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We investigate the lower excited states of a system consisting of strictly resonant two-level 
molecules and an electromagnetic field. We introduce the operators of elementary excitations 
-quanta in the medium. We investigate the damping of the excitations, and develop a suitable 
diagram technique. We determine the Green functions of the photon in such a medium. We 
investigate the propagation of photons in such a system of molecules, under the condition that 
either a specified photon or a quantum of the medium is present at the initial instant of time. 
We take into account both the "departure" and the "arrival" of photons in a given state. The 
energy distribution function of the photons is determined. 

1. INTRODUCTION 

WE consider in this paper the interaction be
tween an electromagnetic field and an aggregate of 
identical resonant molecules. This problem is of 
considerable interest in connection with the exten
sive research being carried out presently on reso
nant processes in interactions between photons and 
a medium. It is assumed that the resonance is 
sufficiently narrow and only the molecular levels 
are of importance for the interaction in the given 
frequency region. The energy difference of these 
levels (the transition frequency wo) is assumed 
to be same for all molecules. We start from the 
assumption that the molecules have a random dis
tribution in space, something which is true of a 
gaseous medium or of impurities in a solid. We 
disregard the broadening of the lines due to the 
motion of molecules, the Stark effect, etc. 

We investigate in this paper weakly excited 
states of the system, so that the interaction be
tween the quanta themselves can be neglected. In 
the case of a medium of low density these excita
tions are divided into individual excitations of the 
molecules and photons. The damping of the former 
is determined by the radiation of the isolated 
molecules, and that of the latter by the processes 
of resonant scattering of the quanta from the mole
cules [ tJ. With increasing density of the medium, 
such a separation becomes meaningless. This is 
seen, for example, from the fact that the mean 
free path of the quantum becomes smaller than its 
wavelength. However, it becomes necessary even 
sooner to take into account the coherent interac
tion of the photons with the medium, corresponding 
to the presence of a dielectric constant. In this 

case there are no individual molecular excitations 
or photons, and their place is taken by the quanta 
of the electromagnetic field of a medium having a 
resonant dielectric constant. We find the damping 
of these states. 

We also investigate the kinetics of the process. 
We take into account both "departure" of the 
photons from a given state and their "arrival." 
The energy distributions of the photons and of the 
quanta of the medium are found. 

The oscillation of the photon density in such a 
resonant system was investigated by Alekseev and 
the authors [ 2]. A somewhat different approach 
was developed by Kazantsev and SmirnovC3l and 
by James and Cummings[ 4J. However, no account 
of relaxation processes was taken in these papers, 
and the structure of the excited states was not in
vestigated. In an earlier paper[ 5J, the influence 
of the resonant nature was taken into account with
in the framework of the dielectric constant of the 
medium. 

2. ELEMENTARY EXCITATIONS WITHOUT 
ACCOUNT OF DAMPING 

When considering the behavior of quanta in a 
medium, it is useful to introduce the concept of 
"quanta of a medium" which take into account the 
dielectric constant. wt~out taking damping into 
consideration, these quattta can be introduced by 
means of a canonical transformation. The Hamil
tonian H of a system of N molecules and a radia
tion field, contained in a volume V, is of the form 

H = 00; .2] azi + .2] (ck~.b~~. + C~l.bkl.) + .2] ookcJt~.ck1.., ( 1) 
i kl. kl. 

904 
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b ~ j ( 2:n: )'1• (Mj*l 1.) -ii<X. ~ jQ j -ikx, 
kk = .L.J a_ V k e 1 = .L.J a_ kk e 1, 

j ~ j 

(2) 

We use a system of units in which n = 1. Here Xj 
is a coordinate of the center of gravity of the j -th 
molecule, w0 the energy differs between the upper 
and lower levels of the molecules, ckA and cio., 

are the operators of the absorption and emission 
of a photon with momentum k and polarization 

( respectively (A.= 1, 2), w~ = c2k2, O'z and a± 

are Pauli matrices, and Mj is the matrix element 
of the transition of the j -th isolated molecule from 
the lower level to the upper level with simultaneous 
absorption of a photon. The matrix element Mj 
and the probability W of spontaneous dipole radia
tion of a photon per unit time by an isolated mole
cule are connected by the relation 

W = _i~()_IMil2 = ~IQklzroozv. 
3 c3 3 :n:c3 

(3) 

As before[ 2], we have left out from the Hamil
tonian the terms proportional to the square of the 
electromagnetic potential and the terms which 
give a small contribution of the order of ( w0T)-2, 

where 

1 IQAI 2N 2:n:JMii 2N n 
4,;2 = --3- = 3Vroo = 2pX3Wroo (4) 

(the factor 1/3 is due to the averaging over the 
directions of the vector Mj ), p is the density of 
the molecules, and A:"= w01c. Terms of the order 
( w0T)-1 relative to the principal terms will hence
forth be disregarded. 

+ 
In the operators bkA and bkA only the commu-

tator 

[b b+ ] ~ jQj Qj* i(k'-k)x. 
kl., k'l.' = - .L.J az kl. k'l.'e J 

; 

differs from 0. If almost all the molecules are 

(5) 

at the lower energy level, then we can make on the 
right side of the sum the substitution aj --. - 1, so 

z + 

that the commutator of the operators bkA, and bk'A.' 
will be a number. By virtue of the phase relations, 
this number has a maximum when k', A.'= k, A.. 
The difference between the commutator and zero 
when k', A.' "" k, A. is connected with the scattering 
of the quanta and will be taken into account below. 

In this approximation the operators bkA, and 
+ • 

bA.k can be regarded as Bose operators w1th com-
mutation relations (see [ 2]) 1> 

l) A similar situation occurs in the investigation of weakly 
excited states- spin waves in ferromagnets (cf., for exam
ple, [6 ]). 

+ 1 
[bu, bk,,,] = 4 ..-2 ~kk'a,,,, (6) 

The corresponding Hamiltonian H can be readily 
diagonalized with the aid of a canonical transforma
tion. We introduce in lieu of the operators bkA 
and ckA new Bose operators a~ and a~ 

(7) 

Choosing the functions u(r) and v(r) in suitable 
k k 

fashion, we obtain 

roo "" (tl+ (t) "" (2)+ (2) H = - 2 N + .LJ rotak,., ak,., + Li ro2ak, au; 
k), kl. 

rot = roo+ 1l2!1 + 1I2R., ro2 = roo + 1l2!1 - 1I2R., 

11 = rott - roo, Q =• (112 + .-2) •;,, 

Here 

Utt(!) = -2Tvtt<2l = 2'/,•(1- 11 I Q) •;,, 

Utt(2) = 2TVIt(!) = 2'/,.(1 + 11 I Q) '1'. 

( 8) 

( 9) 

(10) 

Relations (7) -(10) determine the weakly
excited states in the system of resonant molecules. 
The ground state I 0) of the system is character
ized by the fact that all the molecules are in the 
lower energy state and there are no photons. We 
note that this state is also the exact ground state 
of the Hamiltonian ( 1). The energy of this state is 

(r)+ 
equal to - w0N/ 2. The state akA I 0) is charac-

terized by the presence in the system of one ele
mentary excitation with energy wr. These exci
tations constitute quanta of the electromagnetic 
field in a medium consisting of resonant mole
cules. The frequencies w1 and w2 are found by 
solving the dispersion equation w2E = wk for this 

case. Far from resonance, when Wk » wo, the 
energy w1 goes over into the energy Wk of the 
free photon, while the energy w2 goes over into 
the energy w0 of the isolated excited molecule. 
When Wk « wo, to the contrary, w1 goes over into 
w0 and w2 into Wk. 

We shall show later that the concept of quanta 
in a medium is useful only in the case of suffi
ciently high density. In the case of low density it 
is more advantageous to use the concept of a 
quantum in vacuum (the state ck_ I 0)). 

3. DAMPING OF EXCITATIONS. PHOTON 
PROPAGATION FUNCTION 

Let us examine the behavior of one quantum in 
a medium of resonant molecules. The solution 
will actually be valid also in the case of a large 
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number of quanta, provided, however, that their 
density is sufficiently low to neglect their inter
action with one another. 

We assume that in the initial state the medium 
contains either one quantum with momentum k0 

and polarization A. 0, that is, the state is described 
by a wave function CkoAo I 0 ), or else one quantum 
of the medium, that is, the state a~:)i\.o I 0). The 

Hamiltonian ( 1) conserves the number of excita
tions, and therefore the state will remain single
particle at any instant of time. The wave function 
of an arbitrary single-particle state can be written 
in the form 

~) (t) = 2: j,. (k, t) Ckl.+ I O> eiNwot/2 + ~ (jlj (t) u+i I O> eiNwot/2. 

k~ (11) 

From the Schrodinger equation we obtain the 
following expressions for the amplitudes fi\. ( k, t) 
and <Pj (t): 

ii, (k, t) = wkh (k, t) + 2j Qt,e-ikxi(jlj (t), 
i 

i~j (t) = Wo(jlj (t) + ~ Q~\:e'kxi/A· (k', t). ( 12) 
k'A' 

It is necessary to solve these equations with ini
tial conditions 

cpj(O) = 0. (13) 

It is convenient to go over from the time
dependent amplitudes fi\. ( k, t) and <Pj ( t) to their 
Laplace transforms fi\. ( k, w) and <Pj ( w), for 
example 

co 

f~(k, w) = ~ e-pt f,.(k, t)dt, 
0 

where we put ip = w. Eliminating from the resul
tant system of equations the function <Pj ( w), we 
have equations for the amplitudes fi\. ( k, w) 

(w- Wk)f~.(k, w)- 1 ~h~.,(k, k')f~,(k', w) 
(w- wo) 

(14) 

(15) 

We see that the amplitude fi\. ( k, w) is propor
tional to the Green's function of (14) or to the re
tarded propagation function of the photon. The 
interaction of the molecules with the electromag
netic field is described by the operator J. In the 
zeroth approximation in the interaction we have 

JA<0l(k, co) = iGo(Wn, co)6kkot'hi.o = i6kk,6,.,.0 / (w- COk). 

(16) 
We are interested in the amplitude fi\. ( k, w) 

averaged over the coordinates of the centers of 
gravity of all the molecules. Denoting this 

averaging by angle brackets, we write 

( 17) 

Carrying out the iterations, we obtain the fol
lowing series 

G"A (k, co)= G0 + G0 < ) ) Go 
ffio-Wo 

+ Go < ) Go ) ) Go + ... 
CO-W0 W-W0 

(18) 

When averaging over the coordinates Xj it be
comes possible to use the well developed methods 
of the diagram technique. (In the simplest cases 
this technique was initially developed in the papers 
of Abrikosov and Gor'kov or of Edwards [TJ.) We 
set in correspondence with each term of the series 
(19) a diagram in which the Green's function G 
corresponds to a solid line and the operator J to a 
point. In each term of the series (18) we average 
the product of the operators J. Let us examine the 
averaging method, using as an example a third
order term containing three operators J. This 
expression contains terms in which all three in
dices j are different. The average of such terms 
breaks up into a product of averages. There are 
in addition terms with a pair of coinciding indices 
j. Their average breaks up into a pro~uct of 
averages of one and of two operators J. Finally, 
there are terms in which all three indices j coin
cide. Thus, the average breaks up into a sum of 
different averages. The equating of the indices j 
of different operators J with subsequent averaging 
will be denoted on the diagrams by dashed lines 
joining the corresponding nodes. The averaging 
of exponential functions contained in J gives rise 
to a o -symbol, which denotes the momentum con
servation law: the sum of all the momenta of the 
lines entering the nodes joined by a dashed line is 
equal to the sum of the momenta of the lines 
leaving them. To each node there corresponds a 
factor 

Thus, for example, the term corresponding to 
the diagram of Fig. 1 is 

1 ~ IQ;. 12 ~ IQ; 12 ~ li~L~..I2 
-:-( ----:)--:3-:-(--.- )3 L.J ko~o LJ ko~o LJ ( _ ) 

(f) - Wo {!) - COko j, j k,~, w COn, 

After integrating over the vector k1 and subse
quently averaging over the directions of the vectors 

.----, '\-7 
I I \ I 

FIG. 1 
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1 ( 1 )z( -iW) 
(00:._ wo) 3(~- Wk,)3 4-r2 -2- / · 

We have left out the real part of the integral with 
respect to dwk, since its role reduces only to a 
small radiative frequency shift w0• In addition, 
we took into account the fact that averaging over 
the directions of the vector Mj gives rise to a 
o -symbol expressing the conservation of the 
polarization of the quantum. 

We introduced the concept of a generalized 
node, defining it by means of the sum of the dia
grams of Fig. 2. Denoting the generalized node 
by I, we get 

00 

I- Qj Qj• -i(k,-k,)Xj ~ 1 
- k,l., k,l.,e .LJ (w _ w )n 

n=l o 
. .. 

Q k,;., Q k,;., -i(k,-k,)x. 

(w- ro0 + iWf2) e 3" 

We note that the generalized node (19) differs from 
J/ ( w - w0 ) in that the denominator contains an 
additional iW/2, that is, account is taken of the 
finite lifetime in the excited state of the molecule. 

---..., 

ii1 ~ 11z 

----, -- -r, --,-,.., 
I I I 1 1 I 

-;---+-:- + ,, + __u..._ + ... 
k, kz k, nz k, kz 

FIG. 2 

Diagrams with generalized nodes are constructed 
in accordance with the same principle as non
generalized nodes, with the exception of the case 
of the simplest self-energy loop, in which only one 
of the nodes should be replaced by a generalized 
one. 

The Green's function G can be expressed in the 
usual manner in terms of the self-energy part I:, 
where I: is the sum of all the irreducible dia
grams. In first order, I: is determined by the 
diagram of Fig. 3: 

I;<1) = _1_~ IQL~.Iz = _1 ___ 1__ (2o> 
ro - roo . 4-r2 ro - roo 

J 

A definite sequence of diagrams of the next
higher orders can be expressed in terms of the 
generalized node, so that I: <2> is represented by 
the diagram of Fig. 4. The contribution from the 
remaining diagrams can be neglected, accurate to 
terms of order ( w0T)-1 

I;(2) = _1_ (-=-!!¥' 1 . (21) 
4-r2 2 J (ro- roo+ iW /2) (ro- roo) 

The Green's function (18) has accordingly the form 

G~ (k, ro) = G ( roh, ro) 6kk,6~~. 

6kk,6~)., 
(22) 

The Green's function (22) has two poles in w. 
The pole values are respectively equal to [see 
Eq. (9) for the notation) 

ro = roo+ 1M1 - 1/4iW + 1/2 (~2 + -r-2 + iW ~- 1/4 W 2) 'I•. 
(23) 

The expressions for the pole values of w and 
for the respective Green's function (22) simplify 
greatly if the inequalities WT » 1 and WT « 1 
are satisfied. Actually, in the optical region, the 
inequality WT « 1 is satisfied as a rule. However, 
the opposite limiting case ( very highly rarefied 
medium) is also of certain interest. The results 
obtained then go over into the well known formulas 
of resonant fluorescence for a single molecule[ 1]. 

,---, 
1\ol k, ~ko 

FIG. 4 

We consider first the case WT » 1. The corre
sponding pole values of the frequencies are 

f=-1- w 
4-rz ~2 + wz/4. 

(25) 

We see that the poles corresponding to the photon 
and the molecule have separated, and the admixture 
of the molecular state is negligible, so that the 
Green's function is of the form 

G(rok,ro) = 1/ (ro-ron +if/2). (26) 

This case corresponds to a small coherent inter
action between the electromagnetic field and the 
molecules, giving rise to the dielectric constant 
of the medium. The main process is resonant 
scattering, so that r = pu resc (see [ 1] ) . The 
mean free path l is in this case of the order of 
c/ r ~ ( pli. 2 )-1. Extension of this formula to in
clude a system with arbitrary density, that is, 
into the region WT « 1, leads to the absurd result 
l « li.. 

We now consider the case WT « 1. The 
Green's function is of the form 

G(roh,ro)= . ro-roo+iW/2 (27) 
(ro- ro1 + iWt/2) (ro- wz + iWz/2) ' 
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where w 1, 2 are given by expressions (9) and 

In this case the Green's function describes 
quanta of the electromagnetic field in the medium 
(quanta of the medium), that is, unlike the pre
ceeding case, the coherent part of the interaction, 
which is of the order of 1/ T (the real part of ~) 
is appreciably larger than the incoherent part 
( Im ~ ), which is of the order of W. The quanta 
of the medium contain an admixture of the state of 
the molecule at the upper level, leading to damping 
with probabilities W 1 and W 2. The factors 
( 1 'f ~/Q )/2 correspond to the relative time that 
the quantum stays in the molecular state. 

The Green's function (27) can be represented by 
a superposition of Green's functions corresponding 
to the quanta of the first and second kind in the 
medium. Indeed, using (7) and (10), we can find 
directly the dampings of the elementary excitations 
in the medium, that is, find the retarded propaga
tion function of a quantum of the medium. For 
single-particle states, the commutator of the 
operators bk\, and bk_, A' is strictly a number. 

Therefore the initial state of the type a~+ I 0) 

at any instant of time can be rigorously expressed 
in the form 

transitions between different sorts of quanta of the 
medium. The latter circumstance is connected 
with the fact that the energy difference of these 
states are equal to w1 - w2 ~ 1/ r, whereas the 
relaxation widths are of the order of W. 

We solve Eqs. (31) subject to the initial condi
tions 

T]l.(!)(k, f = 0) = bkkolh1.0l '1']1.(2)(k, f = 0} = bkkobl.l.o• (32) 

Let us find the amplitudes Y)~r) ( k, w), averaged 

over the coordinates of the centers of gravity of 
the molecules of the medium. In analogy with ( 17), 
we put 

Using the diagram technique we developed, we 
readily obtain ( r = 1, 2) 

(33) 

. 1\kkollt.t., ( ) 
c~.<rJ(k, w) = Gr(Wh, w)bkkolll.l.o = + ·w /2 . 34 

(J)- Wr ~ r 

It is easy to see that the Green's function (27) can 
be expressed in terms of a superposition of the 
functions (34) 

2 

G(wk, w)= L lv/l.(r)I 2 Gr(Wh, w). (35) 
r=1 

This equation corresponds exactly to relation (30), 
if initial conditions (13) are taken into account. 

2 

\jl(t) = L ~ T]l.(rl(k, t)au(r)+IO> eiNwot/2. 

r=l kl. 

We note that when Wr « 1, the relaxation 
(29) times turn out to be of the order of 1/W and the 

mean free path is 

According to (7) and (11), the amplitudes TJ(r) ( k, t) 
A 

and fA ( k, t) arc connected by the relation 

2 

/1. (k, t) = ~ T]l.(r) (k, t) vk(r). (30) 
r=l 

From Schrodinger's equation, using expression 
(1) for the Hamiltonian H, we obtain equations for 
the amplitudes Y)(r) ( k, t). For the Laplace trans

A. 
forms 77 ~r) ( k, w), these equations take the form 

(w- wr) '1']1.(r) (k, w) =iT]/') (k, t = 0) 

,;Q' + 21 Vk (r) I ~ !,.).' (k, k') ' I v",(3-r) l'11~c'(r) (k'' (J))' 
k7"'k' (J)- (J) (3-r) 

)7"'1.' (31) 

r = 1, 2; the primes denote quantities which de
pend on k'. This is an approximate form of the 
system of equations. We have left out small cor
rection terms of the order of W T « 1. Accurate 
to such small terms, we have independent equa
tions for the amplitudes 77~1 l(k, w) and Y)~2 l(k, w). 

Consequently, in this approximation there are no 

4. ENERGY DISTRIBUTION OF THE PHOTONS 

Let us find the energy distribution of the 
photons at an arbitrary instant of time t, under 
the condition that one photon k0A. 0 existed in the 
system at the initial instant of time t = 0, that is, 
the wave function was of the form ck_ , I 0) . The 

0"0 

average number of the photons in the state k, A 
is determined, in accordance with (11), by the 
formula 

(36) 

The amplitude fA. ( k, t), or more exactly its 
Laplace transform fA ( k, w), satisfies Eq. ( 14). 
Averaging the quantity ifA. (k, w)l 2 gives rise to 
averages of the operators J which enter into one 
of the functions f or f+, and to averages of the 
operators J belonging to the functions f and f+. 
An account of the former averages leads to the 
appearance of the function G. In the time-depend
ent representation, this function is attenuated be
cause of the departure of the quanta from the ini-
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tial state. This process is offset by arrival from 
other states, resulting from the averaging of the 
operators J entering in different Green's function. 

In the Laplace representation, formula (36) 
takes the form 

+ 

(37) 

where w' = w + w and the function fA. ( k, w) is the 
Laplace transform of the function f* ( k, t). 

Denoting, in analogy with (17), 

<t~+(k,~)> = -iG~+(k, ~). (38) 
+ 

we obtain for the function GA. ( k, w), in analogy 
with (22), 

G,+ (k, 00) = c+ (roll., 00) ~kko~AA, 
(39) 

=- oo +roll.- (4't'2 (ro + ro0 + iW/2)]-1 • 

We introduce the function KA.A. ( k, w, w'; k0), 

defined by 0 

K~~,(k, ro, ro'; ko) = <fdk, ro)h+(k, ro'- ro)>, (40) 

where the angle brackets denote averaging over the 
coordinates of the molecules. Using again the dia
gram technique, we find that the function KA.A.o is 
the sum of all possible diagrams, in which it is 
necessary to take into account the connections both 
between the nodes taken on one line and between 
the nodes taken on different lines. We represent 
graphically the function KA.A.o in the form shown 
in Fig. 5. In addition, we introduce the function 

-----~« 

-----k 
FIG. 5 FIG. 6 

K0 shown in Fig. 6: 

K0 (roh, ro, ro') = G(roh., ro)G+(roh, ro'- w). (41) 

Using the diagram technique, we can set up for 
the function K the equation shown graphically in 
Fig. 7. Its analytic form is 

K~~, (k, w, w'; ko) = K 0 ( WR., w, w') bkko~~~, 

+ K0 (wh, ro, w') ~ U~h'(k, k')K~·~.(k', ro, w'; k0). (42) 
k'A' 

The kernel U AA' ( k, k') is expressed in terms of 
the sum of all possible diagrams which cannot be 
divided into parts joined by two solid lines only. 
In the approximation used by us to calculate the 

u 
FIG. 7 

self-energy part 1:, the kernel U is determined 
by the diagram of Fig. 8 (we note that the differ
ence of momenta in the upper and lower lines is 
conserved in the direction of the arrows) 

u~,·(k, k') (43) 
( w- roo+ iW /2) ( ro- roo- w'- iW /2) · 

We are interested in the function K averaged 
over the initial polarizations of the photon and 
summed over its final polarizations. Apart from 
this, we are not interested in the angular distribu
tions of the photons and we shall therefore average 
the function K over the directions of the vector k. 
Then (42) takes the form 

K(wh, w, w') = K0 (wh, w, w') _!_B(wh- roll.,) 
Ph 

2 
+g-1Qhi 2NK0 (wh, w, w') 

S droh•P~<• I QR.• l 2K ( WR.•, w, ro') 

X -(ro - roo + iW /2) ( w - roo - w' - iW /2) ' 

where Pk is the state density ink-space. 

~~~· ~ • l!il. 

I 
11'X ~ 1\il. 

FIG. 8 

(44) 

Let us first find the solution of (44) in the region 
WT » 1. In this case, according to (41) and (26), 

= (w-wR.+irl2)-1 (w-w'-wR.-irl2)-1• (45) 

We see from this expression that w differs from 
wk by an amount ~r. The quantity w' is of the 
same order. Recognizing that r « W, the factor 
in the denominator of the integral term in (44) can 
be represented in the form 

(w- roo+ iW I 2) (w- w'- roo- iW I 2) ~ !l.2 + W2 I 4. 

Multiplying (44) by I Qk l2pk and integrating over 
dwk, we readily obtain 

K(wh, w, w') = K0 (wh, w, w') ~b(w,- W~t,) 
P~< 

+ 2 NIQR.I 2 10~<.1 2 KO( ')Ko( ').w' + ir 9 (f12 + WZ/4) Wh, w, (J) Wk, w, (J) --,-. 

(J) (46) 
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Relation (46) determines K ( Wk, w, w') as a func
tion of the Laplace variables - iw and - iw'. The 
Laplace transforms are defined in the upper half 
planes of the complex variables w and w'. In the 
lower half plane it is necessary to use analytic 
continuation of the obtained expressions. 

We denote by n ( wk, t) dwk the average number 
of the photons in the interval dwk· The Laplace 
transform n ( Wk, w') of the function n ( wk, t) is 
obtained by multiplying (46) by Pk and integrating 
this expression with respect to dw/27T [see (37)]: 

n(w~t, w') = w' ~if 6(w~t- W~t,) 

+ if 
n (x2 + (r- iw')2] w' 

(47) 

where K = Wk - Wko· 
Changing over to the time domain 

oo+i0 d 1 

n ( W~t, t) dwlt = [ ~ n ( W~t, w') e-im'! ~ ]dw~t 
-oo+ib 2n 

= e-rt{j (Wit - W~t,) dw~t 

+ n (x2: f 2) [ 1- e-rt( cos xt +~-sin xt) J dw~t. (48) 

We see that the quantum relaxation time is given 
by the quantity 1/r. For large times, the distri
bution becomes stationary and is of the form 

n(wn)dwk = fdwk In[ (w~t- Wk,)2 + f 2]. (49) 

We see from this relation that the quantum energy 
relative to the initial energy wk0 is equal to r, 
that is, to the reciprocal of the mean free time, 
although the width of the resonance is equal to 
W -the lifetime of the isolated molecule. The dis
tribution (48) is normalized to unity. 

We now consider the region W T « 1. In this 
region, the natural physical objects are the quanta 
of the electromagnetic field in the medium. The 
field quanta in vacuum are superpositions of these 
quanta. Since there are two types of quanta in the 
medium, we determine the functions K~ 1 r2 and 

Krtr2: 

where [see also (34) ], in analogy with (39), 

Gr+(wk, z;) = - (~ + Wr + iWr I 2)-1, r = 1,2. (51) 

The function Kr1r 2, averaged over the directions 
of the vector k, is defined by the relation 

(52) 

It can be shown, on the bas is of ( 31), that the 
function Kr 1r 2, which represents the density 
matrix of the photons of the medium with respect 
to the indices r 1 and r 2, satisfies the equation 

8 0 + 9 N I Qlt 12 V~t(r,)vlt(r,)Kr,r, (Wit, w, w') 

X ~ dw~t'Pit' I Qlt' l 2r:2Q'2 vlt,(r,')vlt'(r,')Kr,~;-,' ( w' k, w, w') 

X, Kr,r, ( w' ~t, w, w'), (53) 

where rj = 3 - r 1 and r2 = 3 - r 2. The functions 
K and Kr1r 2, like the functions K0 and K~ r , 
satisfy the following relation, which is derfv~ble 
from (35): 

(54) 

It follows from the form of (53) that the type of 
the quantum of the medium (first or second type) 
does not change during the course of propagation. 
This result is natural from the physical point of 
view. The quantum energy scatter connected with 
the relaxation process has a width of the order of 
W, whereas the energy difference between the 
quanta of the first and second type is of the order 
of 1/T » W. 

A solution of (53) is obtained in analogy with 
( 46). The functions K11 and K22 are of interest 
in themselves, since they give the distribution of 
the medium quanta of the first and second type, if 
a single quantum of the first or the second type, 
respectively, existed during the initial instant of 
time. These functions, when integrated with re
spect to dw/27T, take the form 

iW 
+ 4nQ2.r;~ {xr2 + ( Wr- iw') 2]w'.; (55) 

(56) 

In the time domain 

X [ 1- e-W,t (cos Xrt + :r sin Xrt)] dwk. (57) 

For the number of photons in the frequency inter
val dwr and not in the interval dwk we obtain a 
distribution analogous to ( 48), with the substitutions 
r- Wr and K - Kr· 
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We see that the energy distribution widths are 
determined by the values of W r• that is, by the 
reciprocal relaxation times of the quanta. We 
note that the distribution (57) is normal, that is, 
the total number of quanta of either type is con
served in time: 

~ nrr(Wk, t)dwk = ~ nrr(Wr, t)dwr = L (57') 

At times that are large compared with the relaxa
tion time, the distribution is of the form 

nrr ( Wk, t) dwr = WrdWr / :rt [ ( Wrk - Wrko)2 + Wr2]. (58) 

Analogously, we obtain from (53) the functions 

n,z(wh, t) and n21(wk, t) = n 12"(wh, t). 

For example, for the function n12 we have for 
t » T and t « T, 

n12 ( Wk, t) = e-iQI-WI/2 6 ( Wk- Wk,) 

Wexp[-i(Q + x,V2Q)t- Wt/2] 
+ . :rt(x2+ W2) 

x{cos-xt- wsin-x t -expr- ~t (t-ill)] 
2 X 2 ~ 2\ Q 

X (cos;~ t-: sin x~~lt )}. (59) 

Unlike the functions n11 and 2, these quantities 
tend to 0 when t » 1/W. This tendency of the non
diagonal elements of the density matrix to 0 is a 
characteristic of relaxation processes (see, for 
example, [B] ). 

If at the initial instant of time there was a 
vacuum photon ckoAo I 0), then we have for the 

average number of photons at the instant time t, 
in accord with (54), (57), and (59), 

= + { ( 1 + ~-r e-W,t + ( 1 - -~ r e-W,t 

W dwh {[ 2 2(~ ) 2 
]-' + 4nQ2-r2 x + W Q + ~ 

X [ 1- e-w,t (cos x,t + :sin x1t) J 

x [ 1-e-w,t( cosx2t+ Wz sinxt)l 
Xz . 

+ 2e-w1;2 cos(Q + x,V2Q) t [ x W . x 
x2+ wz cos 2 t---;z-sm-2 t 

X (cos-x- ~ t- W sin--x-~t )]} 
2 Q X 2 Q ' 

where Q and ~ depend on Wko· The last term 
holds for the times t » T and t « T. 

(60) 

We arrive at the same result if we use (54) 
directly and take for the function K 0 its value at 
WT « 1 [see (27), (39), (41) I 

K o( ')- (w-wo+iW/2)(w-wo-w'-iW/2) 
Wh,W,W --

(w- w, + iWd2) (w- w2 + iW2f2) 

X [(w- w,- w'- iWd2) (w- w2 -w'- iWd2)]-1• 

(61) 
We see that in this case all the relaxation times 
are of the order of 1/W. 

When t » w- 1 the photon distribution takes the 
form 

+ [ (wk- Wh,)2 + W2( ~ + ~ r rl} 
W1 (Q+~)2dw1 

4:rtQ2 [(Wih- W!ho) 2 + W,2j 

Wz(Q- ~) 2 dwz 

+ 4:rtQ2 [ ( W2h- Wzh,) 2 + Wz2] · 

For the total number of quanta we have 

(62) 

n = ~ n(wh, t)dwh = ~( 1 + ~:+ )Q2F(t)); (63) 

F(t)=e-wt{cosh (~gt)cosQt 

tf.'[w w~ 
+ • ~ 2 cosh ( ZQ-'tY) cos Q'ty 

-~sinh ( ~g 'tY) sin (Q'ty) ]lo ( -~-- y )dy. (64) 

Formula (63) has been presented for the entire 
time interval, and the terms of order W T should 
be omitted. When t » T it simplifies appreciably. 
Accurate to terms of the order of e-WtocJ T/t) we 
have 

1 [ ~2 1 ( WJ~I l J n =-- 1 +-+--exp - Wt+---t cosQt 2 Q2 't2Q2 2Q I . 

(65) 

This result follows directly from (60). From rela
tions (63) and (65) it follows that the quantity n 
decreases from unity at t = 0 to a value 
( 1 + ~2/rl 2 )/2 when t » 1/W. 

The decrease in the number of photons with 
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time is connected with the following physical cir
cumstance. At the initial instant of time the photon 
is a superposition of quanta of the medium with 
amplitudes vk(t) and v~> [see (7) and (9)]: 

0 0 

2 

Ck,,_o I 0) = ~~ Vk,(r) d~, I 0), (66) 
r=1 

so that the number of quanta of the first type is 
I vk_1: 12 and that of the second type is 1 v~; 12• This 

number is conserved in the course of time [see 
(57')], but as a result of the relaxation processes 
the quanta become noncoherent and the superposi
tion (66) turns into a mixture. Bearing in mind 
that in a state with one quantum of the medium of 
the first (second) type a~+ I 0) the photon is 

represented with probability I {r) 12, we obtain for 

the number of photons n 

n = I vk (i) I" + I Vk (z) I" = -1- ( 1 + 112 ) 
0 0 2 \ Q2 

when t » w-1. 

On moving away from resonance lb. I » 1/ T, 

all the results obtained under the condition Wr 
» 1 and WT « 1 coincide. 

We note in conclusion that in this paper we as
sumed all the molecules to be strictly resonant, 
that is, we disregarded the scatter in the molecu-

lar levels. We assume that an allowance for this 
scatter, if it is large, leads to some effective re
placement of the natural width W by the width of 
this scatter. 

The authors are grateful to A. I. Alekseev for 
useful discussions of this work. 
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