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A relativistic two-dimensional (one spatial and one temporal coordinate) model of a self-
interacting fermion field with nonzero rest mass is investigated. The eigenfunctions of the
energy operator and the scattering operator are determined in the unphysical space of the
pseudoparticles. The s-matrix of elastic scattering of the physical particles is constructed
with the aid of an improper canonical transformation.

1. INTRODUCTION

A few years ago, to study the contradictions
which arise in relativistic quantum field theory,
Thirring[ﬂ proposed and investigated a two-
dimensional model (one spatial, one temporal co-
ordinate ) of a self-interacting fermion field of
zero rest mass. In the present paper we are con-
sidering a more general model, differing from
Thirring’s model in that the fermion field has
nonzero rest mass. To investigate our model,
we make use of the method essentially proposed
by Thirring. This method consists of first intro-
ducing the unphysical space of pseudoparticles,
connected with the space of the true particles by
a canonical transformation. In this space we find
the eigenfunctions of the energy operator, and the
scattering operator. Then, carrying out a canon-
ical transformation, we obtain the operator for
elastic scattering of physical particles. This
method seems to us also advantageous in the in-
vestigation of more meaningful models of field
theory. Each of the two stages into which the prob-
lem is broken up, although nontrivial, nevertheless
turns out to be much simpler than the initial prob-
lem as a whole.

Let us explain the idea of the paper in greater
detail. We consider a Hamiltonian Hy = Hy + V:
Hy= — iS dx{[ Vit (z) __._a"’(;i”) — Wt (2) awz(x)_]

ox
+ ol ()9 (2) — vt (2) ()]}

V=—2¢{ dzdy vt (@)t (W) ule — e (@) be(). (1)

The operators z/za(x) and Yg(y) satisfy the Fermi
commutation relations

Vot (z), Vet (¥) }+ = {Pa(2), Vs(¥)}+ =0,
{Vat (), Yp(y) }+ = Bapd(z — y).

The function u(x) is a form factor. The Hamilto-
nian H, which describes the model in question is
obtained from (1) by going to the limit as U(x)

— 6(x).

The operators P (x) and P4(x) are expressed
in terms of the operators of creation and annihila-
tion a’(p), b*(p), a(p), and b(p) of the physical
particles and antiparticles in accordance with the
usual formulas

Va(2) = $(5) = 2~ { dp e [va(+, p)a(p)
+ va(—, p)b*(—, p)],

Pt (2) = W+ (E) = 20~k { dp e=19=[a* (p) 7 (+, P)
+b(—p)7a(—, p)] (2)

(Vg is the complex conjugate of vy ), in which the
continuous spatial variable x and the discrete vari-
able a = 1,2 are denoted for brevity by a single
letter &, and vg(+,p) and vg(—,p) are positive
and negative frequency solutions of the Dirac equa-
tion, i.e., they satisfy the equations

pvi(e, p) — imva(e, p) = w(e, p)vi(e, p),
imv, (e, p) — pva(e,p) = (e, p)va(e, p);

(e, p) = €Yp* + m? = ew (p) (3)
(e —the ‘‘energy-sign’’ variable, which assumes
two values +1).

The operators a*(p), a(p), b(p), and b*(p)
satisfy the same commutation relations as ¥*(¢)
and ¥(¢), and therefore (2) is a canonical trans-
formation. This transformation, however, is im-
proper. The latter means that there exists no uni-
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tary operator U which transforms a*, a, b*, b
into %, ¥. The Hilbert space in which the opera-
tors ¥* (&) and (&) are creation and annihilation
operators will be denoted by 3Cy and will be called
the pseudoparticle space. The space of the physi-
cal particles will be denoted by ¥y b- In this
space, the operators a*(p), b*(p), a(p), and
b(p) serve as creation and annihilation operators.
The space 3y is characterized by the presence of
a vector |0) (of the pseudovacuum ), satisfying
the equation

¥ (§)10) = 0.

In the space (4 b there exists a vacuum vector
| 0) satisfying the conditions

a(p) 10> =b(p

4)

)|0> = 0. (5)

It is important to emphasize that in ¥y there ex-
ists no vector satisfying the conditions (5), and in
¥a,b there exists no vector satisfying Eq. (4).
This is connected with the fact that the canonical
transformation (2) is improper.“

The operators H and Hy, which are considered
in ZCZ/), are self-adjoint, and there exists for them
a scattering operator S¢, defined in the usual
fashion. We shall calculate this operator expli-
citly, and express it as a normal form in y* and
¥, after which we shall make use of formulas (2)
to express it as a normal form in a*, b*, a, and
b. At this stage there arise infinite terms due to
the improper character of the transformation (2).
Discarding these, we obtain the true elastic-scat-
tering operator.

We now proceed to execute the outlined plan.

Dye present a general definition. The canonical transforma-
tion
P(3) = [ E|D (1) + BE[D) e+ (1)),
Y*(§) = [di[B EIT)<P (1) +4ElDe* ()]
is called proper, if it has a generating operator U such that
b= UgU™, = UgtU-1.

In the opposite case it is called improper. It is known[2*] that
in order for the transformation to be proper, it is necessary and
sufficient that the following integral converge:

J1B(E|7) |2dEdT << oo.
In our case
§=(0,z), 1= (gp),
B(a,z|+,p) =0,
§ 1B(&|v) |2dsar

o(+.p) = a(p), @(—,p) = b(—p);
B(a,z|—,p) = (2m) " 'eiP*ve(—, p);

2nS o (— p)lzdzdp—i—

S [ve(—, p) |2dzdp = oo,
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2. CONSTRUCTION OF EIGENFUNCTIONS OF
THE HAMILTONIAN H IN PSEUDOPARTICLE
SPACE

In the pseudoparticle space ¥y introduced
above, the operators Hy and H commute with the
operator of the total number of pseudoparticles N:

= S dz [Pt (2) Ya (z) + Pt (2) P2 (2)].

It is therefore natural to seek the eigenvectors of
these operators in the form
dEn Fen (&, ...

1
|FEN)=ﬁfd§1,--- » En)

xw+(§1)?"'7"p+(§N)l0)v (6)

where the functions FrN(&y, ..., EN) are antisym-
metrical. In (6), as everywhere below, the integra-
tion with respect to d¢ implies summation over
the discrete variables, |0) is the vacuum vector
in 3¢y [i.e., the vector satisfying (4)].

In order that the vector | FgN) be an eigen-
vector for the operator Hy, it is necessary that
the functions FEN(&y, ..., EN) satisfy the system
of equations

2
—-zE{a, " [ai,gka—%+52,ﬁkm]
B

=1

2

— 8,0, [625"6 -+ 61,8,m ]}

ﬁh=1
X Fen (81 ... 5 Ea—t; Br, Tn; Enar; 7.0 En)
4+ 2g 2 u(xn — z;)
1<h<<j<N
X Fen (&4, ..., EN)[ﬁa,ockéz,aj + 52,ak61,aj]
= EFen (&, ..., EN). (7)

Here oy and Bk =1,2 and 6y g is the Kronecker
symbol.

In the case of interest to us u(x) — 6(x), the
functions FEN(&4, ..., EN) tend to the eigenfunc-
tions ®EN(£4,...,£EN) of the Hamiltonian H. The
functions ®EN satisfy when x; = x, . . . = xN the
free equations obtained from (7) with g = 0, and
satisfy when xy = x; the boundary conditions

Dry (s - .7 3 Bimts 2, 255 Ejas .

En) |aymn 10 = €78Dpn (&4 ...

3 Er—ts 1, Tr; Brgas ...
3 Bty 1, 2n5 Enta;

o3 Bimts 2, 24 Bty v EN) |ap=x,-0 (7a)

(see the Appendix).
We note that the free Hamiltonian has a com-
plete system of eigenfunctions in the form
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DOun®(Ets ooy EN [T ooy T) = D) u(Eiy 1), u Gy |Tw).
N

E= Z er Ypr? + m2,

k=1

(8)

where the sum is taken over the permutations of
&4, ..., &N, the sign depends on the parity of the
permutation,

(9)

and vg(€,p) is a solution of Egs. (3) given by the
formula

u(t|t) = u(a,z|e, p) = (2xn)~"eiP*yqy (e, p)

_ . [o()+ep ]”z
v1(87 p) - e [ 2(D(p) L
_[o@)—ep ]”
wnte, n) = [ 10)
We denote by 6(x; >x, >...>xN) a function

equal to
1 for ;i=za>=...= 2N
6(x1>x2>>xN)={
0 otherwise
We now consider a function ¢ gpN in the form
Dpy = Pen (&, - -

= Nk 0(zn,>20,>...>2m,) N +K(1,...,7,)

LEN| T e, TN)

X u (B Ti) - - w(Er o lTi ) (11)

The outer sum is taken over permutations of xj,
and the inner over permutations of Tj. In both
cases the sign depends on the parity of the permu-
tation. It is obvious that the functions (11) satisfy
equation (7) with g = 0 when xp = Xj, no matter
what the function K(7y, ..., 7TN) may be. In this
case

N
E= Z €r Vpkz + m2,

k=1
We now put
Kty ...,owy= [ K(ulw), 12)
I<R<j<N
K(t1|12) = e®2v (11) va(12) + e~8Pvy(ty)va ().  (13)

It turns out that with such a choice of the function
K(7y,...,7TN), the boundary conditions (7a) are
satisfied. The corresponding calculations are
somewhat cumbersome and will be omitted. Thus,
formulas (9)—(13) determine the eigenfunctions of
the total Hamiltonian.

We note that the function K(74|7,) does not de-
pend on N. Below we shall frequently encounter
sums over permutations, similar to (8) and (11).
In order not to overcomplicate the indices, we
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if the sign depends on the parity of the permutation.

Formulas (9) and (13) determine the solution of
the free equation with boundary conditions (7a) for
arbitrary complex py,...,pN. However, the eigen-
functions of the Hamiltonian determine only that
solution for which the eigenfunctions are bounded,
and the corresponding energies are real. It is ob-
vious that these conditions are satisfied by all real
values of the variables py,...,pN. On going over
to complex values of pg, it is necessary to stipu-
late that the coefficients of the growing exponents
vanish and that the energy E remain real. The
functions obtained as a result of such a continua-
tion into the complex domain describe states with
complexes of bound pseudoparticles.

Let us consider by way of an example the third
sector. The wave function of three independent
pseudoparticles is according to (9)—(12)

D3 (Es; &, Es| T, T2, T3) = D) = 0(21 > 22 > 73)

X DV = K (t1] 1) K (11| 13) K (12| T3) Vs, (T1) Var, (T2) Vs (T3)

X eiD1xr+paxzt-psics) (14)
We go over into the complex domain, putting
p1=41(2), Imgq(2) >0; p»=(2),
Img(2) = —Img:(2); ps=qi(1), Imag(1) =0.

In the region x; > Xy > x3 the infinite terms in
(14) are obtained from the terms that contain the
following exponentials:

e(Pxrt et psxs) e (Pt psxrtpixs), e (PaxitPrxotPixs)

From (12) and (14) it follows that each of the co-
efficients in front of the growing exponents will
contain K(T,|7{) as a factor. By using the ex-
plicit form of this function [see (13)], we find that
if we assume p; to be an arbitrary real number,

1 ! g _
D= —2P(2) LEE(Z)ctg—é-—- 9:1(2),

pr = %p(2)+ i%E(Z)ctgg = ¢2(2),
ro=—-[re+ st ] sy

then K(7,|7y) vanishes, and we obtain the wave
function of two bound and one unbound pseudopar-
ticle?’, where P(2) is the momentum of a com-

*ctg = cot.

2)Owing to the antisymmetry the function ®g3(&, &, &%, 5, %)
is bounded not only in the region x, > x, > x,, but in all other re-
gions of the form x; > x; > xy, that is, in all of space.

shall agree to write such sums in the form
Zg/fl(«fi...ﬁanl...Tn),and Z‘g;if(gl--.gn}Tl...Tn)
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plex of two pseudoparticles and is an arbitrary
real number, while E(2) is its energy.

To conclude this section, we note that the ob-
tained eigenfunctions are very strongly remini-
scent of the eigenfunctions of the simpler Hamil-
tonian

2
H=_(%+...+b%)+gi§;a(zi—xj).
This Hamiltonian describes a system of n non-
relativistic one-dimensional particles with zero
spin and with point-like interaction. Its eigen-
functions were investigated in detail earlier. (4]

3. EIGENFUNCTIONS OF SCATTERING THEORY

The eigenfunctions of the Hamiltonian H ob-
tained in the preceding section, are closely con-
nected with the eigenfunctions ®E* of scattering
theory. In the case of scattering of N unbound
pseudoparticles [ 7= (€,p)]

q)EN+(§1’ “moy gNlTh
= 0(enpy > en—1PN-1>> ... > 1Py

T
Opy (Etye .- En| T2y .0, TN)
K(Tiv"tyTN)

...,TN)

X (16)

(the sum is taken over all the permutations of
Tir...,TN) PEN differs from gy in that
6(eNPN > . . . > €1py) is replaced by 6(€p; > €;p,
> ... 2> ENpN).

The scattering functions of n bound complexes
of »y,..., vy pseudoparticles are residues at the
poles arising in the analytic continuation of the
functions (16) in the momenta. For example, the
following functions describe the scattering of one
pseudoparticle by a complex of two others, having
positive energy

Dest (&1, &2, & ]P(2) ,T)

D3 (&1, B2, &3] €1, 91(2) 5 €2, 92(2) ; 7)
K(t|e1,91(2)) K (t]e2,92(2))

(DEa(Ei, &, §sl €1, q1 (2) 5 €2, C_Iz(2) ; T)
K (e1,91(2) |7) K (e2,92(2) |7) ’

where P(2) is an arbitrary real number and q{(2)
and q,(2) are complex numbers, determined by
formula (15) (we assume that g < 0).

A check on (16) is in the general case cumber-
some. We therefore confine ourselves to an out-
line of the proof for elastic scattering at N = 3.

We denote the eigenfugctions of scattering by @EN
and show that &% = &% . We recall that the
functions $EN are determined by means of a
transition to the limit

= 0(P(2)> ep)

+6(ep > P(2))
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Opyt = lim {%ic[E — H = ic] 1} Dry?’,
o—>+0

where H is the total Hamiltonian, and ¢ gno is the
eigenfunction of the free Hamiltonian. In our case
®g30 is given by the formula [see (8) and (9)]

0
(DE'3(€11 §27 §3]Ti,7 TZ,: TS,)

= Z + Ve, (Til) Ve, (TZ’) Vas (73,) ei(pl’xx+pz’xz+p;’x;),
13

E =o() + o) + o) =EGx/, v, w).

Expanding & gr30(&q, &9, £31 71, 75, T§) in terms of
functions ®pg3+(£y, &), &3 | T4, T, T3), We obtain® for
€3P3 > €302 > €1Dy

&)E'3+(§11 &, &1, 12, 1) = S d,dadts@est (&1, Eo, Ea| T4, T2, T3)

iO'A (Ti, T2, T3 l Ti’: TZ’: ‘[3/)

X li )
ovto B(v, 7, 7) — B (11,72, %) + 0
where
A, w1, 1) = | dEdEadt Dot (8, B, B, )

K (T, Tiy T5,)
Opsd Bl W ) = Q)
X e (81, &, Bl v/, v, w) = X & K(7, T2, 13)

X 2! = Z Hﬁa,('fjt)vat("fmt)
e t=1
% 8(py" 4 Po' + ps’ — 1 — P2 — p3)
[pm,’ _p]l + io][pmal_'pjs - lO] :

The outer sum extends over the permutation of the
indices jk and mg. -

In order to verify that the functions ¢g3+ and
® g3+ coincide, we must check the equality

A (T4, T2, T3] T, T2, TS)
[E (4,72, 7s") — E (71, T2, T3) + i0]

lim io
o->+0

= Z =+ 6(1’1 - 11/)6(1’2 —Tz')ﬁ(‘[:; - Ts').

The required relation follows directly from the fact
that the functions vy (7) are orthonormal

2
Z 27“(81 p) vm(s', p) = Oee-

a=1

and from the following general relation

3SA complete autonormal system is made up of the functions
Dpst (8, &, BslT1, 12, T3),  DPrst (&, E2, &3l p1 + P2, ),
D st (1, &2, Es|p1 + P2 4 p3),

but the contribution to the expression for P 3, will be given
only by the retained terms of the expansion.
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lim i08 (k1 =+ k2 + k3 — p1 — pa — ps)
oto  [f (k1) 4 F(R2) + F(ks) — f(p1) — F(p2) — (ps) + io]
1
[kil — P + lO] [kiz — Pjs— LO]
= (2n)20(f(ps) > F (3.)) 0 (Ff (Pi.) > f (p3))
X 8(ki, — pi,) 8 (ki, — pi.) 6 (ki — pja) -

Here f'(p) = df(p)/dp.

We present a proof of (17) for iy =j; =1, iy = j,
=2, and i3 = j3 = 3. We first make use of the fact
that

X

(17)

io/{2m‘ [k1 + kz —|— k3 — D1 — P2 — P3— ZO] [ki — D1 + ZO] {kZ -

1
S(ki+ ket ks—p1—p2—ps)=—

2ni
><( 1
ki 4+ko+ ks—pi—p2—ps—i0

1
k1+k2+k3—p1—p2—P3+iO)"

Using this equation, we represent the right side of
(17) in the form of two terms. We transform the
first term, using the partial fraction expansion:

pa— 0] [f(k1) + f(k2) + f(ks) — fi(p1) — F(p2) — F(ps) + io]}

= (io/ {2ni[ (k1 — p1)2 Ry + (k2 — p2)2 Ry + (ks — p3)2 Rs + ic]})

f(p2)— f (ps)

1
X —
( ky—py—i0  f(ka)—F(P2)—F (Ps) (k2—P2)+ (k1—p1)2Rs+ (ks—p3):Rs+ic )

(1) — ' (ps)

1
x (ki—PH‘iO f(k1)+f(k2)—f(P1)—f(P2) —1"(ps) (k1+k2—p1—p2)+ (ka-——Ps)zRa'i-iO')

¥ (ps)

1
><( k1+k2+k3—P1—pz—Pa—iO—f(k1)+f(k2) +£(ks)—f(p1)—1(p2) —f (Ps) +’;‘5>

Rj denotes here the expression
Ry = [f(k:) — f(ps) — ' (p:) (ki — pi)1 / (ki — pi)2. (18)

We note that the first factor in the limit as ¢ — 0
differs from 0 only when

(ki — p)2Ry + (k2 — p2)2R2 + (ks — ps)2Rs = 0.

Let us find the limit of the second factor as o — 0.
We note that

f(k2) = f(p2) + F'(p2) (k2 — p2) + (k2 — p2)?R..

Taking this identity into account, we transform
the denominator of the second term:
f(k2) — f(p2) — [ (p3) (k2 — p2) + (k1 — p1)*R4

+ (ks — ps)2Rs + ioc = (k2 — p2) (f'(p2) — 7' (ps))

+ (k1 — p1)?Ry + (k2 — p2)?R2 + (ks — ps)*Rs + io.
From this, taking (19) into account, we obtain the
limit of the second factor as o — 0. This limit is
equal to

2mid (k2 — p2) 0(f (p2) > f'(ps)).

Taking (19) and (20) into account, we obtain in
analogous fashion the limit of the third factor.
This limit is equal to

—27i8 (ks — p1) 0(F (ps) > f (p1))-

Taking (19)—(21) into account, we find the limit of
the last factor:

(19)

(20)

21

27id (ks — p3) 0 (f (ps) > 0). (22)

Thus, the limit of the first term as ¢ — 0 is equal
to
(27)20(f' (ps) >0)0(f (p2) > (ps)

> (p1)) 8 (ks — ps) 8 (k2 — p2) 8(ks — ps).
In analogous fashion we find that the limit of the
second term as o — 0 is equal to

(23)

(2r)28(0>1"(ps) ) B (f' (p2) > (ps) > (p1)) 6 (ks — 1)

X8 (k2 — p2) &(ks — ps).- (24)

Adding (23) and (24), we obtain the right side of

9.

4. SCATTERING AMPLITUDE FOR PSEUDOPAR-
TICLES AND THEIR COMPLEXES

We proceed to construct the scattering ampli-
tude

S dts...dEnDPent By, ..., En| T, ..., T)
X Pen—i(Es,..

.,TNIS]Til,...

SEvlT, . )

= (Ti‘, .. .y TM,) . (25)
We consider the scattering of unbound pseudo-
particles, that is, the so called elastic channel. In

this case it follows from (16) that

(Ti,...,‘erSlTi',.. .,TM')= GNMSN-(Ti,.. .,TZN)
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X D £d8m—1)....8(ty — ), (26a)
Sn(Tgy...yTN) = Z 0(eip1 > ... > enpn)
XK(TN,...,Ti)/K(Ti,...,TN). (26b)

Using the explicit expression (12) for
K(T4,...TN) and taking into account (13) and (10),
we obtain a final expression for the S-matrix of
elastic scattering of N independent pseudopar-
ticles by one another

SN(’U,...,TN)= H Sz(Tm,Tn), (260)
Ism<n<N
where*
K
S2(ty, 12) = 0(&1p1 > e2p2) I_(%j}:—;;
K
+ 0 (e2p2 > €4, 1) KE:‘:E;
_ ., 8  P1—p2
= 0(&ypy > Szpz) 1— Ltg—2 J(Tt;—)—}——m(’i_z)]
., & pi—p2 N
X [1 +itg 9 m)‘] + 0(e2, p2 > e1p1)
., 8 D1 — D2
X > e
[1 titg, m(n)—}-w(T?)]
& pi—pa 7
X [1_Ltg2m(ri)+m(rz)} (264)

is the matrix element for the scattering of two
pseudoparticles: w(7) = w(e€,p) = e(p?+m?)2,

With the aid of (26) it is easy to prove the uni-
tarity relation

RGN 4 P E A

X (v, ..

.o TN”)

N S|, oy ) dT L diy =1,

which denotes the absence of transitions between
states with and without bound complexes during
scattering. This circumstance enables us to con-
sider the elastic channel separately from the re-
maining channels, a fact of which we shall make
use later.

In inelastic channels, which include bound com -
plexes, the scattering amplitude can be obtained
by substituting in (25) the corresponding scattering
functions. It turns out here that the number of
complexes of a given type is conserved during
scattering, and the corresponding matrix elements
of the scattering operator can be obtained as resi-
dues in an appropriate analytic continuation of the
matrix elements (26). For example, in the third
sector scattering of two bound pseudoparticles and

*tg = tan.

and V. N. SUSHKO

one unbound one is described by the following am-
plitude (g < 0):

S3(P(2),71) = S3(e1,91(2); e2,42(2); )
K(t|e1, q1(2))K(t]e2,92(2))
K (e1,91(2) |7) K (&2, g2(2) | T)

K (e1,91(2) [7) K (&2, G2(2) | 7)
K(t|e1, q1(2)) K (t|es,q2(2))

= 0(P(2)>> ep)

+6(ep > P(2))

5. SCATTERING MATRIX OF PHYSICAL PAR-
TICLES

In the preceding section we found in the unphys-
ical space ¥y all the matrix elements of the scat-
tering operator Szp- We now carry out a transition
to the space of the physical states 3Cy 1, construct-
ing with the aid of the improper canonical trans-
formation (2) the elastic scattering operator for
true particles. This transition will be realized in
two stages: we first express the elastic part of Sy
in terms of the creation and annihilation operators
of pseudoparticles ¢ (1) and ¢ (7):

1 2
_ — —ipxy;
¢(t) Vz—nS dz D\ e=i7%55,(7) a (2).

a==1

We then carry out transformation (2) on the ob-
tained operator; this transformation is written in
terms of the operators ¢*(7) and ¢(7) in the
form

o(+,p) =a(p), o(—,p) = b+(—p);
o*(+,p) = a*(p), ¢*(—.p) =b(—p).

In order to express S¢ in terms of the creation
and annihilation operators, we write down the op-
erators with the aid of functionals. Let A be an
arbitrary operator in normal form

A = Z SKmn(Tiy ---7Tm|017 R ] 0")(p+(11)

(2a)

. @t (Tm) @(01)...9(0on)dr do,

where ¢ and ¢ are the creation and annihilation
operators satisfying the Fermi commutation rela-
tions. We set in correspondence with this operator
the functional

B(a' a) =, SKmn(n,...,'rmlm,...,crn)a"(n)

...a"(tm)a(o1)...a(on)dudo, 27

where a* and « are functions with anticommuting
values:

{a* (1), @* (0) }+ = {a* (1), a(0) }+ = {a(v),al0)}+ = 0.

It is obvious that knowing the functional B(a*, o)
we can reconstitute the operator A.
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Further, let (74,...,™m | Amnl| oy, ...,0n) be
the matrix elements of the same operator A in the
Fock representation: if

o) (¥

(@2 (on)2nd (3° o)
are Fock columns corresponding to the vectors ¢
and ¥ = A® respectively, then

W (Ti, .oy Tm)

=3 § (ool Amnl0r, . 0) @a(ou,.., 0n) do

We set in correspondence with the matrix || Ay |l
the functional

B a)= 3 —

TS (t1y.. oy Tm|dmn]|01,...,00)
In!

Ym

X a*(11)...a" () a(0y)...a(on)drdo.

(28)

It turns out that a simple connection exists between
the functionals B(a*, @) and B(a*, o) b8,

B(a*,a) = B(a", a) exp (—fa" () a(r)dr). (29)

Formula (29) enables us, if we know the matrix
elements of the operator A to find its normal form
and, conversely, knowing the normal form it en-
ables us to find the matrix elements. We apply for-
mula (29) to our case. Formulas (26a)—(26d) de-
termine the matrix elements of the elastic scatter-
ing operator. Starting from these formulas, we ob-
tain the matrix elements of the logarithm of this
operator:

) TM/)

(Ti,...,TNllIlSNMl'tj,,...

= Onm Zln Sa (i, T3)8(t1 —11) ... O (T — w').
i<<j
Going over to functionals, we find, using the anti-
commutativity of a*(7) and «(7), the functional
B corresponding to the matrix of the logarithm of

SZ/):
B= 128 In Sz (T4, 12) " (11) @” (72) a (71) a (72) dridrs
X exp {S a’(r)a(‘r)dt}

Using formula (29), we find that the functional
B corresponding to the normal form of the loga-
rithm S¢ is equal to

1
B = 7275 In S5 (71, T2) a* (11) @™ (72) @ (1) @ (12) dT1d7.
Consequently

Sy = exp [—g S In Sy (T4, T2) @t (11) @t (T2) @ (1) P (72) d14 d'cz} .
(30)
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Substituting (2a) in (30), we now carry out a
canonical transformation. The argument of the ex-
ponential, obtained as a result of such a substitu-
tion, we reduce to a form that is normal with re-
spect to the operators a’,b*, a, and b. This gives
rise to several infinite terms of the type
const+6(0). Discarding these terms, we obtain the
operator for the scattering of physical particles.

In order to write it in compact form, let us consider
in place of the operators a(p) and b(p) the oper-
ators c(7) where, as usual, 7= (€,p),

c(+, p) =a(p), c(—, p) =0b(p).
The scattering operator is written in terms of c¢(7)
in the form

1
S = exp [25 e+ (1) € (12) £ (11, o) ¢ (11) € (T2) dy d‘tz];

Z (&1, p1; €2, p2) = e1821n {[ 1—itg g ( a%}f;z(lpz) ) | rl

& |pi—p >T}
x[1+ 0 (S row ’
where the variable €; = +,— now has the meaning
of the sign of the charge, which distinguishes the
particle from the antiparticle.

Let us show that the operator given by formula
(31) is the sum of the usual series of perturbation
theory. In fact, we introduce temporarily momen-
tum cut-off, and consider the ordinary perturbation
theory series for the scattering operator:

S=in

31)

—co <. <t <o

V(2): = eltiHo [ V: emitiHy (32)
where :V: and :Hj: are the operators obtained
from the interaction and free-field operators

[see (1)] by transposing a*, b*, a, b into normal
order, and discarding the infinite terms.

It is obvious that the same result can be obtained
by replacing in the series (32) :V: by V, and :H:
by Hy, and then reducing the entire series (32) to
a normal form in a*, b*, a, b and discarding the
infinite terms. This is precisely the method used
here: the series obtained from (32) by replacing
:V: and :Hj: by V and H; is the perturbation-
theory series for the S-matrix in pseudoparticle
space.

The infinities that have been discarded on go-
ing from V and H to :V: and :Hj: have the spe-
cific form c(p)6(0), where the function c(p)

(p is the momentum ) can depend also on the cut-
off parameter. It is important that no terms oc-
cur that are finite for a finite cut-off parameter
and tend to infinity with the latter. Because of
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this, the connection between the S-matrix in
pseudoparticle space and the true S-matrix is
retained when the cut-off parameter goes to in-
finity. Thus, the absence of infinities in formula
(31) offers evidence that all the infinite Feynman
diagrams in our model cancel out and there are
no infinite renormalizations.

We note in conclusion that, as can be seen from
(31), the operator for the scattering of physical
particles has the same structure as the operator
for pseudoparticle scattering“. Therefore, re-
versing the arguments that lead to (30), we obtain,
starting from (31), the matrix elements of the
true scattering operator.

6. CONCLUSION

The method used in this paper for solving field-
theoretical problems has two attractive features.
First, it enables us to find the exact elastic-scat-
tering S-matrix, the derivation of which with the
aid of perturbation theory, even in the simplest
model considered here, entails extraordinary com-
putational difficulties. Second, in the investigation
of our model this method discloses clearly the dif-
ficulties in principle, the resolution of which will
apparently contribute to the understanding of more
realistic models of quantum-field theory. Let us
stop to discuss them in greater detail.

1. The theory is based on the Hamiltonian Hj }
obtained from the Hamiltonian H by means of the
canonical transformation (2) with subsequent re-
duction to normal form and discarding of the in-
finities. The Hamiltonian H, like the free Hamil-
tonian Hy, is a self-adjoint operator in the space
of the pseudoparticles 3Cy. Because of this, H has
a complete system of eigenvectors ® and there ex-
ists a scattering operator which can be determined
by any of the universally known methods, which in
this case are equivalent. We made use of the fact
that

(@1S1f) = (D=(i), D*(f)),

where ® (i) and &'(f) are the scattering-theory
eigenfunctions of the operator H. We could use
with equal success the formula

(33)

DlIn particular, there are no transitions between states with
different numbers of particles. The latter circumstance is a con-
sequence of the fact that the scattering operator in pseudopar-
ticle space is a multiplication operator in the p-representation

[see (26)].

5More accurately—generalized eigenvectors, since the oper-
ator H has a continuous spectrum.
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U_ = lim eitHo g—itH

t—>—00

S =U,U_", U= lim eitHog—itH,

t->+to0
(34)

or the perturbation theory series, or the formula
II'rout == SlFinS_iy (35)

where ¥jn and ¥gyt are the solutions of the
Heisenberg equations with known asymptotic
conditions as t — ¥, (The latter method deter-
mines the operator S accurate to an arbitrary
phase factor.) If we were able to carry out the cal-
culations based on any of these methods, we would
obtain an answer coinciding with ours.

The situation is different with the Hamiltonian
Hy b in the space of the physical particles. Hy p
is not an operator in the Hilbert space 3, 1,. This
means that there is no vector & = 0 in the state
space such that Hy 1,& is also an element of Hilbert
space®. Since Hg,b is not an operator, it is mean-
ingless to speak of its spectrum and eigenvectors
(even generalized). Therefore a determination of
the S-matrix based on formula (33) is meaningless.
Further, there exists no operator eitH so that it
is meaningless to have a determination based on
formula (34).

We are left with perturbation theory and with
formula (35). Our paper can be regarded as a
summation of a perturbation theory series, car-
ried out by a roundabout way. It would be of inter-
est to investigate formula (35). It is shown in the
paper by one of the authors "] that in the case when
m = 0 the operators ¥j, and ¥yt exist, and this
formula can be used in spite of the fact that Hy p,
has in this case, like in the case when m = 0, no
operator meaning.

2. Closely related to questions touched upon in
the preceding item is also the question of inelastic
scattering. In the space ¥y we can give two inde-
pendent determinations of the inelastic scattering
amplitude, one is formula (19) and the other by
means of an analytic continuation of the elastic
part of the S-matrix. In the space 3Cy |, we have
constructed the operator of elastic scattering of
physical particles, and we can construct by means
of an analytic continuation the amplitude of inelas-
tic scattering. Now, however, we have no other in-
dependent determination, since Ha,b has no
discrete-spectrum eigenfunctions even after the
total momentum is separated.

In conclusion the authors thank V. M. Finkel’-
berg and E. S. Fradkin for useful discussions.

%)This circumstance is the basis of the known Haag
theorem.[*]
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APPENDIX
DERIVATION OF BOUNDARY CONDITIONS

The Hamiltonian H in pseudoparticle space,
corresponding to the case of a pointlike interac-
tion, was defined in the introduction as the limit
of the operator Hy as u(x)-— 6(x). We must first
refine the meaning of lim Hy as u(x) — 6(x). To
this end we specify in explicit form the limiting
operator H, i.e., we first describe the set of func-
tions forming its domain of definition, and then
indicate the formula in accordance with which it
acts.

We denote by H&N) the value of the operator H;
in the subspace N of pseudoparticles, and by HN)
the value of H in this subspace.

1. Let Dy the domain of definition of the oper-
ator HﬁN), Fy € Dy, and let there exist the limits

O =IlimF, = L,,

u->6

lim H,F, & L,,
u—>8
The domain of definition of the operator HN) g
made up of the functions
D = lim F,,.
u—>8

2. The formula according to which H operates

consists in the following:
HMO® = lim H,MNF,,
u->0

We denote by LgN) the space of all the functions
(not necessarily skew-symmetrical) with sum-
mable square. The operator H&N) extends in natu-
ral fashion over all of the space LgN) D, It is ob-
vious that when x; = x, = ... # x)y the operator
HN) acts like the free operator HSN). We now
consider the function FN,u(éy,...,£&N), which dif-
fers from zero only in the vicinity of xj = x;j. Hfl )
acts on such a function like an operator with sepa-
rable variables:

HMFyy (8. .., Ev) = H™MFyu (&, ..., )+ 28u(zi — ;)
X Fyu(Boe o B0, 8,, 48,8,

7)The operator HI(,N) is extended over LgN) with the aid of the

left-hand side of (7).
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and therefore FNu(&q,.

Frnu(By, ...

., EN) can be represented
L En) = fdui. .. donFa (8, Ei| v, T5) u (B )

vo (Bt | Timt) B (Eia | Tir) + oo @&t | Timg) W (Bja | Ti0a)

...u(gNl‘EN)A(Ti...TN), (36)

where Fou(£j, £j | 74, sz) are the eigenfunctions of
the operator Hy in L{»,

We choose the form factor u(x) in the form of a
rectangular well. In this case we can calculate ex-
plicitly the eigenfunctions of the operator Hl(12) and
their limits as u(x) — 6(x), which are the eigen-
functions of H®), From the explicit form of these
functions it follows that they satisfy the boundary
condition (7a). Taking this into account, we obtain,
starting from (36) that the function ¢ = lim Fyy
as u— 6 satisfies the necessary boundary condi-
tions. It follows from this in obvious fashion that
the eigenfunctions of HN) satisfy the same bound-
ary conditions (7a).
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