system decreases to
the critical value kT = my. During this stage we
can employ, as is customary, the formulas of sta-
tistics. As shown by Belen’kii, (8 the percentage of
heavy particles is small compared with the number
of produced pions.

Formula (4.12) contains the equilibrium values
of the concentration. It can be shown that at large
distances from the collision plane £j approaches
exponentially the equilibrium value. Indeed, at
large distances, when inertial scattering takes
place, the relaxation equation can be written in the
one-dimensional case in the form

x%gTi,—}—t 55;,+ i_l:(tz_xz)w:a (4.13)
where
8 =&—tu v=z/t
It is easy to see that (4.13) has a solution
Ei— &= Ciexp [— (22— 22" /1], (4.14)

which decreases exponentially with time. It can be
shown that at the start of the three dimensional
scattering stage, at relaxation times 7 = 10723 sec,
the right side of (4.14) decreases by a factor e,
i.e., £ = £y.

In a multicomponent system we consider also
the angular distributions of individual species of
particles. Inasmuch as at high temperatures the
densities of the particles are proportional to the
entropy, we have

dS; ~ & exp [—12(YT — Vn)2]dn, (4.15)
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where T and n are the Landau variables. Thus, the
angular distributions of both the pions and the heavy
particles will be represented with corresponding
weights £j. As to the energy distribution of the
secondary particles, it is determined by the same
already known expression. The same pertains to
the number of particles carried away by the travel-
ing wave (see [93).

It must be noted that all formulas now contain
not the equilibrium speed of sound c;, but the speed
of sound cw, Which in the ultrarelativistic case is
equal to 1/V3.

Thus, summarizing the foregoing, we can state
that, compared with ordinary hydrodynamic theory
of multiple particle production, it is possible in the
analysis of multicomponent systems to effect a
more detailed judgement of the character of the
secondary particles and their angular distribution.
On the whole, the quantitative relations remain
unchanged.

In conclusion the author thanks K. P. Stanyuko-
vich for interest in the work and Zh. S. Takibaev
for many valuable hints and advice.
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