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It is shown that the equation for the imaginary part of the amplitude and the equation for the 
total cross section follow from the Bethe-Salpeter equation. In the total cross section equa
tion the integral term corresponds to the peripheral cross section and the free term to the 
central interaction cross section. A particular case of the equation is the multiperipheral 
model. The equation for partial waves f1 ( t) in the t channel makes it possible to use the 
complex-orbital-momentum apparatus to ascertain those singularities in the l-plane to 
which various assumptions regarding the nature of the inelastic processes correspond. A 
variant consistent with two-particle unitarity in which f1 possesses a fixed pole, a moving 
pole, and a moving cut is considered within the framework of the Bethe-Salpeter equation. 
The variant corresponds to the case of asymptotically constant central and peripheral inter
action cross sections. It can also be applied for describing the production of "fireballs." 

1. INTRODUCTION AND ANALYSIS OF THE 
BASIC EQUATIONS 

IN the theory of inelastic processes one should 
point out two limiting cases: 1) The theory of 
peripheral interactions, based on the assumption 
that the interaction in these processes can be de
scribed by the exchange of one virtual 1r meson. 
2) The statistical theory of multiple production, 
which is applicable to the description of the cen
tral interaction and is based on the assumption 
that many particles are exchanged in the process 
of the interaction (the number of particles ap
proaching infinity). 

The experimental data, it seems to us, testify 
to the existence of both limiting cases of peripheral 
and central collisions. The cross sections for 
these processes can be measured independently of 
each other and for high energies they turn out to 
be constant. It also follows from the experimental 
data that among the peripheral collisions there is a 
class of processes in which the secondary 1r 

mesons are emitted in groups (of 6-10 mesons), 
which have been named fireballs. It is important 
to stress that the effective value of the "masses" 
of the fireballs l.m does not depend on the energy 

of the colliding particles and appears constant 
( ~ 3-5 GeV ). The parameter lm = 3-5 GeV evi
dently plays an important role in the physics of 
high energies. 

In the present and in following articles we will 
attempt to examine from a single point of view in-

elastic and elastic amplitudes for various proc
esses, keeping in mind that both central and peri
pheral processes contribute asymptotically a con
stant term to the cross-section. A convenient 
method for this purpose is the utilization of the 
Bethe-Salpeter equation. 

Using this equation we examine the following 
questions: 1) Derivation of an equation for the 
cross-section for inelastic processes from that 
for the amplitude for elastic scattering. 2) The 
inelastic processes associated with different types 
of kernels in the Bethe-Salpeter equation.l) 3) The 
manner in which the l-plane can be utilized to de
rive information concerning inelastic processes. 
4) How the experimental data described above 
(and also other existing models for inelastic proc
esses) can be utilized for the explanation of the 
properties of the amplitude for elastic scattering, 
and the consequences for elastic scattering that 
may arise from the experimental data concerning 
inelastic processes. 

In the first part of this paper we consider only 
general theoretical questions. Concrete models 
and their characteristics are discussed in Sec. 2. 

To begin with we examine the interaction of 

1>Recently there appeared several articles which discuss 
the use of the Bethe-Salpeter equation in investigation of 
asymptotic properties of the scattering amplitude.['-'] These 
papers do not, however, consider the properties of inelastic 
processes. 
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Pz 

like spinless particles.2 ) We are interested only 
in states which in the t-channel possess the 
quantum numbers of the vacuum. (This means that 
in considering the partial waves in the t-channel 
only even partial wave amplitudes will have sense 
physically.) 

We write the Bethe-Salpeter equation in the 
general form: 

A ( s, t, P12, P32) = A c (s, t, P12, pi) 

(1) 

A is the full amplitude (off the mass shell of two 
external momenta), Ac is the sum of all two
particle irreducible diagrams in the t-channel. 
D (ki) and D ( k~) are propagators for particles 
with momenta k 1 and k2• The remaining notation 
is clear from the graphical representation of the 
equation in the figure. 

Equation (1) is the exact integral equation for 
the amplitude, valid in the s, t, and u channels. 
However, the only thing known about Ac with 
certainty is the fact that ImAf ( s, t) = 0 for 
t < 16. This proves to be sufficient for the de
rivation of models of the type of the multi peri
pheral model [4J. We shall give A c a definite 
form 3) only upon going to specific models. 
Naturally, the choice of kernel is restricted by 
the fact that the amplitude must satisfy the uni
tari ty condition in the s- and t-channels for arbi
trary values of s and t. However, in the case of 
the selection of a concrete form for A c satisfying 

This equation agrees with the equation of Amati 
and others, [4] except for the presence of the second 

2>For simplicity we take them to be neutral, pseudoscalar, 
with mass equal to 1. 

3 )The usual ladder approximation consists of choosing A c 
as a simple pole in s. 

the above requirements, it is possible to prove 
from Eq. (1) only that the amplitude is unitary in 
the interval 4 < t < 16. 

If we assume in Eq. (1) that Ac and A are in
dependent of k10 and integrate over k10 , introduc
ing the quantities V0 == -Ac/( 4rr )3 and 
T ==-A/( 4rr )3, then we arrive at the equation used 
in the method of quasipotentials (see Eq. (1.4) 
of [l 5] ). Going further to the limit t- 4 we ar
rive at the non-relativistic Bethe-Salpeter equa
tion in the form [S] 

T( ')- V( ') 1 I d3 V( ) T(q, p') 
p, p - · p, p - (2n) 3 J q p, q ~q-E- ifJ · (Z) 

For the following it will be essential only that the 
kernel of the relativistic equation A c goes over 
in that limit to the expression -V (p, p' ), where 
V is the Fourier transform of the usual potential. 
Thus a positive A c determines in the non-rela
tivistic limit an attractive interaction, and a nega
tive Ac a repulsive interaction. 

If attraction takes place and A c can be ex
pressed in the dispersion form in s, then 
Af2 ( s, 0) > 0 if they are of fixed sign. Notice that 
in the case when Ac depends only on s, the re
lated non-relativistic potential in the coordinate 
representation is local, and thus the behavior of 
Ac for increasing s defines the character of the 
potential as r- 0 (for example, if Ac ~ s then 
V ~ r- 5 [5J). Dependence on other variables (es
pecially on ki 2 ) implies a non -local character of 

' the interaction in the non-relativistic limit. 
We examine now Eq. (1) in the s-channel. Let 

us derive the equation for the imaginary part of 
the amplitude: 

A!(s, t) = A1c (s, t)-~ I d"k1AcAD (k12)D (k22). (3) 
(2n)d 

We write the dispersion relations in s 1 for A c 
and A with t < 0, substitute them in (3), and 
noting that D ( ki} and D ( k~) are non-singular in 
the s-channel, we find (for a detailed derivation 
of this equation, see Appendix I of [TJ) 

(4) 

term (Af A2 ) in the integrand4 l. If Ac is treated 
as described above, then Eq. (4) becomes the 

4 lJn the case under consideration, that of interaction of 
neutral pseudoscalar particles, the integrals of the first and 
second term ( 4) are identical. Thus equation ( 4) differs from 
( 4.2) of [4 ] by a factor of 2. 
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exact equation of field theory. Consequently, 
analytically continuing this equation into the region 
4 ::s t ::s 16, we can find the usual Mandelstam spec
tral function p13 ( s, t )[a] if we calculate the dis
continuity across the cut in that region. 5 ) 

Examining now Eq. (4) in the s-channel for 
t = 0 and using the optical theorem, we easily find 
the equation for the total cross sections 

H = 81-182-1 [- su + (p2 + 1)2]-'lo{ (s1 + p2 + k2)2 _ 4p2k2]'i• 

X [(s2- 1 + k2)2 + 4k2]'/, [ (s- 1 + p2)2 + 4p2J-'", 

(5) 

Let us explain the physical meaning of the 
quantity uc. Recalling that A c is two-particle
irreducible in the t-channel, we see that uc 
represents in the s-channel the sum of the cross 
sections of all processes which result from the 
exchange of more than one meson, and also from 
the result of interference of single-meson and 
many-meson diagrams. The question of the inter
ference of these quantities was considered in [9•10] 
where it was found that these terms are negligibly 
small. We define as central collisions all proc
esses proceeding through the exchange of more 
than one rr meson. (This definition agrees with 
the definition of central interactions used in [11].) 

Then it follows from the foregoing [11] that uc, 
being the cross section for central collisions, is 
a positive quantity. Note that a positive uc, as 
can be seen above, corresponds to an attractive 
potential in the non-relativistic region in the 
t-channel. 

Equation (5) corresponds to the equation in the 
multiperipheral model [4] if one assumes that the 
central collision gives a non-vanishing term only 

for low energies, and reduces to the equation for 
the single-meson approximation [9] if one of the 
cross sections appearing in the integrand in this 
equation is regarded as that for central collisions. 
In this manner the properties of inelastic proc
esses are related to those of the amplitude for 
elastic scattering. Specifically, the singularities 
of the elastic scattering amplitude in the Z-plane 
may depend on the character of the inelastic 
processes. 

We therefore turn now from Eq. (1) to the 
corresponding equation for the partial wave am-

5)See appendix II of the authors' paper[']. 

plitude in the t-channel: 

f (t 2 2) _ -Icc (t 2 p 2) _ 2i z ,pt,Pa -Jt ,p1, a (2n) 3 

r I 12dl I r d tzc(t, Pt2, Paz, k!2, k22)fL(t, k!2, kz2) 
X J q q J qo(t/4+qo2:._q2-1-ie)2-tqo2' 

0 -00 (6) 

q = k~, qo = (P!O + P3o) /2- k10 = 1/t/ 2- k10. 

For the following it is convenient to introduce 
relativistically invariant integration variables 
having the physical meaning of the sum and differ
ence of the virtualities of the exchanged particles, 
which in the center of mass system of the t-channel 
are related with q and q0 by: 

q = [t I 4- (r + 2) I 2- v2 I 4t]'J., qo = vI 2yt, 
(7) 

Equation (6) in terms of these variables takes the 
form: 

!I(t, ro, Vo) = tzc(t, ro, vo)-~ 
( 4n) 3t 

1 [t(t- 4)- 2tr + v2]'i• N(t, ro, Vo, r, v)fz(t, r, v) 
X J drdv ( + . ) 2 _ ,2 · • 

r te [ (8) 

where r 0 = -pi - P5 - 2, vo = -pi + P5, and the 
integration runs over the region t ( t - 4) - 2tr 
+ v2 > 0. 

Equations (6) and (8) are valid for arbitrary 
values of t. Note that on going to the region t < 4 
all zeros of the denominator of (6) are located in 
the second and fourth quadrants of the q0 plane. 
The quantities if and fz also may have singulari
ties in the q0 plane, but if they are of Feynman 
character they also lie in the second and fourth 
quadrants. In this case the contour of integration 
in q0 can be rotated to the imaginary axis[12,13]. 
Substituting then q0 - -iq0 we find: 

2 
fz = tzc + (2n)3 

00~ ~ tzch x . q2dq dqo ---,---------------,-----
0 (t/4- qo2- q2 - 1 + ie)2 + tqo2 

(9) 

or substituting v - -iv 

4 1 [t(t-4)-2tr-v2]'/, 
fz =it+ (4n)3t J drdv (r + ie)2 + vz tzcft 

(10) 

with the region of integration t ( t - 4) - 2tr - v2 

> o. 
This equation can be analytically continued to 

the region t > 4. It is necessary, however, to keep 
in mind the singularities which deform the contour 
of integration with respect to q 0 at t > 4. This 
leads to the appearance of a cut at fz ( t) in the 
t-plane when t > 4. The discontinuity across the 
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cut can be calculated using the expression for the 
above equation. In the region 4 < t < 16 we find 

2i ( t- 4 )''• /1-fP=- -- j-III 16n t tJZ ' (11) 

where fz and fp are the values of the partial
wave amplitude on the first and second sheets of 
the t-plane. On the mass shell for integer even 
values of l (11) reduces to the usual unitarity re
lation. 

In the following it will be necessary also to ex
amine the partial wave equation at the point t = 0. 
In the limit as t - 0 the region of integration in 
the v-variable in (10) contracts to a point. With 
this the numerator and denominator of the kernel 
in the integral term tend to zero. The possibility 
of performing the transformation depends on the 
behavior of the functions ff and fz at the point 
t = 0. It is convenient here to introduce new func
tions: 
<pz" = fz"(t- 4- 2r1 -Vt2 I 4t)-112(t- 4- 2r2 - v22 I 4t)-ll2, 

<pz = fz(t- 4- 2r1- v12 I 4t)-112(t- 4- 2r2 - v22 I 4t)-ll2. 

They satisfy the equations 
(12) 

_ c 4 \ [t(t- 4)- 2tr- v2]Z+'I• 
<pz - <pz + ( 4n ptz+d drdv r2 + vz <pz"<pz. (13) 

Using the well known [4] expressions for fz and 
ff in terms of A1 and Af 

2"" 
fz=-;;~Ai(z, t, r, v)Qz(z)dz, 

Zo 

2"" 
fz" = -;t ~ A{(z, t, r, v)Qz(z)dz (14) 

z, 

(where Qz ( z) is a Legendre function of the second 
kind), and using the analytic properties of A1 and 
Af, we find that the functions qJl and qJf do not 
take on the values zero or infinity as t - 4 - 2r 
- v2/t- 0. In view of this it is possible to per
form the integration over v as t - 0. We then 
find 

-2 
\ (- r- 2)l+i 

x J dr---r2--- <pl(r0, r)c:pz(r). (15) 

-oo 

By solving this inhomogeneous equation we can 
determine the form of the partial wave amplitude 
for t = 0. 

Thus, (10) and (15) are equivalent to (1) and, 
like (4) and (5), permit in principle to ascertain 
the singularities of the functions fz in the Z-plane 
to which definite assumptions concerning the 
character of the central interactions correspond, 

especially assumptions concerning their total 
cross-sections. 

2. PROPERTIES OF ELASTIC AND INELASTIC 
PROCESSES 

In this section, using different models, we con
sider the following questions: a) The distribution 
in the square of the transferred momentum k2 of 
the peripheral interactions in which several cen
ters of emission of secondary pions (fireballs) 
occur; b) the distribution in the "masses" of 
these emission centers and its relation to the dis
tribution in k2; c) the dependence of the total num
ber of fireballs on the energy of the colliding par
ticles; d) the cross section of the central interac
tion at high energies. We pay particular attention 
here to those general properties of these distribu
tions which are, as far as possible, independent of 
the particular assumptions of the model (namely, 
the asymptotic behavior of the distribution, the 
location of the maxima, and similar characteris
tics). A few of the models are in ou'r opinion not 
realistic; their examination is of methodological 
importance in that they lead to models of more 
physical importance. We hope to carry out a more 
detailed investigation of such models in the future. 
We begin with the general characteristics of the 
process. 

We are interested in the total cross section for 
processes in the s-channel. It is thus convenient 
to make use of the Bethe-Salpeter equation for the 
imaginary part of the amplitude for elastic proc
esses at t = 0 in the form: 

A1(s, p2) = A 1"(s, p2) 

1 \ ds1 ds2 dk2 

+ 8n3(- su + (p2 + t)2)''• J (k2 + 1)2 

(16) 

In the Z-plane it has the form (15). This is an in
tegral equation whose character depends on the 
value of l. Further we will demand that the equa
tion satisfy the Fredholm condition for l > 1. 6 l 
Of particular interest will be the investigation 
of this equation for l - 1 + 0. The peripheral in
teraction is described by the second term of (15) 
or (16). 

In all of the models which we will consider, 

6 )We stress that Eq. (16) or Eq. (15) for l = 1 + 0 has physi
cal meaning in that the terms of the iteration series represent 
observable quantities. The Fredholm requirement is related to 
the existence of an iteration series. 
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there appears a singularity in the integral term of 
(16) in the form of a pole at l = l 0 ( t ), the position 
of which depends on t but not on the virtuality k2• 

This is the so-called moving pole7l, the appear
ance of which is related to the unitarity condi
tion [t 4J. We assume that Z0 ( 0) = 1 for t = 0. The 
function near the point l = l 0 can be written in the 
form 

Cf!l=R/(l-lo) =R/(l-1). (17) 

Substituting (17) in (15) and assuming that in gen
eral <pJ is regular near l = Z0 we easily find a 
homogeneous equation for R. However, since the 
contribution to the amplitude A1 from the moving 
pole ( Af ) is related to the residue of the function 
by 

A 1P == 1.J!(p2)scrP(p2 = -1) = 3nR(p2)s, (1S) 

where aP is the cross section of the peripheral 
interaction; ap = const, it will be more conven
ient to use not R, but a function ~ whi.ch coin
cides with R apart from a coefficient: 

00 

1.J!(p2) = t. ~ K(p2, k2)'Jf(k2)dk2, 
0 

dcrP crP(k2)2 'Jf(k2) r 
dk2 = 4:rt3(k2+ 1)2 'l'(p2) J~ ds1 

X At"(st, p2, k2) 
{s1 + p2 + k2 + [(s1 + p2 + k2)2 _ 4p2k2]'/•}2 

is the distribution in k 2, the virtuality of the ex
changed pion when the virtuality of the incoming 
pion is p2• The properties of these distributions 
depend on the form of ~. and thus on the kernel 
K. 

The Fredholm conditions impose some bounds 
on K. In the case of a symmetric kernel this con
sists of the requirement that K ( p2, k2 ), decrease 
faster than ( k 2 ) -t for fixed p2 and k2 - 00 • It is 
not difficult to convince oneself that ~ ( k2 ) be
haves in the same fashion as k2 - 00 • It follows 
that as k2 - oo the distribution in virtualities de
creases rapidly enough so that its integral con
verges. 

The distribution da/ds 1 depends on the behavior 
of Af. If Af(st) ~ sr with"'< 1 for k2 > o8>, 
then da/ds 1 < s1 1 as s 1 - 00 , and it follows that 
the integral of this distribution over s 1 also con
verges as s 1 - 00 • Thus in both distributions the 
upper limit s can be replaced by infinity for large 

K( 2 k2)-- (k2)2 "(t-0 2 k2) 3 s. 
I.= 16n2 · <19) On the other hand as k2 - 0 we have da/dk2 p' - (k2 + 1)2 Cf!l - ' p ' ' 

In an analogous manner we can rewrite Eq. (16), 
if we consider only the contribution from the mov
ing pole: 

1.J!(p2)crP=_1_r dstdk2 (k2)2 
4:rt3 J (k2 + 1)2 

X At"(st. p2, k2)'Jf(k2)crP 
{s1 + p2 + k2 + [(s1 + p2 + k2)2 _ 4p2k2]'1•}2 · (20 ) 

This equation corresponds to (19). The diagram 
explains the physical meaning of the quantities S1 

and k2, S1 being the square of the "mass" of the 
irreducible center of the diagram and k2 the 
virtuality of the exchanged pion. It follows that the 
quantity 

dcrP crP (k2)2 
- = \ dk2 ~~--:-:-::-
dsl 4n31.J!(p2) ~ (k2 + 1)2 

X At" ( St, p2, k2) 'I' ( k2) 
{s1 + p2 + k2 + [(s1 + p2 + k2)2 _ 4p2k2]'/•}2 (21) 

represents the distribution in the squares of the 
masses of the irreducible center of the diagram, 
and the quantity 

7)Not~ that the moving pole is the leading singularity of 
the entire amplitude for k 2 > - 1. 

- 0, as follows directly from (22). Thus the dis
tribution in k2 has a maximum which is asymp
totically independent of the energy of the colliding 
particles. For small values of s 1, near threshold 
( s 1 = 4 ) , Af ( s 1 ) is small. (Note Af ( s 1 ) = 0 for 
s 1 = 4.) 'i'hus the function da/ds 1 has a maximum. 
Its position does not depend on the energy of the 
colliding particles. 

For a more detailed description of peripheral 
inelastic processes it is necessary to consider 
iterations of Eqs. (15) and (16). The point is that 
an iteration of n-th order corresponds to a 
Feynman diagram for inelastic processes with n 
centers of emission of secondary particles. It is 
not difficult to verify that no finite iteration of (15) 
gives rise to a moving pole in the Z-plane, but 
that this pole arises only through summation of 
the iteration series. If the function <pz has in the 
Z-plane a pole for l = Z1 (exactly this situation oc
curs as a rule, with l 1 < l 0 ), then the n-th itera
tion has a pole of the n-th order at the same point 
and is of the form 

(23) 

8 )We show below that the condition v<l for k2 >0 is neces
sary for the fulfillment of the Fredholm conditions of Eq. (15). 
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We separate from the iteration series those 
terms which upon summation contribute the pole 
at l = 10 ( 0) = 1 (denote them by cp~~t ). We write 
(1 7) in the form 

_ R(l)· _ + R(l) -R(1) (17 ,) 
cp, - l- ·1 - «ppol_ l- 1 

The last term does not have a pole at l = 1 if the 
function R ( l) is smooth and differentiable at this 
point. The first term has, of course, the same 
structure as (23): 

~ (n) 
«ppol = LJ «ppol, 

(n) n j «ppol = q>pol (1, p2) (l-lt)n~ (23') 
n 

On the other hand, the function cppol may be ex
panded in a Laurent series 

R(1) "" 1 (lo-lt)n 
IJ>pol= l-lo =R(1) ~ l-lt (l-Zt)n · 

Comparing the n-th term of this expansion with 
that of (23') and using (18), we find 

ct>~Jz= R(1) (1-lt)n-t 

(24) 

Thus the quantity 4>(~i depends on the virtuality 
p2 in a manner inde'Pendent of n. This is a conse
quence of the fact that the position of the moving 
pole depends only on t. The corresponding term 
in A1 has the form 

fnJ 
- _ m n-t- 2 (lo-lt)lns (25) 
Atpol-sl•(n-1)! (Ins) -'I'(p) sl•(n-1)! . 

Using expression (25) it is possible to find in 
which energy region (that is, for what s) the max
imum contribution is made by the formation of n 
emission centers. 

Ins= (n-1)/(1-lt). 

From this it follows that with increasing s the 
number of centers grows logarithmically. 

(26) 

Note, that the terms Afnl of the iteration series 
of Eq. (16) are of course different from A~~l- For 
small s, when the conservation of energy in the 
s channel limits the iteration series to a small 
number of terms, the difference may be appreci
able, even as a result of the singularities of cpz 
located to the left of Z1• If, besides this, 'Pfn) has 

singularities located to the right of Z1 (but, as 
stipulated, to the left of l 0 = 1 ), then as s - oo 

these are the ones which determine the behavior 
of Ain). (We will examine this situation for n > 1 
below.) However for sufficiently large n, and for 
s chosen so that A\~ol is a maximum [see (26)], 
the term A ~~~l will dominate Afnl. This is due 

to the fact that the sum of q;l~~i has a pole located 
to the right of all the singularities of the integral 

terms. 
In the calculation of the angular distribution, 

the most important characteristic is "Yo, the 
Lorentz factor relating two neighboring centers. 
Using the exposition of [s] we easily find that 

1 

Yo= cosh lo(O) -l~- (2 7) 

i.e., "Yo is completely defined by the relative posi
tions of the poles in cpf and cpz. 

Thus, peripheral processes, described in the 
framework of the Bethe-Salpeter equation, 
posess the following properties. Secondary
particle emission centers are formed. The num
ber of centers n grows slowly (logarithmically) 
with increasing energy s. For sufficiently large 
values of s and n, which are related by condition 
(26), the distribution with respect to the square of 
the masses Si of these centers has a maximum 
and decreases quickly as Si - 00 • The position of 
the maximum does not depend on the energy of the 
incoming particles s nor on the number of centers 
n, if n and s satisfy (2 6). 

The distribution with respect to the virtuality of 
the exchanged pion posesses these same proper
ties. These properties are those of fireballs. We 
stress again that the formation of fireballs arises 
within the framework of the considered theory 
through the following two requirements: a) the 
Fredholm condition must be satisfied by (15) and 
(16), and b) the moving pole at t = 0 must be lo
cated at 10 ( 0) = 1. The latter is equivalent to the 
requirement that the cross-section for peripheral 
processes be asymtotically constant. 

We examine now several models for inelastic 
processes. 

A. The model with ac ~ s'"'-1 ( v < 1 ). We con
sider the case when Af has the form 

At0 (s, p2) = qrc(s /so)" for s~ s0, (28) 

where v is a constant, v < 1. In this case the 
cross-section for central interactions decreases 
with increasing energy as a power of the energy, 
ac ~ s'"'-1. In our opinion this is a non-realistic 
model (as noted above, the cross-section for 
central interactions is apparently asymptotically 
constant), but can be of methodological interest 
since its analysis can facilitate further research. 

Using (12) and the asymptotic form of the func
tion Qz ( z) for z » 1 we find for cpf 9l 

9 )Here and below we assume that the region of importance 
for A, c is that of large but possibly bounded values of s, in 
which the asymptotic form already holds, and neglect the re
gion near threshold, i.e., 4 :S S :S 0.5 (GeV)2 • 
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ynf(l + 312)221 ' ' 

1 
X---

{- v. 
(29) 

where z = -( p2 + k2 )/s0 and F is a hypergeome
tric function. Equation (19) takes the form 

(30) 

If 11 < 0, then Eq. (30) is of Fredholm type and 
can be solved by usual methods. The case 11 ~ -1 
contains the multiperipheral model of Amati et 
al.[4J If Ac(s) ~ o(s- s 0) the function rpf sim
plifies and the equation for ljJ (p2 ) becomes Eq. 
(4 .6) of [4]. 

We note also that the iterations of Eq. (15) have 
in the Z-plane multiple poles for l = -1. Expressed 
in terms of s these iterations have terms of the 
type A (n) ~ ( K ln s )n/sn! examined in [4]. 

When 0 ~ 11 < 1, in order to satisfy the Fred
holm character of Eq. (30) it is necessary to re
quire in addition that IJ!c be a decreasing function 
of the virtuality. When 11 = Z0 = 1 such an assump
tion is no longer sufficient, since the coefficient 
of the integral term in (30) becomes infinite. This 
is related to the impossibility of there being a 
multiplicative dependence of the total cross sec
tions on s and k2 in this case 10 ). 

Note that the quantity :yQ defined in Eq. (27), 

is about 'Yo ""' 1.15 when 11 ~ -1, which is some
what lower than the experimental results[11]. For 
11 = 1/2 we have 'Yo ~ 3-4, which is closer to the 
experimental results. 

B. The model with uc = constant. We now ex
amine models in which the cross section for the 
central interaction (on the mass shell) is asymp
totically constant. This means that as s -oo 

(31) 

where 11 = 1 for ki, 2 = pi, 3 = -1, and s 0 is a 
parameter of dimension energy squared. From the 
above it follows that the mode (31) (with 11 = 1) can 
not be retained off the mass shell for space-like 
k2, and that for the fulfillment of the Fredholm 
condition it is necessary that 11 be smaller than 
unity as H_21,2, PL3- 00 • From this it follows that 

11 is a decreasing function of its arguments 
(ki,2; PL3 ). 

10)This is because it proved impossible to satisfy the equa
tions of Berestetskii and Pomeranchuk[14] by specifying 
asymptotically constant cross sections. 

Expression (31) corresponds to rp[ (ki, 2; pi, 3) 

given by Eq. (29), which on the mass shell (for 
ki,2 = Pi,3 = -1 ) has in the l-plane a pole at l = 1, 
but off the mass shell the position of the singular
ity changes. This is already a more difficult vari
ant of the Bethe-Salpeter equation. 

In distinction to the above considerations, we 
will now examine the analytic properties of the 
elastic scattering amplitude in the Z-plane in the 
case of t different from zero. It is convenient to 
use Eq. (13) for this purpose. 

As will be shown below, the solution in this 
case posesses, besides a moving pole and a fixed 
pole (associated with the central interaction), a 
moving branch point in the Z-plane. 

In the moving pole method, it followed from the 
analyticity of the partial wave amplitudes that the 
existence of a fixed pole contradicted the unitarity 
condition. In our case this statement does not hold 
true. In the first place, it was shown above that 
the solution of the Bethe-Salpeter equation satis
fies the unitarity condition automatically. Second, 
in our case the function possesses moving branch 
points .11 ) 

Assume that in expression (31) the power 11 

depends on the virtualities: 11 ( ki,2; pi, 3 ) 12 ). We 
examine the case when 11 is bounded below. If 
110 ~ 0, then it is necessary for the satisfaction 
of the Fredholm condition to introduce an addi
tional factor IJ!c(k2) which decreases with in
increasing virtuality. (If 110 < 0 the Fredholm 
condition is automatically satisfied.) 

For the following, ~he essential points con
cerning the singularities of rpf are [see (29)]: 
1. There is a pole at l = 11 ( r 0, v0, r, v ), the 
position of which depends on the virtualities, but 
not on the parameter t. This we refer to as the 
fixed pole. 2. There is a pole for l = -1, with 
position depending on no variables; this pole 
arises from the pole in the r-function in (29), or 
what is the same, from the related pole of QZ ( z )13 ). 

Investigation of Eq. (13) with rpf defined 
through (29) and 11 depending on r 0, v0 and r, v 
allows one to find several general properties of 

11 )A mention of such a possibility is contained in the 
paper of Gri bov[15], 

12 )Here and below we consider v independent oft. Questions 
concerning the physical meaning of (31) will be considered in 
future papers. 

13 )Generally speaking, one cannot rule out the variant in 
which a fixed pole of such character is located to the right of 
l = 1, i.e., at l = l 2 , where l 2 >- 1. The arguments given above 
imply only the limitation l 2 = 1. 
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the solution which are independent of the exact 
form of the function v(r0, v0, r, v). First, the 
solution cpz ( t, r 0, v0 ) possesses in the l-plane a 
moving branch point. Its appearance is connected 
with zeros of the term l - v in the denominator 
of expression (29). Actually, the prescence of the 
pole in cpz(t, r, v) for l = v(r, v, 0, 0) leads to 
the appearance of a cut which should be drawn 
through the points 14 ); 

v(O, 0, -oo, 0) < l < v(O, 0, t /2-2, 0), (32) 

and the pole in rf ( t, r, v, r 0, v0 ) leads to a cut at 

v(r, v, -oo, 0) < l < v(r, v, t /2-2, 0). (33) 

The presence of the branch points defined through 
(33) leads after integration over r and v to two 
cuts at 

v ( -oo, 0, t /2- 2, 0) < l < v {t /2- 2, 0, t /2- 2, 0), 
(34) 

v(-oo, 0, -oo, 0) < l < v(t /2-2, tl, -oo, 0), (35) 

which, however, appear as continuations of each 
other, because cp{ ( r, v, r 0, v0 ) is symmetric in 
r, r 0 and v, v0, so that there is simply one cut 

v(-oo, 0, -oo, 0) < l < v(t I 2-2, 0, t I 2-2, 0). 
(36) 

In this manner the function cpz ( t, r 0, v0 ) has in 
the general case three cuts in the Z-plane with 

branch points whose positions depend on t. On the 
mass shell these cuts join into one cut.15 ) We note 
also that for t = 4 the moving branch point moves 
past the fixed pole. [This is clear from (32)-(36)]. 

Let us examine in the framework of this model 
the question of iterations and of the character of 
the inelastic processes. Iterations of Eq. (13) 
have the following sifigularities. A fixed (in t) 
pole at l = v is found only in the first iteration 
cp(1) = cpc. The subsequent iterations have moving 
(in t) branch points and fixed higher order poles 
at l = 1. It can be shown that the sum of these 
branch points cannot lead to a moving pole; the 
sum of the higher-order poles leads to the moving 
pole. Thus, the character of the iterations of Eq. 
(13) as l- l 0 ( t ), and therefore the character of 
the peripheral processes contributing a non
vanishing term to the cross section, is exactly the 
same as in the models investigated above. 

The peripheral interaction has a fireball char-

14lHere and below we assume for concreteness that the mini
mal value of v occurs for r =-co and v = 0. These values are 
inessential for the arguments. 

15lThe character of the branch point was investigated in 
detail in Appendix II of the previous paper[16]. 

acter. For the evaluation of the number of fire
balls, their distributions according to mass and 
transferred momentum, and an estimate of Yo we 
can use Eqs. (21), (22), and (27). 

We note that besides the moving pole contribu
tion, there is also a contribution from the branch 
points to the peripheral interaction cross-section. 
These terms, however, vanish asymptotically, in 
this model, since for t = 0 the branch is located 
to the left of the point l = 1. In a lower energy 
region these terms could be noticeable. 

So far we have investigated only the interaction 
of identical particles ( 1r mesons) but the appara
tus of the Bethe-Salpeter equation can be general
ized without difficulty to treat the interactions of 
different particles, for example 7r7T, 1rN, and NN. 
Ignoring spin and isospin structure we may write: 

(37) 

These functions satisfy the unitarity condition, 
and therefore the trajectories of moving poles in 
the Z-plane coincide (i.e., there is one universal 
moving pole). We recall that the moving pole is 
contained in the integral terms of Eq. (37). 

In the investigated model in the case of the in
teraction of real particles the central interaction 
introduces a non-vanishing term in the cross 
section, given by the poles in the first terms of 
(37); the residues of these poles are in general 
arbitrary. From this it follows that the total 
amplitudes of related processes do not neces
sarily have the same behavior. The situation in 
this case is analogous to that investigated by 
Feinberg and one of the authors of [tt], and the 
main factor is the relative contribution of the 
central and peripheral processes to the cross
section for inelastic processes. 

The authors deeply thank E. L. Feinberg and 
D. A. Kirzhnits for interest in the work and for 
many fruitful discussion. 
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