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A phenomenological quantum-mechanical calculation of various types of nonlinear dynamic
phenomena is carried out for antiferromagnets with anisotropy of the ‘‘easy plane’’ type;
these phenomena are interesting because of their susceptibility to detailed investigation
by modern experimental methods. It is shown, in particular, that the threshold field for
occurrence of parallel-pumping instability is inversely proportional to the Dzyaloshinskii
field responsible for weak ferromagnetism. Also calculated are effects of a combination
type, connected with interaction of two branches of the spin-wave spectrum (low- and

high-frequency ).

1. INTRODUCTION

THERE is at present a growing interest in the
nonlinear dynamics of antiferromagnetic struc-
tures, which open up unique possibilities for de-
tailed study of the processes of interaction of anti-
ferromagnetic spin waves both with each other and
with other elementary excitations of the crystal.
Nonlinear dynamical phenomena are observed, as
a rule, at appreciable amplitudes of the alternat-
ing magnetic field used to excite oscillations of
the system. The frequencies of characteristic
oscillations of the magnetic sublattices of typical
antiferromagnets lie in the long-wave infrared (IR)
region of the spectrum (A ~ 100 to 2000 u), in
which there so far exist no sufficiently powerful
and convenient sources of radiation. Therefore
from the point of view of nonlinear-process inves-
tigation, the most interesting antiferromagnets at
present are those whose characteristic frequencies
of oscillation, for one reason or another, are low
enough to permit study of them by the well-devel -
oped methods of microwave spectroscopy, includ-
ing methods that use high power levels.

The simplest of the nonlinear effects —¢‘prema-
ture’’ saturation of antiferromagnetic resonance
(AFMR), produced by instability of spin waves de-
generate with the uniform precession—was discov-
ered and was calculated quasiclassically by
HeegerU] in KMnFj3, in which the AFMR frequency
is low because of the small magnitude of the aniso-
tropy field. A similar effect was observed by
Borovik-Romanov and Prozoroval?J in a single
crystal of MnCO;. The latter substance possesses
two resonance frequencies,

w = p[Ho(Ho+ Hp)]"/ 1,

w20 = w[H*ax + Hp (Ho+ Hp )]" /A
(all notation here and below agrees with that used
in [3J); the first is essentially determined by the
external field H, and therefore, at the usual field
strengths, lies in the microwave range, whereas
the second is close to the submillimeter range
(LHAE /278 ~ 4.13 cm~114J). This structure of
the AFMR spectrum of MnCO; and of antiferro-
magnets similar to it is due to the special form of
the anisotropy of these substances; in the absence
of a magnetic field, for sublattices aligned anti-
parallel, there is a whole plane of ‘‘easy’’ direc-
tions (it is supposed that the anisotropy within this
plane itself is negligibly small).

Besides the availability of the experimental
methods of microwave spectroscopy and the rela-
tive simplicity of the sublattice motions at the fre-
quency wig, antiferromagnets with anisotropy of
the ‘‘easy plane’’ type are of interest, from the
point of view of nonlinear-phenomena study, also
because of the presence in them of the high-fre-
quency branch of the oscillations. The fact is that
the two branches—the low-frequency and the high-
frequency —are coupled with each other by nonlin-
ear terms in the equations of motion of the sub-
lattices. This coupling, naturally, manifests itself
only at appreciable amplitudes of oscillation in one
of the branches (or in both at once). But the lower
branch (wjy) can be sufficiently strongly excited by
present methods; therefore microwave-submilli-
meter experiments of ‘‘combination’’ type can give
a significant volume of information about the mag-
nitude of the coupling between oscillations in the
different branches.
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NONLINEAR DYNAMICS OF ANTIFERROMAGNETS

In the present work, a quantum-mechanical cal-
culation is made of the various nonlinear effects
that are possible in antiferromagnets with aniso-
tropy of the ‘‘easy plane’’ type.

2. THE HAMILTONIAN

The Hamiltonian of the antiferromagnets under
consideration can be written in the form

s = (av {yMle — H(M, + My) 4 by (M2 + Myy?)

a 0M1 2
- 25 M M, 28 (MiaMay — M) + 3 ( = )
a OM,; \2 oMy; 61‘1211
+§( 61‘& } +(112 al'h 6xh J ! (1)

where the magnetic field H is composed of the
constant external field H; and the self-field Hg
of the spin waves; the latter is described by the
equations of magnetostatics,

divH, = —4ndiv (My + M), (la)*

rot H; = 0,

Anisotropy in the basal plane, as before, is not
taken into account.

For the most interesting case (H; in the basal
plane xy, for example along the x axis), we get
the ground state (T < TyN)

Mix® = Moe® = Mosin g, My© = — Moy ® = My cos ¥,

@)

Hysin 2 — Hp cos 24 — Ho cosp = 0. (2a)

If, as is usual, the exchange interaction is large,
then

Sin\pz'\p=(Ho+HD) /ZHE. (3)

On carrying out the usual procedure, with use
of the auxiliary-system of coordinates introduced
in [3], we transform the Hamiltonian (1) to the
form

W= o+ K+ 25, (4)

where the last two terms describe the interaction
of the spin waves, and where the first term is

1 1
Ho= {EAH( gt a + ’2‘A2k aaxc* azx + By asct a3x
X
1 +
+ Cx anct axx + 5 Dyy asxt ax
+ %DZK @t a3 x+-herm. conjugate };

An=A+22+ (X—Y), Au=A+ 22+ (X +Y)?
By =B+ X2+ (Z 4 iY)?,

*rot = curl.

%int =(
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Ck=C+ Y2+ (Z —iX)?
Doy =D + (Z + iX + iY)?,
A = uMo(y + 2B tg ¥y + by + ak?),

B = pM,(ycos®p + B sin 2y + bz + a12k?),

C = pMy(ysin2y — Bsin 29 + bs), D = pMoby,

D1k ED+ (Z—LX+ZY)2,

k k
Z = (2apMo) k‘ . X = (2nudMy) v;%ﬁ‘ﬂ,
ey sin

Y = (2xpMo) (5)*

For the interaction Hamiltonians, which describe

processes participated in by three and four spin
waves (magnons) respectively, we get

3 2
o= (2 ) (k) + i k) in (k) o, 2, s

123
+ [v (ks) — 38 (k) + i (k) ] @ik, @, aoxs 4 [ (k) — 15 (ki)
— in (ki) cos 2] i, @, auw, +Hv (ki) + iL(ky)

\ 2Mv

— in (ky) cos 2] ask, sk, azx.} A (ki + ks — ks) + h.c.,
(6)

where

u (k) = 4nMok, (ks sin g + ky cos ) / k2,
v(k) = 4nMok, (kx sin — ky cos ) /&2,
E(k) = Hocos ¢y + Moask? sin 2
+ 2nM, sin 2¢ - (k2 + k,2) [ k2,
N (k) = 4aM, koky/k2,  §(k) = 2nM,sin 2 - (k2 — ky2) /2

(%)
Hint =

+ o+ o+ + + o+
Z {[Bx, (aix, G2k, G2k, G2k, + 2k, Qix, A1k, Aik,)
1234

P
4MV

+ Dix, a&, ai-;z 0141-«3 ax, + Dax, a;;“ ll;-kg a;_ka azx.]

X A (k; 4 ky 4 ks — ki)

+ [Cx, (@, @i, G2k, Gz, + ok, @ik, aiks aix,)

+ (A, — nHeg — uHDtg w)a“f, au':'2 A1k, Ak,

+ (A, —pHe —pH tg V) @y, ao¥, ok, Qo

+ 2(nHgcos 29 + pH sin 2¢

+ r (ks — ks) ) aik, a3k, @ik, a2,

+ p (kg — ks) i, e, @ik, i, + g (ki — k)

Xa;';, aZT(zaZka axn JA (ki + ks — ks — k) } + h.c. (7)

where

r(k) = puMoaiok? cos 2¢ — bruMo (k.2 sin § — k2 cos? ) / k2,
p (k) = —pMoak? — bapMo (ks sinp 4 ky cos )2/ k2,
q(k) = —puMoak? — oMo (ks sin b — ky cos $)?/ k2.

*tg = tan.
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To diagonalize the Hamiltonian 3¢;,, we trans-
form from the operators agk, agk to the operators
+
Csk, Csk (S = 1 2):

Asi = 2 (Userne” et + Vsrc keurtm) (8)

Then, by using in the usual way the equations of
motion of the operators ag, agy 51 we get the
two branches of the oscillations:

e12? = A% + C? — B2 — D% - 2(0oZ? + BoX? + y0Y?)

+ 2{[ (AC — BD) 4+ (0oZ? — BoX? + yo¥?) ]2

+ 4a0B0X2Z2 + 4’Y0ﬁ0XZY2} '/’, (9)
where for conciseness of notation we have intro-
duced the abbreviations

aw=A4A+C—B—D, pp=A4A—C—B+D,
yo=A+B-+4C+D.

For 2m/v <« 1, it is possible to obtain in a more
convenient form the spectrum of the spin waves of
an antiferromagnet with anisotropy of the ‘‘easy
plane’’ type, with the field of the spin waves taken
into account:

4 k
& = Uy (Ho + Hp) -+ 0(akp) [ 1 4 2
4n

p? (H, + Hp)® Jey?
Y WH, (H, + Hp) + 67 @kf B } ' a)
end = (W2 HAp + W Hp (Ho + Hp) + 0.2 (ak)?)
4k,
. b
( 7 k2) (¥b)

For the transformation coefficients Ugp, Vgy
with the field of the spin waves taken into account,
cumbersome expressions are obtained. These dif-
fer from those calculated earlier,mj however,
only by factors of the order of [1 + 27Q(k)/v],
where |Q(k)| ~ 1. Therefore below, as a rule,
the values of Ugyp and Vgp used will be those cal-
culated without taking account of the field of the
spin waves:

Uy =Un = [(A + C+ &) [ 4esx] " = U,

Up= —Usn= [(4 —C + ex) [4esx]" = Us,
Vig=Vy = —[(4 4 C—ew) [bdex]2= Vi,

Vige= —Vop = [(A — C — g3x) /482k] = Vyy. (10)

3. THRESHOLD SATURATION OF LOW- AND
HIGH-FREQUENCY AFMR

Threshold saturation of low-frequency AFMR,
in the antiferromagnets considered, occurs because
of parametric excitation of short spin waves of the
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lower branch, which interact with a spin wave of
the same branch but with k = 0 (that is, with the
low-frequency uniform precession of the magnetic
moments of the sublattices). A quantum-mechan-
ical calculation of the amplitude of the alternating
field at which saturation begins consists, accord-
ing to White and Sparks (6], in a determination of
the number of quanta of the uniform precession
(for instability in the case of ‘‘parallel pumping,’’
the number of photons) at which only an infinite
number of parametrically excited spin waves can
maintain a stationary distribution of populations
of the spin levels of the system.

First of all it must be mentioned that in an
antiferromagnet with anisotropy of the ‘‘easy
plane’’ type, just as in KMnF3D], three-magnon
processes have no great significance in the con-
sideration of instabilities of the lower branch!):
because of the small influence of the field of the
spin waves on the spectrum of the system [cf. (9a),
(9b)], the requirement of the law of conservation
of energy in collisions of magnons gives threshold
fields dependent on processes of odd order within
a single branch that are extremely large and, as
a rule, practically unattainable.

The instability under investigation is caused by
a four-magnon process, in which two quanta of the
uniform precession are annihilated and a magnon
pair (two spin waves with oppositely directed non-
zero momenta ) is created. To calculate the cor-
respondlng threshold field, we express scmt in
terms of cgk and cgk and, keeping only the terms
that describe this process, get

+
HE = — Z Dooxk €10 10 Caxt Comx

X exp [— ’;;_(310+310~81k_81_k)t] “+h.c., (11)

2
Dooxk = %[ZUmZ U2+ 2Vi2 Vi + 8Us0 Vio Uik Vix

+ 3(Use? + Vie?) Usx Vix + 3Us0 Vig(Us® + Vii?)]

MY (2_ e + €10 )
16V 21810 )

The expression for ®ykk has been obtained to
within terms proportional either to k? or to sin® ¢;
the first may be disregarded, since in this process
only magnons with k = 0 participate, and the sec-
ond are small when ¢ < 1.

We furthermore construct, with the aid of (11),
an expression for the probabilities of transitions

DIf we disregard very small external fields, of order 27Hp/y;
these, however, are without experimental interest.
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that increase and decrease the number ny, of
quanta of the uniform precession by two; thus we
can find an equation for the time rates of change
of the occupation numbers ny; nik, and ny_g
(cf. [67);

[4 (nm -+ 1) (nlo -+ 2) NixNi1-x

. on 1
Ny = T Anyy I(I)ookk‘ nﬁZ

— 4nyy (ngo — 1) (nax + 1) (n—x + 1)1,

1 . -
nx = 5 nio — 2Mik (Nik — Nk,

M= — 712— Rao— 2M1k (Ma—k — Mi-k)- (12)
Here An;y= 2, since in every collision the number
of quanta of the uniform precession changes by
two; (nﬁzmk)'l is the density of the final state ex-
pressed in terms of the relaxation frequency njk
of a magnon (€jk, k) (as in (6], it is assumed that
Mk = M-k ); nik and ny-k are the equilibrium val-
ues of the occupation numbers of the corresponding
magnons (nyk = ny-k); furthermore, because of the
requirement of the law of conservation of energy
(€1k = €10), Pookk ~ K 7/16V.

From the condition of stationarity (fyx = fiy_|
= 0), and by taking into account that until the actual
moment of onset of instability 1 < njk, n;-k << nyy,
we get

(13)

nix = fugtu? [ (Rid — nio?),

where njc = Ank /2| ®gkk |- Thus instability oc-
curs when ngy = nyc.

To find the relation between the number of
quanta of the uniform precession and the amplitude
of the magnetic field, we notice that from the clas-
sical equations of motion for the uniform preces-

sion without dampingt'J it follows that (m = M; +M,)
G(t) = (14)

The value of the constant is determined by the
““‘initial’’ values of the components of m; for these,
it is convenient to take the stationary my and mg,
calculated with allowance for damping and for the
alternatmg magnetic field that sustains the oscilla-
tions.'If the alternating field is h = (0,0, hze"lwwt)
then the corresponding constant is

G®@ (O) = IIO (Ymhzomo / 27] 10) szy

(Hym2? + (Ho + Hp)m,2) V2 = const.

(14a)

where Ym 1s the magnetomechanical ratio, m,
M(o’ + sz, and 7y, is the relaxation frequency
of the uniform precession (connected by the rela-
tion 714y = ymAHy/2 with the AFMR line width
AHyy).
On the other hand, by regarding the combination
(14) as an operator and by using the formulas for
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transformatlon from the operators M to the op-
erators ag, ag (cf. [37) together with the equali-
ties (8), we get

G = AuMoV[(Ho + Hp) (Us + Vio)?

+ Hy sin? @ (Uso — Vio) 2] (crotcso + 1)
From this and from (10) it folloxivs that the charac-
teristic values of the operator G are

G = 2M0V810(n10 + 1/2) (Ho —I—- HD ) /HE (14b)

Comparison of (14a) with (14b) gives the relation
between h; and ny,; this, after substitution into
(13), leads to the desired expression for the criti-
cal amplitude of the alternating magnetic field:

hee = 2AH 10 (2ymAH i [ @10) 2, (15)

where

Mk = 'YmAHik /2,

This formula agrees with that derived by Heeger (1]
for KMnF; (in comparing them, it is necessary to
take account of the facts that in [!] AH denotes
not the complete line but its half-width, and that
the calculation was made for a circularly polar-
ized alternating field).

If the low-frequency AFMR is excited by a field
with y-polarization, then

o1k = eix [ A.

GW(0) = (Ho -+ Hp ) (ymmohyo [ 2010)2V2
and therefore
hye = hzc[HO/ (Ho + HD)]%‘

At a field amplitude above the threshold value,
there is established some new stationary state of
populations of the spin levels of the system. A cal-
culation of it, however, would be very complicated
and must take account of the converse influence of
the excited spin waves on the uniform precessionm.

Threshold saturation of high-frequency AFMR,
in contrast to low-frequency, can arise also from
a process in which only three magnons participate:
the law of conservation of energy does not prohibit
a quantum of the uniform precession, of frequency
wgg, from splitting into two spin waves of the lower
branch, with frequencies wiy = wj-x = wye/2 and
wave vectors K and — K, where

le = (8202 — 48102) Y / 20.a.

(16)

Processes of this nature, as has already been re-
marked [3’9], are a peculiar characteristic of anti-
ferromagnets with anisotropy of the ‘‘easy plane’’
type.

To calculate the threshold field due to this proc-
ess, we write that part of the Hamiltonian (6),
transformed by means of (8), which corresponds



878 v. I.

to annihilation or creation of a quantum of the high-
frequency uniform precession:

3 i
Ko = D) @xxo ik et cxexp [ﬁ_ (e1x + €1-x — Gzo)t]

+h.c.;
here ®kk, denotes the following expression:
Dyxo = (2u3/MoV) 2 {dnMy cos  (Ugy + Vi)
X (Usx Uno + Vik Vi)
X 2ikey/ k2 4 i{Ho(Uns Uso — Vis2 Vao) ++ (Moatsoh?
+ 4nMoky?/k?) sin 24 (Ui — Vix) (Usk Uzo 4 Vix Vao)
+ daMy sin 2¢ Uy Vig (Uag — V) IEEJO (ks:2/ks?)1}. (172)

(17)

When account is taken of the requirement of the
law of conservation of energy (€5 = 2€1), ex-
pressed by the presence in (17) of the time expo-
nent, the expressions for the occupation numbers
take the form

Nao = (4| Dono |2/ i) [(Mao + 1) Mylty—c — Mo (1 + 1)

X (1 + 11,
M = — Ngg — 2M1x (1x — ;lxx),
iy = — Nagg — 2Mgx (Ryox — Mys). (18)
Consequently, instability occurs when
N2 = Nae = B2 [ 4| Do |2 (19)

To find an explicit form for &y, we use formula
(10), since introduction of the values of the coeffi-
cients Ugk and Vgk calculated with allowance for
the field of the spin waves gives a correction of
only small relative size (of order 2muM,/€y;);
furthermore, we are interested in the field range
2mrHp /v < Hy, therefore we neglect the terms with
sin 2y in (17a); we get

Do = n2(y/ 2e20V) 2 (iHo + 3nMogaonany [ wWHex?). (17b)
If we furthermore use the equality
2Hg(my—mo)2+ [Ha+ Hyp (Ho+ Hp) [ 2Hg] 12

= const, (20)

which follows from the classical equations of mo-
tion for the uniform precession (1 = M;-M,), we
find

hxo? = 8N gNao [ €20V M, (21)

and then also the expression for the threshold am-
plitude (due to the three-magnon process),

1
Re (820 — E1x + €1-x) = 5 AH,,

X min {AHIK [H02 + 18n2M0221_A(“z_’°u)2J""}, (22)

E \ %2
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which, naturally, is applicable only for those Hy’s
for which the requirement €,, = 2€; can be satis-
fied.

Four-magnon instability of the high-frequency
AFMR can arise from processes to which corre-
spond terms in Jﬂlg)t that contain

++ 4+ .+
C20C20C2k Ca-k,  C20€20C1qC1-qs  C20C1k; Cik, Cik,

(and their conjugates). The coefficient of the third
combination of operators vanishes by Eq. (10); to
the first combination, as is easily shown, corre-
sponds a threshold field

hixe (820 + €20 = €ox + €2-x) = 2AHo (2ymAHax [ 020) ,
(23a)

and to the second a field

hxc (620 + €90 — Elq _I" El—q) == AH20 (2']’mAH1q/(1)20)1/‘, (23b)

where, of course,

Iql = M(HAEZ + HDZ— Hoz)‘/’/@ca.

Comparison of the amplitudes (22) and (23a, b)
shows that for typical values of AH,; and AHgy
and in the fields usually applied, the former is
much smaller than the latter.

4. MAGNON-PHOTON INSTABILITY

Magnon-photon instability is a threshold excita-
tion of a magnon pair with destruction of one or
more photons. According to White and Sparks [6],
it is an adequate description of parametric excita-
tion of spin waves by an alternating magnetic field
without aid of a uniform precession (for example,
in ferrites, ‘‘parallel pumping’’).

To calculate similar effects in antiferromagnets
with anisotropy of the ‘‘easy plane’’ type, we write
that part of the addition to the Hamiltonian (1), due
to the external alternating field h (hy, hy, hy),
which is quadratic in the operators agy and agy:

0 = pHpdY ; (a1’ a1k + agtas)

+ uhy % (@1t @ — @gi* aak); (24)

here, by virtue of (3), 6y = hx /2HE. Hence it is
clear that from the standpoint of the phenomena
under study, two polarizations of the alternating
magnetic field are of interest: parallel to the equi-
librium ferromagnetic vector m®, and parallel to
the equilibrium antiferromagnetic vector 140,

We consider the case h = (hoelet, 0, 0). Fol-
lowing (6), we express this field in terms of crea-
tion and annihilation operators of photons (Ay is
a normalization factor):

hy = 1Ay (2nhoy) 2 (cye—iovt — cyteiovt), (25)
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Then, using (8) and (10), we transform the first
term in (24) to the form

BH® = A, (2mhwv)' ) {Pu( icy et eik
k

X exp [% (S1k + Ei—k — ﬁmv)t] +—h.C.) + Pzg( in 62k+ C;-_‘k
f;

X eXp [;i (e2x + e2-x — hmv)t] +h,c.)

Py =uHp (Uu*Vn* A+ Uy Vo) [2Hg = pHp [4esx,

sz = MIID(Uiz*ij* + Uzg'sz‘) /ZHE ~ “‘HD/ 482k, (26)

here terms containing the operators cjcgkCgk,
CpCgkss-k and their conjugates have been omitted
as unimportant.

The expression obtained, which agrees with (17)
as regards its structure, enables us to draw the
conclusion that the energy of an alternating mag-
netic field parallel to the constant field can be in-
tensively absorbed by the specimen if its frequency
is equal to 2wik or 2wyk, and if its amplitude ex-
ceeds a certain threshold value, which is smaller,
the larger the Dzyaloshinskil interaction that de-
termines the weak ferromagnetic moment of an
antiferromagnet.

A procedure similar to that used in the deter-
mination of the three-magnon instability threshold
leads to the following values of the threshold am-
plitudes (the relation between the amplitude h; and
the number of photons n,, is given by the formula

h = 87hwyA% ny): Y
0 = 8mhwyAp ny):

hos®™ = min {AHx-2eq [ wHp }, @7)

where s is equal to 1 or to 2, according as
““parallel pumping’’ is carried out at a frequency
wy equal to 2wik or to 2wyk. A calculation on the
basis of the classical equations of motion gives the
same result.

The presence of the Dzyaloshinskil field in the
denominator of (27) leads us to expect a very small
value of the threshold field in antiferromagnets in
which Hp is large (for example, in CoCO;, with
Hp ~ 25 kOe [10’“3). Furthermore, the effect dif-
fers basically from threshold absorption of a par-
allel field in a ferromagnet[“]: the occurrence of
magnon-photon instability with excitation of uni-
form precession, in an antiferromagnet with aniso-
tropy of the ‘‘easy plane’’ type, is due to internal
(anisotropy ) interactions, and not to a special
shape of the specimen.

5. COMBINATION EFFECTS

Combination effects include phenomena caused
by an alternating magnetic field of frequency
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wyk * wik. Analysis of expression (24), trans-
formed with the aid of (8) and (10), shows that

the coefficients of the corresponding combinations
of operators in the perturbation Hamiltonian dif-
fer from zero only in the presence of a y compo-
nent of the alternating field. Considering, there-
fore, the case h = (0, hoelet, 0) by the method
just described, we get (unimportant terms have
again been omitted )

SHY = iAv(zﬂh(Ov) & 2 {Piz Cy C1x 02k+
k

i
X exp [7/‘{ (€2x — &1k — hwv)l]

+ Qucv et C;:_k exp [; (e1x + €0k — ﬁwv)t}} + h.c.;
PiZ - (U12’U11 + V12’ Vu - U22*U21 — VZZ*V:M)

~ plex + 82k) /2(81]\821{)%,
Q= (Ui"Vi2" + Up"Vi" — Us"Vas" — Us"Va*)

=~ p(ex — ex) / 2(e1xeor) 28)

The term with coefficient Qqy obviously describes
a parametric sum excitation: a photon of frequency
wy = (€4k + €5_k)/h decomposes into a pair, con-
sisting of magnons of the different branches. In
constructing an expression for the probability of
this process, we take into account that the final
state is none other than these two magnons; there-
fore for the density of the final states we take the
expression used by White and Sparks (6] and by us
(cf. above),

p(E) = n¢/ah(n? + (0f — 0i)?];
N = Nk + M-k, Of = O; = O1x + O2—k-

For the occupation numbers we get the following
equations:

4w, 0 1,2
n, = mﬁ—glzzk) [(n‘, + 1) NikNek — Ny (nlk + 1) (nax + 1)],
’:le = 'iv — 2Nk (N1 — ﬁlk),
Nk = — Ny — 2Max (Nax — Nak), (29)

from these, the requirement of stationarity (nsk
= flzk = () allows us to obtain the threshold ampli-
tude of the field of frequency wy = wik + wak:

hyo® = min {2A (niknek) "2/ | Qs2|}

~ min {2 (AHxAH )" (e2xe1x) "2/ (e2x — &ax)}.  (30)

Beginning with this value of the amplitude, the
amount of energy absorbed by the specimen in-
creases abruptly.

The influence on the antiferromagnet of an al-
ternating magnetic field hy of the difference fre-
quency is taken into account by the term in (28)
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with the combination of operators cycikcCsk, which
describes a process of simultaneous annihilation
of a photon and of a low-frequency magnon and
creation of a high-frequency magnon. The equa-
tions for the rate of change of the occupation
numbers, determined by this process and the

process inverse to it, have the form ?
. 2
n, = -Z—(n%]—zs— [ny (nox — nyk) + nak (R + 1)1
Pk = 7 — 2 (P — 1), Ao = — 1, — 21k (Pak— nax),
31)

where
frz2 = 24y (2nthwy) 2Py [ A.

From the condition of stationarity (nhyx = hy)
= 0), we find

fro®nw (k. — 7ok )

(1 + nux/M2x) (dnixmex + fr?nv)
froPrw (Ruax — 7ak)

(1 + max/M1x) (dnixmex + fr?nv)

Hence, in particular, it is clear that the values of
njk and nyk do not become infinite for any positive
value of n,. This indicates that an alternating
magnetic field of the difference frequency cannot
excite parametric resonance. The equalities (32),
however, show that the presence of difference
pumping causes a redistribution of the populations
of the spin waves (with those k’s for which wy

= wyk —wik) and is accompanied by absorption of
power:

nix = Nk —

nox = Mo + (32)

Q = (eax — Sik);bv

_ ho?P12? (g2 — €1x) (M4 — Tak)

Y Mix + M2k + Ae?Pi2? (Nuxct + nax ™) /4A7]

(33)

Absorption of power at a difference frequency
for an antiferromagnet with anisotropy of the
‘‘easy axis’’ type was treated by Kaganov and
Chupis (133, Comparison of results shows that
in antiferromagnets with anisotropy of the ‘‘easy
plane’’ type, the amount of nonlinear coupling be-
tween branches is much greater, and therefore

2The expression for n,, was obtained on the assumption

that the relaxational ‘‘washing out’’ of the branch is due more to

the influence of the field of the spin waves, that is

Hn1x/€1x > 27/y (in the contrary case, the calculation is carried

out by analogy with(]). The appearance of the sum 71y + 725
in the denominator of this expression can be established with
the aid of the general formula for the probability of a transition
with allowance for the ‘‘line width’’ not only of the final, but
also of the initial state.

OZHOGIN

experimental observation of the effect is more
probable. Further it should be mentioned that by
ngk in formula (33) may be understood not neces-
sarily the temperature-equilibrium value of the
occupation numbers, but a stationary distribution
established by an arbitrary method without partic-
ipation of difference pumping. In the antiferro-
magnets considered, because of the favorable
value of wj, (in the usual fields, in the micro-
wave range ), it is experimentally simple to create
an appreciable above-equilibrium population ny,
(for example, by a field hy cos wygt), and this
gives a possibility of controlling absorption of
power at frequency wjyy—wjy (usually in the
submillimeter range).

6. CONCLUSION

In conclusion, for best review of the results, we
present a table in which are collected all the effects
considered above. In the process diagrams only the
direct process is represented; the straight arrows
with numbers 1 or 2 denote quanta of the appropri-
ate uniform precession, the different wavy arrows
denote spin waves of the different branches with

P Polariza-| g
disgram| tion of | ey Y Threshold amplitude
field h
Four-magnon instability of low-frequency AFMR
2‘1’ AH K 2
z [O31) ZAHm (_m—l_)
I ©30
2Y,,AH , \' H y
Yy 10 2AHy, ( m 1 ) 0 !
10 Hy -+ 11[)
Three-magnon instability of high-frequency AFMR
AH%AH“/ZHO,
I1 z 20 o 1/,
A:‘I’.Mo(HA/HE) 2<H°\—<~HAE/2
Four-magnon instability of high-frequency AFMR
ZTmAsz /2
IlTa | = a0 2AHgy (T)
2’]’mAH1 2
b | o o AHy (—WJ—
Low-frequency parallel pumping
20, AH
v x 20, min {_lk_lz
TmH p
High-frequency parallel pumping
20, AH,
. 2k 2k
v z 205, min {——H—}
Tm D
Parametric sum resonance
2((1) ® )'/2
. 1k ™2k 1
VI |y O + Ogy min {~——w o (A AHy) /=}
1k
Parametric difference resonance
vi | y | Ogy, — Oy | -
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Process Diagrams

Jr

.,
2 —
S
I

I

o

—_— —
S
N Y
k = 0, the straight arrow with the sign v denotes
a photon; AHgy, AHgk are the complete ‘‘line
widths’’. The formulas obtained may prove useful
in the use of nonlinear effects to determine relaxa-

tion constants of the magnetic materials considered.
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