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In the first part of this paper we derive equations that describe the interaction of drift waves
in a weakly turbulent inhomogeneous plasma. In contrast with a number of other investiga-
tions,[‘i_"‘] the electric field oscillations are expanded not in plane waves but in the WKB
solutions of the linear problem. In the second part of the paper it is shown that a weakly
turbulent plasma is unstable against flute perturbations extended along the magnetic field

if T;/Te < (mH?/8mMTeM )1/4. The strong turbulence that arises under these conditions
evidently destroys the plasma boundary in a time 7 ~ (eH/cTe)(n/Tg)?(8mTTgM/Hm )

INTRODUCTION

THE plasma-physics literature contains a large
number of papers devoted to investigations of the
stability and characteristic oscillations of a spa-
tially inhomo%eneous plasma confined by a mag-
netic field H.U!™3 Primary attention has been
given to low-frequency irrotational oscillations
(E = —V¢) which can exist only in an inhomogen-
eous plasma; these are the so-called drift waves.
It has been shown that drift waves are always un-
stable in a low-pressure plasma B8 = 8mp/H? « 1
with a Maxwellian particle velocity distribution.
This universal drift-wave instability is perhaps
the basic motivation for the great interest that has
been shown in this topic.

A nonlinear theory of drift waves has been de-
veloped recently and has been used to estimate the
‘‘coefficient of anomalous diffusion’’ of plasma

particles across a confining magnetic field (cf.[“’s]).

Without dwelling on certain numerical discrepan-
cies in the results in these papers (a more de-
tailed presentation of the work of Galeev and the
author ¥ is given in the review in [6]), it is of in-
terest to point out some characteristic features of
these results: the statistical approach is manifest
in the fact that the phases of waves characterized
by different values of the wave vector are as-
sumed to be random in the zeroth approximation
in a small parameter that characterizes the
strength of the wave-wave interaction.

It is our purpose in the present work to exam-
ine certain analyses that have been used
earlier.[4, Thus, in (4,5] the oscillating fields
were not expanded in the characteristic functions
of the linear problem, but in plane waves. In Sec.

1/4.

2 of the present work, in deriving the kinetic
equation for waves we use a system of character-
istic functions and show that the final equation is
not very different from those that have been ob-
tained earlier.H4 ¢

It has recently been shown by Vedenov and the
author '¥ that a nonlinear theory based on the
assumption of weak wave-wave coupling gives rise
to a number of nonlinear processes such as the
instability of turbulent plasma against slow large-
scale perturbations. (In (7 the instability of a
turbulent plasma in which plasma oscillations are
excited was studied. The growth rate for the per-
turbations was found to be proportional to the
amplitude of the plasma oscillations.)

In the third section of the present paper we
investigate the stability of the weakly turbulent
state of an inhomogeneous plasma. If the ion tem-
perature is much smaller than the electron tem-
perature

T/ Te<< (mH? [ 8anT M),

it can be shown that the weak turbulence grows
rapidly and that the plasma goes into a new turbu-
lent state in which the equations used to describe
weak turbulence no longer apply.

1. CHARACTERISTIC OSCILLATIONS AND IN-
STABILITY OF AN UNSTABLE LAMINAR
PLASMA: BASIC EQUATIONS

In this work we shall be interested in low-fre-
quency w <« eH/Mc long-wave k’Mc?T;/ e’H? « 1
oscillations of a plasma in a magnetic field with
straight lines of force (w and k are the fre-
quency and wave vector of the oscillation; T; and
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T, are the ion and electron temperatures). It is
assumed that the unperturbed pressure of the
plasma varies in only one direction (along the x
axis) and that it is much smaller than H?/87 and
that the magnetic-field variation on the character-
istic length scale L ~ n(dn/dx)!

We shall be concerned with oscillations char-
acterized by irrotational electric fields E = —Vo.
Mikhailovskii and the author have shown [ that
drift waves do not perturb the magnetic field if
their phase ve1001ty along H is much smaller than
va = H(4mM )”1 2, It will be shown below that an
inhomogeneous plasma which becomes turbulent
as a result of the drift-wave instability is, in turn,
unstable against flute instabilities parallel to the
magnetic field. The electric field associated with
these perturbations is also irrotational.

We shall use two simplifying assumptions in
this work: it will be assumed a) that the ion tem-
perature T; is much smaller than the electron
temperature Te where Tg = const and b) that the
phase velocity of the drift oscillations along H is
large compared with the ion acoustic velocity Cg
= (Te/M )1/2, if the latter condition is satisfied the
ion motion along the magnetic field can be neg-
lected. With these simplifying assumptions the
drift waves and the flute instabilities are described
by the following equations:

the ion equation of motion and equation of con-
tinuity

~+(vV)v=——-ch+ [vH] (1)*
—~a—ti— + divr,v = 0; (2)
the drift kinetic equation for the electrons
af af c e dp Of
- — —_[Voh —_—— =
5T o Ve VI + =0 =0,
n 2
o= e (=57 ) @
and the neutrality condition
ni=n. =\ fdvs; (4)

where v, is the electron velocity component along
H (z axis) v = v{vyg, v,, 0} is the ion velocity,
h = H/H, ug = (2Te/m )2,

If we exploit the fact that the left side of Eq. (1)
is small compared with wyv xh =ev x H/Mc and
express Vv in terms of V¢ and substitute v in
Eq. (2), (1) and (2) are replaced by

*[vH] = v x H.

can be neglected.
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2
HZ@H [Voh] V) Ve }=o. (5)
We first find the spectrum of characteristic
small oscillations described by (3)—(5) in the
linear approximation in the amplitude ¢. The
solutions of the linearized system (3)—(5) are
written in the form

9, 1) = Do, (@) exp {— iout + inr}, % — {0, ky, k).

Omitting some simple calculations (these can be

found in [1+2] ) we present the final equation for the
case w/k; < ug:
d dcpu
P " s
20 2 kyvd —0-
—n kUpH+ 1— 1+1Vﬂ Iklu (Pu‘—os
z e
Mc2T, cT.1dn
2 - = 6
b e2H?’ WS T Hndn ()

The theory of equations such as this has been
fully developed. In the semiclassical limit
| (1/kgn) (dn/dx)| <« 1 the solution of (6) in the
region a < x < b is given by

Px — Z Pxly

l

Cxl .x ‘x
P = Wg[e}(p( zSa kade )+ exp —z§ kaz)|, ™

(1—/62:1)(1—1—1}% lkzlue)]%'

1
kx= _[ - kyszz -

(4 \ (8)
The spectrum of characteristic frequencies
Wy (1) is determined from the Bohr quantization
rule
b
§ tendz = 9)

where [ is a large positive integer and a («, 1),
b (k, 1) are the turning points (the points at which
Re ky = 0). We now wish to note a property of the
characteristic functions (7) which is important for
our purposes; these functions are orthogonal with
respect to the weighting factor:

dn wx eHn

on _ _ 9% 14 k20w - k.2052).
. kycTe(+po+ v20r?)

For any given distribution n(x), using (9) it is
possible to find in explicit form the dependence of
the oscillation frequency Re w, and the growth
rate yx = Im w, on k and l. However, the sign of
Yy can be established for arbitrary n(x). For
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this purpose we exploit the smallness of the quan-
tities w/k,ue and y/w and expand the radical in
(9). Separating real and imaginary parts we find

b b
Vn | l SOH (F? +ku2)—/§[1
Okt + ko] 1 an

2. STATISTICAL THEORY OF NONLINEAR
INTERACTION OF DRIFT WAVES

Because of nonlinear terms in (1)—(5) the
amplitudes ¢, 7 and phases «,] of the character-
istic oscillations do not, in general, vary inde-
pendently. In a weakly turbulent plasma y < w
the nonlinear interaction which leads to a limita-
tion on the growth rates of the unstable oscilla-
tions becomes important at relatively low ampli-
tudes ¢, 7. For this reason we may assume that
the phases of the characteristic oscillations a,;
are coupled weakly. Thus, if a turbulent state
arises in an unstable inhomogeneous plasma it
can be represented by an ensemble of a large
number of weakly interacting oscillations. We
shall show in the following section that this weakly
turbulent state is not always stable itself.

The nonlinear terms in (1)—(5) can be regarded
as small corrections. The principal nonlinearity
in the drift oscillations is due to ion motion.
Using the completeness property of the system of
characteristic functions (6) we now write the solu-
tion of the system of equations consisting of (2),
(3), and (5) in the form

Q(r, )= Z Qui(, t)exp {— iwxt + inr},

nl

Qg = I(;:l(? [exp( Sk dz\H-exp(—LSk dx)]

(12)

kx = i( k’uvd
o\ 0n
To ensure that the function ¢ (r, t) is real we

impose the following conditions on wy] and Cyj:

Cl 1= Cu. (13)

e
— - k,,szZ) =% {0, ky, k2.

O—x,1 = — Oul,

The time dependence of Cy7(t) is related to
the nonlinear wave interaction. Hence we expect
that

1/ ow) (d1InCy / dt) << 1.

In the linear approximation in ¢ we have from

(3)
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ne%[(i—l— Yr-o Ol >

6n=$‘
<7, [k | ue

®l
Substituting (12) and (14) in (5) we obtain the single
nonlinear equation
N Gty )
T\ dt

1xl
x [ ke |l/:

(14)

exp ( K k. dx — zco,ﬂ)

a
[k'k"], (k2 — k")
I kx,kx” I‘/z

2

= —gren 2

XU, x"1”

x, 45 CxrprCompr

x x
X exp {.—l((nxl —§— mx"l”)t —I—- i S kx'd.’l:—!—i

a(x’l’) a(x”, 1”)

k= {ke (%, 1, @), by, by}, K= k2 + k2

k d:r:] .

(15)

In (15) we have only taken account of the principal
nonlinear terms [in the parameters (dn/dx)/nk,,
(dn/dx)/nkx)]; 6y x’+x” is the Kronecker delta.
Here and everywhere below the x-component of

k assumes the two values * (kyvg/wyy — 1

- k§, 2yt /2 in the summation over I. In order to
save space below whenever possible we will not
write the lower limits a (k, ) on the integrals
nor the subscripts on w, v and C and the summa-
tion indices:

kydz, o = owr,

x
S ki dr = O = Ou,

a(x, 1)

C=Cy and so on.

It should be recalled that the summation is taken
over all suppressed indices.

We now integrate (15) with respect to x over
the region L, in which dn/dx = 0, first multiply-
ing by

1 x*
- exp ( — i\ kdx ) .
ken ] S
As a result we find

dg"l —1Cq=— Z Verite o™=l §, . wC'C”,

CPH S [k’k”]z(]?/z — k//?.)
2HaY  |k<ks'kx'n|" o

x
X exp [IS (kx' + by — k) dz ]dx
14 kzpﬂz
a=ay=\——dsz. 16
1 § lkxlc‘) (16)
The growth rate vy is given by (11).

The quantity V contains an integral of the
product of three rapidly oscillating WKB functions.
This integral is easily computed by the method of
steepest decent:
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7 1. ” __
dz
l d(k ) | T WKL)
dz [eddex k" n |7 S ey’

a7

where x, is the point at which k)’< + k; — kg =0;
¥(kl, k'l’, xy) is the sum of advances of the
phases at the point x; for the three WKB func-
tions.

The solution of the nonlinear equation (16) can
be found by successive approximations. We write
C in the form

Ct)y =CO4CO ... .

The quantity C(l)(t) satisfies (16) with C on the
right side replaced by c® and so on. We shall
omit these simple calculations which can be
found, for example, in &, we might point out,
however, that in computing the quantity

d|c|?/at it is important to make use of the as—
sumption that the phases a, of the oscillations
Ckl are random in the turbulent state so that

(CYCOy = | CO 28— xBrs3

where the angle brackets denote averages over a
large number of random phase ensembles .
We present the result

27| Cot [P 4 451 20 {| Vi [P € | C" 2

— 2V rVoer, —xt,x | C [2) €' [2} 8 rgr 8 (0 — 0" — @").
(18)
This equation can be written in symmetric
form by introducing the ‘‘wave occupation num-
ber”” N,7=N =e’a|C|¥2Te. The expression
@, ] Vgkrx” does not change upon permutation of
the subscripts since

I Cult=

—_ k 7”, ./
LR (2 — B9) |, = 22 i, O
) OH [OTONO) x=Xg
Vg ky O — kyﬁ)/
=24 1K K], 19
px* [k ] o'o” x=xe a9

(%o is the point at which kx = k§ + kg, k" =k
-kj, 0’ =w - W, kzi_l-kvd/w—l) Thus,
(1 6) can be replaced by

dNul

7 — NN’ —

= 2YN + W (V'N" — NN")

X Ok, k 4k 7 Oxxixn O (0 — 0 — 0),

W_ 4n2pH6 [k’k”]z (k,2 _ kﬂz) d (kx, + kx” _ x)
| Mn | kkES [ro?aa’a” dz

-1
}x=x.,

(20)
It is convenient to use another form of this

del
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equation

d (kxl + kx” - kx)
dx

— NN") S g & (b + By — k)

— 2N + 3\ da @)

dt

X (N/NII__NNI

X 8(0—o0 —a"). (21)

The relation (21) may turn out to be more con-
venient for calculation if the explicit form of
n(x) is unknown. In this case the quantity
w=w (kyl) is also unknown and it is impossible
to solve the equation w = w’ + w” with respect to
one of the numbers 7’ and 1”7, and to carry out
one of the summations. In the integral over x in
(21) it is convenient to convert from summation
to integration with respect to «’, k” and ', 1",
making the substitution of variables I’ — dky.
and I” — dky~. At any given point x the quantity
kx = kg (ky, l, x) is a single valued and monotonic
function of x. In order to demonstrate this fea-
ture we differentiate the following inequality with
respect to I:

b(xl)

k
ml= (kde, puthd = 20— 1 —kps?
a(xl)
Whence
b -1 1 4 k2ox2
ks _ kuvd(S kyvdd ) — + Kon ~0.

ol ok \) ok, oa| k|
Making the substitution

gagdkydlcﬁ ;}ﬁgdl—»gdﬁ dks,

O g —> 8 (x— %" —u"),

we rewrite (21) in the form

dN %l
dt

S k" Wonn (2)

kR, k=0

= 2yNu + S dz
X (NN — NogNipr — NoiNpor) 8 (k — K — K”)

X & (ww — @rr — @prr),

w. 49116 [k,k”]z(klz - kllz) (00}
) = D o | ] (L Fo0?) (1 E %)
(22)
Here
_ kv L7 N
A TP o L

is the spectral density and L’ is the normalized
length. This equation is very similar to the kinetic
equation for Ny (x) obtained earlier (4-6] where
the field ¢ (r, t) was expanded in traveling plane
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waves, which are not, however, characteristic
functions of the problem. There is one essential
difference: in (22) we have taken account of the
fact that the phases of waves with the same kg,
ky, and ! but different kx are not random as
in -8 | put are coupled by the boundary condition;
furthermore, the occupation number in (22) is
actually an integral of the local occupation num-
ber Nk (x) from [4-¢

In principle, the ‘‘decay conditions’’

k=kK+k’, op=or -+ o

can be solved with respect to k” and k% and the
integration can be carried out over k” and ki in
(22). This procedure leaves the integration over
ky and kj and the resulting equation can be
solved more simply than (22).

In the nonlinear wave interaction described by
the collision term in (20) the total wave energy
and momentum

MNo, D\ Nx
nl nl

are conserved. This feature can be demonstrated
using the expression

2 ( © ) W (N'N" — NN’ — NN")

xl, %1’ k1" %
!
X B O, 1 e 78 (0 — 0" — @)

in which we carry out a cyclic permutation of the
suppresse_zvd indices and use the symmetry of the
quantity W.

If one neglects the interaction of drift waves
with the average background (in (20) this is the
linear Landau excitation (damping) due to reso-
nance electrons) the wave system must have the
properties of an isolated statistical system: the
interaction between waves and quasiparticles in-
creases the entropy of the system

S = Z In Nxz,

!

while the distribution function for N approaches
the distribution N = ®/w, for which the entropy is
a maximum. We note that (20) exhibits these
properties of a statistical system comprising a
large number of waves. To show this, we divide
(20) (without the 29N term) by N and sum over
all values of ¥ and I. If one now makes a cyclic
permutation of the suppressed indices in the
summation and uses the symmetry of the quantity
W it is easy to obtain the following relation

ds . d % _ 1 ~ ’ nrH 1 1 1 \2

X 6,‘,,‘,_{_,‘” 6kx’ ktk b} ((D —e — 0.)”).

Since WNN’N” > 0, in accordance with the con-
siderations above we have dS/dt = 0; the equality
holds when N = N’N”/(N’ + N”) for any k and !
related by the conditions k =k’ +Kk”, w = W' + w”.
The distribution function N = ®/w, where @ is
independent of k¥ and [, satisfies this condition.

At this point it might be appropriate to com-
ment on the wave energy Nw and momentum Nk.
The determination of these quantities naturally
follows from the kinetic equation (20) since ZNw
and ZNk are conserved in the interaction. Thus,
the wave energy may be defined as the work which
is dissipated in the excitation of the waves. The
drift waves are excited by resonance electrons; in
unit time these electrons do an amount of work
given by

S E,j.dx = —ie S Z OO dT
L

L xl

d
= 2 2v0alNu = — Z Ne
dt
%l xl

[on,7 and 4] are defined above, cf. (11), and
(14)].

The mechanical momentum of the resonance
electrons mvén is negligibly small but the
generalized momentum of the particles must be
conserved in the magnetic field

e
P= mnv—ﬁAn ~ — — [Hrln.
c 2¢

Hence the increment in wave momentum must be
equal to the reduction in the generalized momen-
tum of the resonance particles and

d

— 5 \Pdr = LCS (Hi]onds = e | Eonds

L

= Z 27 alVqn = di ZNx.
xl ¢ xl

The energy and momentum obtained from physical
considerations are seen to agree with those ob-
tained from (20).

In principle (22) can be used to find Nix which
can then be used to find the anomalous flow of
particles across the confining magnetic field nvy.
We have shown above that the expansion of the
field ¢ (r, t) in terms of plane waves (rather the
WKB functions of the problem) does not lead to
any great error. Hence the reader interested in
estimatin% the flow nvy is referred to the detailed
review in®), In the following section we shall es-
timate the energy of the oscillations in the sta-
tionary turbulent state of the plasma. An estimate
for f Nxwkdk, which will be low, can be obtained
by equating the first and third terms of (22):
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§ Muordk = § ax dx%:f"inM_mp

~ Mn%L 23)

3. INSTABILITY OF A WEAKLY TURBULENT
INHOMOGENEOUS PLASMA

We show in this section that a weakly turbulent
inhomogeneous plasma can be unstable against
perturba’aons of the flute type (along H) if Tij/Te
< (m/Mg )1 4. A feature of the flute instability is
the fact that a laminar plasma exhibits neutral
stability to this instability when T; = 0. Hence,
even small nonlinear effects can give rise to an
instability.

First of all we shall obtain the equation for a
flute perturbation ¢q in a weakly turbulent plasma
in the approximation linear in ?q- For this pur-
pose we integrate the continuity equations for the
ions (5) and the electrons with respect to the z
coordinate and subtract one from the other. As a
result, for quasineutral perturbations we have

S dzdivn(v; —ve)

= _S dzdlvH {dt Vo—— ([chh V(p} (24)

The plasma potential ¢ (r, t) is written in the
form

P(r8) = D gqg(z,t)eid
9y

cul
+Z‘,lkx ],,

x

o (S kxdz)exp(—icoult—{- ixr), (25)

where Cy] is the amplitude of the drift wave; the
quantity w,; and the two-dimensional vector

k =10, ky, k;}, a(ky, 1) and ky are defined
above [ (cf. (7) and the following text)] and are
computed for ¢q =0; w-x7 = ~wi, C¥X = Cyy.
We substitute (25) in (24) and then linearize the
latter with respect to ¢y. Neglecting small terms
in the parameters (dn/dx)/kn and (dn/dx)/qn
and using (24) we have

a ( 0%pq . )_ c
”"a?( ox? T"%q T H

X exp{—i(m' T o)t 4 § (k' + kx”)dx}

Z [k/k”]z (klz — k”z)
I kxlkx” I 1,

X sz”_hz” ahy’hyl_}_hyll CI/éCl’ (26)

where kg, (kyg) assume the following two values
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in the summation over ' and I': + (kyvg/w’ — 1

- kg,zp%{)l/z; C' = Cyrpry, C" = Cympny, W' = wyerpr
etc. and the summation is taken over all suppressed
indices.

The change in the amplitude of the drift waves
6C’ caused by the flute instability is a nonlinear
effect but since the quantity ¢, is small we find
that 6C’/C’ <« 1. In flute perturbations

dne — zanq_—ngdn

The displacement g is deflned by the following
expression:

(27)

E =7 [V(th]

The density perturbatlon 6nq leads to a perturba-
tion 6C’ in accordance with the equation

ac’ [kVEs]
7.7 —_ i d i
@ lLS ZU4 Z [Teakea’ |

(28)

XexpzS (fox — ki) dx —z(a)—w)t}éq Vhy—h, O, »,C,

1+k sz

29
[To? =)

a = S dx
L

The derivation of this equation is similar to
the derivation of (16) except that 6n = ong.

Equations (26)—(29) and the equation div § = 0
comprise a complete system of equations for the
flute perturbation in a weakly turbulent plasma.
We now reduce this system to a single equation.
For this purpose, we use the equation

divg = igy§y + d&x /dz =0

to express §y and substitute in (28); (28) and the
solution of (29) are then substituted in (26). As a
result we obtain a single linear integro-differen-
tial equation for £x (x, t):

62 ( 62§x _ cz Z [k/kll]z (klz _— k//2)
AN m | kx| 0’0’
X exp{ i S

958 ) =

(ke + k") dz — i (0’ + 0”) t}

Oh dzqyva
X aqy,kyf+ky éhz"_hz aky'_ky" akz —x Z”S Ik ]: |’Ia
t
X [k V { goeico—on dt] exp{ —i S — k) dz }cc"
0 (30)

Instead of solving (30) we use the random-
phase property of a, for the drift waves in a
turbulent plasma and average the right side over
a large number of arbitrary phases a,j. As a
result of the averaging of the sum over k and [
we are left with terms for which k = k” and
! = -I”, In this way we obtain a simpler equation
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but one which only determines the most probable
dependence of £y on time. The solution is
written in the form of a superposition of WKB
functions (7) of Eq. (6) for ky = gy

x

2 e—i%, thx |1/ 2cos( S qxdx),

qyVd

(O]
qy.P'

‘2
imae)' o

The function £y satisfies the boundary conditions
since it is bounded and vanishes when the drift
oscillations vanish.

We substitute (31) in (30), multiply the latter

by
x
021+ gtou) Inge| “# exp ( —1  gude)
and integrate with respect to x:
1 20) 7,2
Q2 S + ¢*ox
;o el

2 1 2052) [K'k’], (k"2 —
C—ZS (1 + ¢*pu®) [K'k"]:
L

dx Cp

k2 )

qzlgxkxlkx”nlllz a/m/
X exp(i§ (k' + ke’ — ¢:)dz)
X CpIIC” IZ 6qy' k’y'+ky“6h2" _hzu

[k”q]z
(Qp'— o — 0)//) Ikxlkx”q:cnlllz .

X S dzqyva (32)

L
The integrals with respect to x in (32) are
easily computed by the method of steepest decent
(cf. Sec. 2). For fixed «’l’, k1", p'qy we have

{ 4(2) exp( iag (ka! + ha — qx)dx) dz

d(ks + k" — qx) )
dx

d kt/ kx//_ " —1/,
(k<" + gx) A(z)]

= }/E[(i + isign

Xemx)[ (33)

b
X=X

dx

where
Xe

¥ (20, gy, W, 1) = (R + ke — gx) de,

while the point x; is determined from the equa-
tion gy = k§ + kg. If (33) is now substituted in
(32) and a summation is carried out, say over
1”7, because of the phase factor exp {i¥ (qx)

— i¥ (g%)} in the sum over p’ only terms for
which q}'{ =gx remain. Hence Eq. (32) can be
written in the form

qyva [k'k”]; (klz — k/lz)

Qp2="—

2mpp? ap(z)
|

anz lkx,kx”nl Id(kxl'l“kx”'—'qx)/d.‘l I]x:xu
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% N/.(,O/ — N"o"
(Qp— o' —0")a'wa"e” " y Ok By
1+ ¢%px?
ap =\ ap(z)de = \ —————dz 34
? § ! § |Qx|(0pqy (34)

or, somewhat differently,

K", (k2 — &"2)

ap (x qyVa
Z | kx'kx”n |

2ntpp?
o § 220

M

Qp2=""

No —N'o”
(Qp — o — 0)//) do'd" o

77 aqy: ky’+ky”6hz', —k,”

X8(qe — k' — k"), (35)
where Nw = e?aw|C?|/2Te is the energy of the
drift waves.

Proceeding as in Section 2, we convert frem a
summation over !’ and 1”7, k’ and k” to integra-
tion over kg, kg, k’, k” in the integration over x.
As a result we find

2p5* ap(z)
Q= — dz qyv > dk’dk”
? nM S ng’ap v kx’v::”zos
[k'k”]z ( k2 — k//z) ‘]Vh/ mh, — Nh”ﬁ)h”
(1+ k?0r*) (1+ E"pr?) Q — 0p — on~
X 8(q—k —Kk”), (36)
where Ny = L’2N,;/(27)? is the spectral density

of the wave energy.

The sign of Qf) can be established uniquely if
q < k’ for the k’ which gives the basic contribu-
tion to the integral over k’ in Eq. (36). In this
case (36) can be written in the form

4pr* S dz

Qpf=— aM
L

[qkl?(gk)  qONnwR/0k

37
(1 + k%px?) Q — qow/dk’ 37)

x 3§ ak
R, =0
If we neglect Q compared with (qdw/8k) and in-
tegrate (37) with respect to k by parts, we obtain
finally

4pu” ap(x)
2
Qp? = - Sde nay
[qk],* wx? gy
=N,
Xhéos (1T Kosr®) (a00/0K)? kjF
__2c ap(:c) [qk].? 0p? g2
B NHZS hz;"og (a0on /6k)2k2| ol

(38)
Thus, the flute perturbations in an inhomogen-
eous turbulent plasma are always unstable. If we
use the estimate (23) for [ Npwpdk then @2
~ —q? (yw/K? Jmax and at the limit of applicability
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of (37) for q < k we have
2 h

Qnznaac =~ —(Ym)max ~ — (%) (’A;'ng‘) .
The growth rate for the flute instability Q@ satis-
fies the inequality ¥ <« @ « w. This inequality
validates the solutions of Eqs. (29) and (30) found
under the assumption that the quantities c® are
independent of time. Actually, when @ > v the
change in the amplitude of C due to the instability
of the drift waves and the nonlinear interaction
described by Eq. (22) can be neglected.

If the ion temperature is comparable with the
electron temperature the flute instability cannot
be excited because of finite Larmor radius stabili-
zation (the Rosenbluth effect). When T; < Tg the
effect of the thermal motion of the ions can be
taken into account by introducing a magnetic-
viscosity term U jn (24). Some simple calcula-
tions lead to the following criterion for stability:

2 \2 . s
2(%)qy2ydz>|92| or _§1>(H'%- ) . (40)
The dispersion equation in (38) can be obtained

in another way which sheds light on the physical
nature of this instability. Let us consider the
particular case in which the plasma density n(x)
varies in accordance with the relation n (x)
= ne™®/L petween dielectric walls at x = + L/2.
Under these conditions

y = _i(_/ﬂlf_d_ 1 — k2pn? ) h

P\ ©

is independent of x and the WKB solutions (7) of
Eq. (6) become standing waves in the x-direction
with nodes at x = + L/2 and oscillation frequen-
cies

(39)

cTe 1 s | = w(l41) .

=k, ——

YeHL 1+ ky?pr? + kslon® L
Suppose that we excite drift oscillations for which
(k% + kg,)sz « 1 in such a plasma. The flute
displacement

w;

B )= 3 Eexp(—iQt + igy + igez), g = “P 1)

9,20 L
changes the plasma density distribution by an
amount

In the perturbed plasma the long-wave drift
oscillations kzpii <« 1 are governed by the equa-
tion

o9 cT.

b4 (41)
ot neH

[V(n+6ng) Vel =0.

The solution of this equation is written in the

RUDAKOV
form
.cT. . .
Q(r, )= q;hexp{—zeHL kyt +ikr 4 isy (r, t)},
BB =0
Ims, =0, k= {n(l+1)/L,ky, k.},
O_p = —Or, Q-r = @p".
If énq =0 then sk = 0. In the linear approxima-
tion in énq the eikonal s) satisfies the equation
D = (Ve (KL = § D (gkl gt (42)

qxzo
since 8si/dt ~ sk is much smaller than

cTe Osp - dx
eHL 9z "
Thus, in the particular case considered here the
flute perturbation causes the wave vector of the

drift oscillations to change by an amount

0k = Vs, = ) 8ke—iattiar= i ) q [qk],Exe—iot-+iar

=
qx%() 2,20 Y

(43)

and does not change the amplitude @y.
In turn the drift waves effect the flute instability
through the high-frequency force & (F) :

2
8CF) = — Mnd{(vV)v) = Mn%< ([Vgh]V)[Vgh]>

- Mnﬂiz S (—i)lakL{8kgh] | g |2

Rk, R
X exp {—th + lql' + i(kx —_ kx,)(t} Gll'éky, -k ylahz, ~h,’
c2

7 D\ [akl?| or |2& exp {—iQt + iqr}

ki Ry, quO

= Mn

=Mn—Ic;—2 2 [qk]zzlq)klzg(rt t)r (44)

R R 20
which is always directed along the displacement.
The angle brackets denote an average over phases
of the amplitudes ¢k (cf. above). It is assumed
that ,(pk|2 is a smooth function of k so that

D! [gkLIGK L | @r |2 €=t = [qk]?| gn |2
kR’ k
Equating 6 (F) and
Mnizg- = — MnQ%(r,t)
o !
(for the chosen sign of q,) we find

c2?
C=— 3 (ake?

RR,Z=0
o2
= 2FZ (g:2k2 + q,2k2) |(Ph|2’
R

in agreement with Eq. (38).
If (40) is not satisfied the flute instability



PROBLEMS IN THE THEORY OF NONLINEAR OSCILLATIONS

leads to a situation in which density fluctuations
6ng ~ n arise in the plasma. This strong turbu-
lence is not described by Eq. (22). Such large
scale (q ~n~'dn/dx) fluctuations of the flute type
can lead to a destruction of the plasma boundary
in a characteristic time 7:
M\
B—)",

T~ i - eHLz(
Q cTe
L (M )’/' T,
pr\m ") T;
times faster than that due to the turbulent diffu-
sion caused by the drift waves.[d
In conclusion I wish to thank A. V. Gordeev for
useful discussions.
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