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Letters to the Editor 1) 

A POSSIBLE MECHANISM FOR SUPERCON­
DUCTIVITY IN ALLOYS 

B. T. GEILIKMAN 

J. Exptl. Theoret. Phys. (U.S.S.R.) 48, 1194-
1197 (April, 1965) 

A recent paper by Little [t] put forward the in­
teresting suggestion that superconductivity with a 
high critical temperature might occur in one­
dimensional systems. It was shown that an attrac­
tion may occur between the electrons of the central 
chain of a polymer owing to the mutual interac­
tions of the electrons of the central and side 
chains. Below we investigate an analogous mech­
anism for superconductivity in ordinary three­
dimensional systems. 

Consider first a pure metal of the transition 
group with two overlapping unfilled bands ( s and 
d or s and f), or an ordered bimetallic alloy 
(compound) which possesses the same type of 
electronic spectrum. 

If we take the one-electron wave functions to 
be Bloch functions 1/Jk = exp ( ik · r) uk ( r ), the 
Hamiltonian of the system will have the form 

H = Ha0 + Hb0 + Hab; 

bb Hbo = "f.e1ba1+a1 + 1/ 2"2.At.t,; hf• b,,+b,,+b,,b,,; 

Hab = r.A:~,; k,f, ah,+b,,+ak,bf, + Hab'; (1) 

where k = {pa, (T a}; f ={ph, (T b}; ()"1 = ()"2; ()"3 
= ()"4; P1 + P2 =p3 + P4 + 21rb; b is an integral mul­
tiple of the reciprocal "lattice vector; the index a 
refers to the outer s-electrons, the index b to the 
inner d- or £-electrons. If we neglect screening, 
the exchange integral Aab has the form 

A:,~,;k,t, = ~ ~1Jl~<,*(r1)1Jlt,*(r2)¢A,(rt)1Jlt,(r2)dr1dr2 . 
r12 

Aaa and Abb have similar forms. In what follows 
we shall assume that in the expressions for Aaa, 
A bb and A ab we have included a factor corre­
sponding to screening with a Debye radius 

1/xD ~ (r 8 /ko)'''; 

Then the exchange integrals A will be of order 
e2KD· H~b contains terms of the types 

a+a+bb, b+b+aa, a+a+ab, a+b+aa, b+b+ba, a+b+bb. 

We shall neglect these terms, since the corre­
sponding matrix elements for transitions near the 
Fermi surface will be of order ( k0 rB) - 1 times 
less than those of Aab and Hab, if we assume that 

¢ka;:::::: v-'l• exp (ikr), 1Jll = N-'l• 2j exp (ifR0 ) 1Jlo (r- Rn) 
n 

(where lfo ( r) is the electron wave function for an 
isolated atom; cf. below). If we neglect the over­
lap of the wave functions lfo ( r ) for neighboring 
atoms, we have 

ab 
Aoh,f,; h,f, 

= 4ne2V-1Ik2- k11-2 ~ I1Jlo(r) 12 exp [i(k2- k~, r)] dr 

(where A0 denotes the value of A if we neglect 
screening); that is, Aq1q2:q3q4 depends only on 
the momentum transfer q = q3 - q1, as in the case 
of free electrons. 

It is easy to see that Hab induces an extra 
interaction between the a -electrons via the b­
electrons and vice versa. By carrying out a 
canonical transformation (cf. [2]) or by restricting 
ourselves, for simplicity, to second-order per­
turbation theory, we find the Hamiltonian of the 
a -electrons after elimination of the b-electrons: 

Ha = Ha0 + Ha'; 

Ha' = (2Vt1 "f.g~,k,k,tr, a;,,+ak,+a,,,a,,,; 

g~,k,lr,k, = 2V ~A~~; lr,f' A(%,; fl:, nrb (1- n/) 

(2) 

(Here Ea + Ea = Ea + Ea ; f' = f + k - k 3 + 27rb.) 
k1 k2 k3 k4 1 

The Hamiltonian of the b-electrons after elimina­
tion of the a-electrons has a similar form. Be­
cause of the factor nf, ( 1 - nf ), the quantity Ef 
- Er, is positive, and so for small Eka - Ea we 

3 k1 
have ga < 0, i.e., H~ corresponds to an attrac-
tion. A more exact calculation shows that the 
vertex part r aa which is irreducible with respect 
to two a -arrows with the same direction will 
satisfy the operator equation 

faa= [Aoaa + Aoabih (1- AobbJib)-1Aoba] (1 + IIafaa). 

where IT is the polarization operator. This is the 
most self-consistent way of incorporating the 
effects of screening in r aa. Hence we can calcu­
late the complete vertex part for small total mo­
mentum ( cf. [3] ) . It is easily seen that ga depends 
only weakly on k1, ... k4 for E~3 - E~1 < ~Eb, 

where ~Eb ~ ( Ef - Ef, >av is the width of the 

b-electron band. For E~ - Eka > ~Eb we get 
3 1 

l)In connection with the publication of a special supplement 
to JETP, the "Letters" will no longer be published in the main 
journal. - The Editors. ga- 0. 
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The quantity gb behaves similarly. The 
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order of magnitude of I ga I av is 

I ga I av - ko3e4 I (xnMb). 

Since lqlav ~ m~Eb/(n2k0 ) < KD, we have (cf.[4]) 

V(Aeffaa)av'"' e2xn-2 [1 + 2e2mlro(xn2llft2)-1 ln (t1Ea I Mb) ]; 

11Eb ~ 11Ea. (3) 

The interaction constant associated with the 
neglected terms Hab is easily seen to be of 
order (korB)-2~Ea/~Eb times less than ga. If 
we have 

goa= lgalav- V(A~rdav > 0, 

then the system of a-electrons will be supercon­
ducting. It is clear from Eq. (3) that this condi­
tion may be fulfilled for sufficiently small ~Eb. 
Replacing Ha by an equivalent BCS-type Hamil­
tonian, we get the usual expression for the criti­
cal temperature: 

Tea ~ 11Eb exp ( -1 I p); p = goamko I (2n21i2). (4) 

We see that in general p ;:, 1, so that for 
~Eb ~ 0.3 - 1 eV, T~ ~ 102-103 °K. 

Obviously, however, the condition g~ > 0 is 
not satisfied for pure metals of the transition 
group-none of them are superconductors with 
critical temperatures of the order of 102°K. The 
condition may be satisfied in the case of ordered 
alloys with comparable concentrations of the two 
components and with an electronic spectrum of 
the appropriate type. For disordered alloys with 
comparable concentrations of the components it 
is impossible to base the treatment on Bloch 
functions; however our results are evidently still 
qualitatively valid in this case. 

The inner d- and f-electrons in ferromagnetic 
substances are generally taken to be described 
by the electronic wave functions for an isolated 
atom rather than by Bloch functions. Using an 
s-d exchange model of this type, Vonsovskil and 
Svirskil[5J have considered the additional attrac­
tion between the s-electrons due to their interac­
tion with the d-electrons in the case where there 
are two d -electrons per atom so that they can 
form either a singlet or a triplet state. However, 
Vonsovskil and Svirskil took this additional at­
traction to be a small correction to the attraction 
due to phonon exchange, and therefore it was as­
sumed that the critical temperature was, as usual, 
mainly determined by the Debye frequency wD. 

Consider now an ordered alloy of a metal with 
a non-metal ( C, N, Si, or S) where the latter has 
an upper unfilled shell whose electrons are suf­
ficiently strongly bound to the atom not to be 
"collectivized" in the alloy. In this case, again, 

we should describe the electrons of the non­
metallic component by atomic rather than Bloch 
wave functions. Then we can use the Hamiltonian 
(1) as above, but now the quantities fi referring 
to the electrons of the non-metal (the b-electrons) 
will represent {ni, .\i} where .\i are the quantum 
numbers of an electron in the non-metallic atom. 
Obviously the most important processes now are 
the transitions of an electron within a single non­
metallic atom. Thus we must replace Ef - Ef, in 
expression (2) by E~.\ - ER.\'. The order of mag­
nitude of I gal av is now given by: 

I ga I av- ko3eett4 / (Kn 411Eb); eeff ~ e; 

X ~ dr exp {i (k2 - kb r)} 1jJ0 / (r) 1JloJ.' (r). 

~Eb will now be of the order of the spacing be­
tween the ground state and lowest excited level in 
the non-metallic atom. The order-of-magnitude 
expression for Tc given by (4) with ~Eb of this 
order will obviously also be valid for disordered 
alloys of a metal with a non-metal, and for a 
metal containing impurities (an alloy with a low 
concentration of one component); in the latter 
case the energy levels of the impurity atom, even 
if it is metallic, will have a local character. In 
this latter case the quantity must be multiplied by 
the impurity concentration, Ci « 1; this fact ap­
pears to be responsible for the high transition 
temperatures of some alloys. In the case of an 
alloy of a metal with a non -metal (or of a metal 
with impurities), if ~Eb is to be sufficiently 
small there must occur close to the ground state 
some level due either to the fine structure or to 
the splitting due to the Stark effect in the crystal­
line electric field. In such a case ~Eb may again 
be of order 0.1-1 eV. In conclusion we note that 
to get an alloy with high critical temperature we 
must optimize the value of ~Eb, since as we in­
crease ~Eb the pre-exponential factor in the 
expression (4) increases but at the same time the 
magnitude of the negative exponent 1/p increases 
too. A more detailed discussion of the mechanism 
of superconductivity will be given elsewhere. 

I am grateful to V. Z. Kresin for interesting 
discussions. 
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AN investigation of the relative probabilities of 
capture of negative muons by atoms in a chemical 
compound is of independent interest, and also 
yields information needed for the interpretation 
of other experiments with muons, which by virtue 
of various circumstances, are carried out with 
targets that are chemical compounds. In this 
connection we have carried out measurements 
with several compounds, data on which are listed 
in Table I. 

It is seen from the table that in our cases the 

Table I 

Compound/ Ratio I Experiment I Z-law 

LiCl Cl/Li 7 ,2±1,1 5.12 
CsCl Cl/Cs 0.57±0.03 0.34 
ZnO o;zn 0.450±0.013 0.28 
ZnS o;s 0,55±0.11 0.54 
AlCu Cu/Al 1.20±0.05 0.26 

Fermi -Teller Z-law [tJ does not describe satis­
factorily the experiment, as was noted in many 
earlier papers [2-s]. If we assume the results of 
the experiments in which the deviations from the 
Z-law exceed one mean-square error to be in 
disagreement with the law, then at the present the 
experimental situation, taking our data into ac­
count, is represented by Table II. 

Table II 

Character 
Number 

of of 

compound experi-
ments 

Alloys 6 
Insulators 21 
Carbon 

compounds! 4 

Total: I 31 

Z-law 
satisfied 

2 
5 

0 

7 

Z-law 
not 

satisfied 

4 
16 

4 

24 

An analysis of the available data shows that, 
compared with the prediction of the Z-law, mesic 
atoms of the elements which have a relatively 
large electron-affinity energy are produced with 
some preference. This tendency is illustrated by 
Table III, which shows the experimental results 
systematized on the basis of electron affinity. In 

Table III 

Character of I Data I Compound I 
compound from Ratio 

Alloys [5] AgZn Ag/Zn 
['] CuAl CujAl 

CuAl Cu/Al 
[8] CuAu Cu{Au 

Our AgLi Ag/Li 
data CuAl CujAI 

Insulators [3] AhOa 0/Al 
CaS s;ca 

[4 J P20s OjP 
Si02 OjSi 
A bOa 0/Al 
KOH 0/K 
KHF2 FjK 

[•] Lii I/Li 
[ 6 ] PbFz F/Pb 
['] BiFa F/Bi 

UF, F/U 
[8] CuS Cu/S 

Sb2Sa S/Sb 
PbS S/Pb 
CuO CujO 
Sb20a Sb/0 
PbO 0/Pb 

Our LiCl Cl/Li 
data CsCl Cl/Cs 

ZnO o;zn 
ZnS o;s 

Carbon C20zH8 o;c 
compounds 

(2] c.H,cl~-r Cl/C 
CsH,Cb-II Cl/C 

[•] eel. Cl/C 

1.40±0,44 
1,58±0.16 
1,89±0.23 
1,45±0.14 
1,29±0,36 
4:55±0.20 

1,63±0.22 
1.00+0.25 
2.03:f0.22 
2.26±0.15 
2.50±0.22 
5.23±0.96 
1,79±0.25 
0,89±0.11 
0.95±0.14 
1,95±0.19 
1.68±0.17 
1.04±0.10 
1,30±0.08 
1, 79±0.22 
1,70±0.14 
0,44±0.02 
2.24±0.25 
1.41±0.22 
1,68±0.09 
1,51±0.05 
1,02±0.20 

0,49±0.06 

0.47±0.04 
0.57±0.05 
0,36±0.07 

0 
+ + 

I 
T 
0 
+ 

+ 
0 
+ 
+ + + + 
0 
0 
+ + 
0 
+ 
+ 
+ 
+ + 
+ 
+ 
0 




