SOVIET PHYSICS JETP

VOLUME 21,

NUMBER 3 SEPTEMBER, 1965

THE BETHE-SALPETER EQUATION AND ROLE OF ‘““CENTRAL’’ INTERACTIONS

I. M. DREMIN, I. I. ROIZEN, R. B. WHITE, and D. S. CHERNAVSKII

P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R.

Submitted to JETP editor October 7, 1964

J. Exptl. Theoret. Phys. (U.S.S.R.) 48, 952-964 (March, 1965)

It is shown that the equation for the imaginary part of the amplitude and the equation for the
total cross section follow from the Bethe-Salpeter equation. In the total cross section equa-
tion the integral term corresponds to the peripheral cross section and the free term to the
central interaction cross section. A particular case of the equation is the multiperipheral
model. The equation for partial waves f; (t) in the t channel makes it possible to use the
complex-orbital-momentum apparatus to ascertain those singularities in the /-plane to
which various assumptions regarding the nature of the inelastic processes correspond. A
variant consistent with two-particle unitarity in which f; possesses a fixed pole, a moving
pole, and a moving cut is considered within the framework of the Bethe-Salpeter equation.
The variant corresponds to the case of asymptotically constant central and peripheral inter-
action cross sections. It can also be applied for describing the production of ‘‘fireballs.’’

1. INTRODUCTION AND ANALYSIS OF THE
BASIC EQUATIONS

IN the theory of inelastic processes one should
point out two limiting cases: 1) The theory of
peripheral interactions, based on the assumption
that the interaction in these processes can be de-
scribed by the exchange of one virtual 7 meson.
2) The statistical theory of multiple production,
which is applicable to the description of the cen-
tral interaction and is based on the assumption
that many particles are exchanged in the process
of the interaction (the number of particles ap-
proaching infinity).

The experimental data, it seems to us, testify
to the existence of both limiting cases of peripheral
and central collisions. The cross sections for
these processes can be measured independently of
each other and for high energies they turn out to
be constant. It also follows from the experimental
data that among the peripheral collisions there is a
class of processes in which the secondary 7
mesons are emitted in groups (of 6-10 mesons),
which have been named fireballs. It is important
to stress that the effective value of the ‘“‘masses”’
of the fireballs M does not depend on the energy
of the colliding particles and appears constant
(~3—5 GeV). The parameter M = 3—5 GeV evi-
dently plays an important role in the physics of
high energies.

In the present and in following articles we will
attempt to examine from a single point of view in-

elastic and elastic amplitudes for various proc-
esses, keeping in mind that both central and peri-
pheral processes contribute asymptotically a con-
stant term to the cross-section. A convenient
method for this purpose is the utilization of the
Bethe-Salpeter equation.

Using this equation we examine the following
questions: 1) Derivation of an equation for the
cross-section for inelastic processes from that
for the amplitude for elastic scattering. 2) The
inelastic processes associated with different types
of kernels in the Bethe-Salpeter equation.“ 3) The
manner in which the /-plane can be utilized to de-
rive information concerning inelastic processes.
4) How the experimental data described above
(and also other existing models for inelastic proc-
esses) can be utilized for the explanation of the
properties of the amplitude for elastic scattering,
and the consequences for elastic scattering that
may arise from the experimental data concerning
inelastic processes.

In the first part of this paper we consider only
general theoretical questions. Concrete models
and their characteristics are discussed in Sec. 2.

To begin with we examine the interaction of

DRecently there appeared several articles which discuss
the use of the Bethe-Salpeter equation in investigation of
asymptotic properties of the scattering amplitude.[*"’] These
papers do not, however, consider the properties of inelastic
processes.

633



634 I.

b
§i Sz
2 l Pe P3 Ps D3 ‘ ks ; o0
4 _ i
be b b Pz P b Pz

like spinless particles.Z) We are interested only
in states which in the t-channel possess the
quantum numbers of the vacuum. (This means that
in considering the partial waves in the t-channel
only even partial wave amplitudes will have sense
physically.)

We write the Bethe-Salpeter equation in the
general form:

A (S, t’ pizi p32) = A (S, tv plzy PSZ)

i

- (27048 Ac(sy, t, pet, P&, ke, ko)

X A (2, t, ki2, k:2) D (ki2) D (k?) dokey, 1)

A is the full amplitude (off the mass shell of two
external momenta), AC is the sum of all two-
particle irreducible diagrams in the t-channel.
D (k) and D(k}) are propagators for particles
with momenta k; and k,. The remaining notation
is clear from the graphical representation of the
equation in the figure.

Equation (1) is the exact integral equation for
the amplitude, valid in the s, t, and u channels.
However, the only thing known about AC with
certainty is the fact that ImAf (s, t) = 0 for
t < 16. This proves to be sufficient for the de-
rivation of models of the type of the multiperi-
pheral model [4]. We shall give A® a definite
form?®’ only upon going to specific models.
Naturally, the choice of kernel is restricted by
the fact that the amplitude must satisfy the uni-
tarity condition in the s- and t-channels for arbi-
trary values of s and t. However, in the case of
the selection of a concrete form for AC satisfying
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the above requirements, it is possible to prove
from Eq. (1) only that the amplitude is unitary in
the interval 4 < t < 16.

If we assume in Eq. (1) that A® and A are in-
dependent of k;; and integrate over ki, introduc-
ing the quantities Vo = —A®/(4r)3 and
T = —A/(47)3, then we arrive at the equation used
in the method of quasipotentials (see Eq. (1.4)
of [15] ). Going further to the limit t — 4 we ar-
rive at the non-relativistic Bethe-Salpeter equa-
tion in the form (&

T(q, )

Sd3qV(p, q)fénq_——E—ié' (2)

n__ , 1
I(p,p)="V(p,P)— ()
For the following it will be essential only that the
kernel of the relativistic equation A€ goes over
in that limit to the expression —V (p, p’), where
V is the Fourier transform of the usual potential.
Thus a positive A° determines in the non-rela-
tivistic limit an attractive interaction, and a nega-
tive AC a repulsive interaction.

If attraction takes place and AC can be ex-
pressed in the dispersion form in s, then
A, (s, 0) >0 if they are of fixed sign. Notice that
in the case when A€ depends only on s, the re-
lated non-relativistic potential in the coordinate
representation is local, and thus the behavior of
AC for increasing s defines the character of the
potential as r — 0 (for example, if AC ~ s then
V~rd [5]). Dependence on other variables (es-
pecially on kf,z) implies a non-local character of
the interaction in the non-relativistic limit.

We examine now Eq. (1) in the s-channel. Let
us derive the equation for the imaginary part of
the amplitude:

Re
(2m)*
We write the dispersion relations in s; for A°
and A with t < 0, substitute them in (3), and
noting that D(k%) and D (k%) are non-singular in
the s-channel, we find (for a detailed derivation
of this equation, see Appendix I of [7])

Ai(S, t) = A1c(3, t)—

§ e, AcAD (k) D (k). )

AsC(s1,t, P12, p?, ki2, ko?) Ay (2, 8, Ki?, ko?) A0 (uy, .. ) Ao (b2, .. )

1
Ai(s1 t, piz’ p32) - Aic(s7 tv p127 p32) } 4 S d4k1

8n

This equation agrees with the equation of Amati

and others,m except for the presence of the second

DFor simplicity we take them to be neutral, pseudoscalar,
with mass equal to 1.

3)The usual ladder approximation consists of choosing A©
as a simple pole in s.

(k24 1) (k22 + 1) )

term (A$A,) in the integrand®). If AC is treated
as described above, then Eq. (4) becomes the

“)n the case under consideration, that of interaction of
neutral pseudoscalar particles, the integrals of the first and
second term (4) are identical. Thus equation (4) differs from
(4.2) of [*] by a factor of 2.
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exact equation of field theory. Consequently,
analytically continuing this equation into the region
4 =t =16, we can find the usual Mandelstam spec-
tral function py3 (s, t)m if we calculate the dis-
continuity across the cut in that region.5)
Examining now Eq. (4) in the s-channel for
t = 0 and using the optical theorem, we easily find
the equation for the total cross sections

o (s, p*) = o°(s, p?)

1 S dk2sidsysqdss

+ ) ey Ol K)o (s, k2) H (s1, 52, k2, p?),

H = sy~ [— su+(p2 + 1)2 7 [ (s1 + p? + k2)2 — 4p?k?]'"
X [(s2— 1+ k2)2 + 42" [ (s — 1 + p?)% + 4pY s,

pif=pd=7p* ki=k?=FK. (5)

Let us explain the physical meaning of the
quantity oC. Recalling that AC is two-particle-
irreducible in the t-channel, we see that o€
represents in the s-channel the sum of the cross
sections of all processes which result from the
exchange of more than one meson, and also from
the result of interference of single-meson and
many-meson diagrams. The question of the inter-
ference of these quantities was considered in [9’103,
where it was found that these terms are negligibly
small. We define as central collisions all proc-
esses proceeding through the exchange of more
than one m meson. (This definition agrees with
the definition of central interactions used in [“].)
Then it follows from the foregoing (1) that aC,
being the cross section for central collisions, is
a positive quantity. Note that a positive ¢€, as
can be seen above, corresponds to an attractive
potential in the non-relativistic region in the
t-channel.

Equation (5) corresponds to the equation in the
multiperipheral model M) if one assumes that the
central collision gives a non-vanishing term only
for low energies, and reduces to the equation for
the single-meson approximation 19 if one of the
cross sections appearing in the integrand in this
equation is regarded as that for central collisions.
In this manner the properties of inelastic proc-
esses are related to those of the amplitude for
elastic scattering. Specifically, the singularities
of the elastic scattering amplitude in the l-plane
may depend on the character of the inelastic
processes.

We therefore turn now from Eq. (1) to the
corresponding equation for the partial wave am-

5)See appendix II of the authors’ paper[’].

plitude in the t-channel:

2i

t. 2’2=ct’ 2’2_____

filt, pe?, ps?) = f£ (2, pi?, P¥°) K
¢ & fe(t, P2, p, k2, ka?) fi(t, ki, ke?)

2d d ;
XSO lal IQI_SW Ollhitar—@—1—ie)2—ig "’

(6)

q=ki;, ¢go= (poo+ps)/2— ko= VT/ 2 — k.

For the following it is convenient to introduce
relativistically invariant integration variables
having the physical meaning of the sum and differ-
ence of the virtualities of the exchanged particles,
which in the center of mass system of the t-channel
are related with q and qq4 by:

g=1[t/4— (r+2)/2—v2/4t]h, g =v/2Vt,
re=—k2—k2—2, v=k?— k&

Equation (6) in terms of these variables takes the
form:

(7)

fi(t, ro, vo) = fi° (2, 7o, Vo) — —(4341%
[t(¢t — 4)— 2tr + v fie (&, 1o, vo, 1, V) ult, 1, V)
X S drdv (r + ie)2 — o2 (8),

where ry = —p] — p3 — 2, vy = —p? + p3, and the
integration runs over the region t (t — 4) — 2tr
+v2 > 0.

Equations (6) and (8) are valid for arbitrary
values of t. Note that on going to the region t < 4
all zeros of the denominator of (6) are located in
the second and fourth quadrants of the q, plane.
The quantities f‘f and f; also may have singulari-
ties in the qq plane, but if they are of Feynman
character they also lie in the second and fourth
quadrants. In this case the contour of integration
in q, can be rotated to the imaginary axis (12,13,
Substituting then qo — —iq, we find:

— f,C - _
h=ft+ @)
dg \ d 9)
* §q q_i O Wh—ai— @ — 1+ i)+ tqo?
or substituting v — —iv
[t(t —4)—2r— vk
(r4ie)% -4 o2

with the region of integration t(t — 4) — 2tr — v
> 0.

This equation can be analytically continued to
the region t > 4. It is necessary, however, to keep
in mind the singularities which deform the contour
of integration with respect to qy at t > 4. This
leads to the appearance of a cut at f;(t) in the
t-plane when t > 4. The discontinuity across the

(10)

fz=fz°+(4n)3tsdr v

2
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cut can be calculated using the expression for the
above equation. In the region 4 < t < 16 we find
t—4 )'/2

h—ft= _21;(__

11
6m\ 7 fifit,

11)
where f7 and f%l are the values of the partial-
wave amplitude on the first and second sheets of
the t-plane. On the mass shell for integer even
values of I (11) reduces to the usual unitarity re-
lation.

In the following it will be necessary also to ex-
amine the partial wave equation at the point t = 0.
In the limit as t — 0 the region of integration in
the v-variable in (10) contracts to a point. With
this the numerator and denominator of the kernel
in the integral term tend to zero. The possibility
of performing the transformation depends on the
behavior of the functions f‘f and f; at the point
t = 0. It is convenient here to introduce new func-
tions:

OF = fo(t — 4 — 21 —v@ [ 4t) V2 (t — & — 2rp — vi2 [ 4t) 2,

o =fi(t —4—2ry — v [ 4t)72(t — & — 2ry — 02 [ 41) 2,

(12)
They satisfy the equations

[t(t — &) — 2tr — v2]'h
r2 4 v?

expressions for f; and

4
o= (Plc‘*"(zmg drdv

Using the well known 14
ff in terms of A; and A{

Q. (13)

o

t =_i-SA,(z, t, r, v)Qu(2)dz,

Zo

oo

fe = %S Ae(z, ¢, r, v)0Qi(2)dz

Ze

(14)

(where Q7 (z) is a Legendre function of the second
kind ), and using the analytic properties of A; and
A, we find that the functions ¢7 and ¢f do not
take on the values zero or infinity as t — 4 — 2r

— v¥t — 0. In view of this it is possible to per-
form the integration over v as t — 0. We then
find

ooy g 2EVRT (4 /2)
@i(ro) = @i°(ro) + RCENED)
T (=r—2) (15)

X S dr
By solving this inhomogeneous equation we can
determine the form of the partial wave amplitude
for t =0.

Thus, (10) and (15) are equivalent to (1) and,
like (4) and (5), permit in principle to ascertain
the singularities of the functions f; in the I-plane
to which definite assumptions concerning the
character of the central interactions correspond,

4+
=0t (ro, T)0u(r).
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especially assumptions concerning their total
cross-sections.

2. PROPERTIES OF ELASTIC AND INELASTIC
PROCESSES

In this section, using different models, we con-
sider the following questions: a) The distribution
in the square of the transferred momentum k* of
the peripheral interactions in which several cen-
ters of emission of secondary pions (fireballs)
occur; b) the distribution in the ‘‘masses’’ of
these emission centers and its relation to the dis-
tribution in k?; ¢) the dependence of the total num-
ber of fireballs on the energy of the colliding par-
ticles; d) the cross section of the central interac-
tion at high energies. We pay particular attention
here to those general properties of these distribu-
tions which are, as far as possible, independent of
the particular assumptions of the model (namely,
the asymptotic behavior of the distribution, the
location of the maxima, and similar characteris-
tics). A few of the models are in our opinion not
realistic; their examination is of methodological
importance in that they lead to models of more
physical importance. We hope to carry out a more
detailed investigation of such models in the future.
We begin with the general characteristics of the
process.

We are interested in the total cross section for
processes in the s-channel. It is thus convenient
to make use of the Bethe-Salpeter equation for the
imaginary part of the amplitude for elastic proc-
esses at t = 0 in the form:

Aq(s, p?) = As(s, p?)
dsy dsy dk?
(kZ + 1)2

T SR TFT T

X A (s1, k2, p?) Ai(s2, K2). (16)
In the l-plane it has the form (15). This is an in-
tegral equation whose character depends on the
value of I. Further we will demand that the equa-
tion satisfy the Fredholm condition for Z > 1.8)
Of particular interest will be the investigation
of this equation for I — 1 + 0. The peripheral in-
teraction is described by the second term of (15)
or (16).

In all of the models which we will consider,

®)We stress that Eq. (16) or Eq. (15) for [/ = 1 + 0 has physi-
cal meaning in that the terms of the iteration series represent
observable quantities. The Fredholm requirement is related to
the existence of an iteration series.
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there appears a singularity in the integral term of
(16) in the form of a pole at I =1, (t), the position
of which depends on t but not on the virtuality K.
This is the so-called moving pole”, the appear-
ance of which is related to the unitarity condi-
tion 4], We assume that l,(0) =1 for t =0. The
function near the point I =1, can be written in the
form

Substituting (17) in (15) and assuming that in gen-
eral <p§ is regular near ! =1, we easily find a
homogeneous equation for R. However, since the
contrlbutlon to the amplitude A; from the moving
pole (A1 ) is related to the residue of the function
by

AP = ¥ (p?)soP (p? = —1) = 3nR(p?)s, (18)
where ¢P is the cross section of the peripheral
interaction; O'P = const, it will be more conven-
ient to use not R, but a function ¥ which coin-
cides with R apart from a coefficient:

W (p?) = K(p2 k)W (k2)dR?,

0

(K*)*
CE= A
In an analogous manner we can rewrite Eq. (16),

if we consider only the contribution from the mov-
ing pole:

3
K(p?, 1) = (=0, 1% k), A= (19)

(k?)*
(k2 4 1)z
A (s, P, B?) W (R?) 0

G PRt P ) —
This equation corresponds to (19). The diagram
explains the physical meaning of the quantities S;
and k2, Sy being the square of the “mass’’ of the
irreducible center of the diagram and k® the
virtuality of the exchanged pion. It follows that the
quantity
do? of
dSi - 4 (p

W (p?) 0P = -4%5 ds,dk?

(20)

, (k)2
) %ty

Ay (sy, p? K2) W (K?)
R RS TR R O R D
represents the distribution in the squares of the

masses of the irreducible center of the diagram,
and the quantity

(1)

")Note that the moving pole is the leading singularity of
the entire amplitude for k? > — 1.
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oP (k2)2

k2)
T iR+ 1) (p Sd St

A (51, 7% 1)
RN R N (RN RN Py Ok

is the distribution in k?, the virtuality of the ex-
changed pion when the virtuality of the incoming
pion is pz. The properties of these distributions
depend on the form of ¥, and thus on the kernel
K.

The Fredholm conditions impose some bounds
on K. In the case of a symmetric kernel this con-
sists of the requirement that K(pz, k2 ), decrease
faster than (k‘?)_1 for fixed p? and k® — =. It is
not difficult to convince oneself that q,(k2) be-
haves in the same fashion as k? — =«. It follows
that as k?® — = the distribution in virtualities de-
creases rapidly enough so that its integral con-
verges.

The distribution da/d51 depends on the behavior
of AC. If A (sy) ~ s/ with v < 1 for k? > 0%,
then do/ds; < s;! as s; — =, and it follows that
the integral of this distribution over s; also con-
verges as s; — . Thus in both distributions the
upper limit s can be replaced by infinity for large
S.

On the other hand as k? — 0 we have do/dk®
— 0, as follows directly from (22). Thus the dis-
tribution in k? has a maximum which is asymp-
totically independent of the energy of the colliding
particles. For small values of sy, near threshold
(sy=4), Af(s;) is small. (Note Af (s;) =0 for
s{ = 4.) Thus the function do/ds; has a maximum.
Its position does not depend on the energy of the
colliding particles.

For a more detailed description of peripheral
inelastic processes it is necessary to consider
iterations of Egs. (15) and (16). The point is that
an iteration of n-th order corresponds to a
Feynman diagram for inelastic processes with n
centers of emission of secondary particles. It is
not difficult to verify that no finite iteration of (15)
gives rise to a moving pole in the I-plane, but
that this pole arises only through summation of
the iteration series. If the function cp%3 has in the
l-plane a pole for I =1, (exactly this situation oc-
curs as a rule, with Iy < [j), then the n-th itera-
tion has a pole of the n-th order at the same point
and is of the form

o = OW (L) [ (L — )"

do?
dk?

(22)

(23)

8)We show below that the condition v <1 for k*>0 is neces-
sary for the fulfillment of the Fredholm conditions of Eq. (15).
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We separate from the iteration series those
terms which upon summation contribute the pole
at 1=1,(0) =1 (denote them by <pg})§). We write
(17) in the form

R(l)y R(l) —R(1)
= lii = ot =g
The last term does not have a pole at I =1 if the
function R(!) is smooth and differentiable at this
point. The first term has, of course, the same
structure as (23):
Pro= N opor,  Ppor = Dot (1, )/ (L= 1L)™ (23"

n

a7

On the other hand, the function ¢p,] may be ex-
panded in a Laurent series

Rr(1)

1 (Lo—U)"
I—4 (=L~
Comparing the n-th term of this expansion with
that of (23’) and using (18), we find

9por =~ =R(1) }
n

Y= R(1) (1 =)™

of(p? = — 1),. (24)

3n
Thus the quantity d>(%)l depends on the virtuality
p2 in a manner independent of n. This is a conse-
quence of the fact that the position of the moving
pole depends only on t. The corresponding term
in Ay has the form
" (—l)lns (o5

sh(n —1)! si(n—1)1

Using expression (25) it is possible to find in
which energy region (that is, for what s) the max-
imum contribution is made by the formation of n
emission centers.

Ins=(n—1)/ (1 —1).

= (1= 1)"4¥ ()

Aspor = (In s)»= = ¥ (p?)

(26)

From this it follows that with increasing s the

number of centers grows logarithmically.

Note, that the terms Afn) of the iteration series

of Eq. (16) are of course different from Ag&. For
small s, when the conservation of energy in the
s channel limits the iteration series to a small
number of terms, the difference may be appreci-
able, even as a result of the singularities of ¢;
located to the left of I,. If, besides this, apl(n) has
singularities located to the right of ; (but, as
stipulated, to the left of [, = 1), then as s —
these are the ones which determine the behavior
of Ain). (We will examine this situation forn > 1
below.) However for sufficiently large n, and for
s chosen so that A(ln)01 is a maximum [see (26)],
the term A®™) | will dominate A(M). This is due

1p

to the fact that the sum of (plgz))l has a pole located

to the right of all the singularities of the integral
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terms.

In the calculation of the angular distribution,
the most important characteristic is 7_0’ the
Lorentz factor relating two neighboring centers.
Using the exposition of Bl we easily find that

1
_ 5(0) — 1
i.e., vy is completely defined by the relative posi-
tions of the poles in <plc and ¢;.

Thus, peripheral processes, described in the
framework of the Bethe-Salpeter equation,
posess the following properties. Secondary-
particle emission centers are formed. The num-
ber of centers n grows slowly (logarithmically)
with increasing energy s. For sufficiently large
values of s and n, which are related by condition
(26), the distribution with respect to the square of
the masses sj of these centers has a maximum
and decreases quickly as sj — «. The position of
the maximum does not depend on the energy of the
incoming particles s nor on the number of centers
n, if n and s satisfy (26).

The distribution with respect to the virtuality of
the exchanged pion posesses these same proper-
ties. These properties are those of fireballs. We
stress again that the formation of fireballs arises
within the framework of the considered theory
through the following two requirements: a) the
Fredholm condition must be satisfied by (15) and
(16), and b) the moving pole at t = 0 must be lo-
cated at [;(0) = 1. The latter is equivalent to the
requirement that the cross-section for peripheral
processes be asymtotically constant.

We examine now several models for inelastic
processes.

A. The model with ¢€ ~ 8¥"1(v < 1). We con-
sider the case when A{ has the form

Yo = cosh (27)

Ac(s,p?) = We(s/s0)Y for s = sy, (28)

where v is a constant, v < 1. In this case the
cross-section for central interactions decreases
with increasing energy as a power of the energy,
o€ ~ SY71. In our opinion this is a non-realistic
model (as noted above, the cross-section for
central interactions is apparently asymptotically
constant), but can be of methodological interest
since its analysis can facilitate further research.

Using (12) and the asymptotic form of the func-
tion Q7(z) for z » 1 we find for <plC9)

9Here and below we assume that the region of importance
for A€ is that of large but possibly bounded values of s, in
which the asymptotic form already holds, and neglect the te-
gion near threshold, i.e., 4 <S <0.5 (GeV)>.
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C(L 4+
C—_l( +1) —F(l+1,1—v, l—v+1; 2)
YaT (14 3/2) 2%
« (29)
l—vw
where z = —(p? +k?)/s, and F is a hypergeome-
tric function. Equation (19) takes the form

=Y

_ 1 (k2)2 e
‘I’(PZ) - _8;§S|(k2+1)2 1—v
(21—, 2——v;—p2+k2)‘lf(k2)dk2. (30)
So

If v< 0, then Eq. (30) is of Fredholm type and
can be solved by usual methods. The case v = -1
contains thé multiperipheral model of Amati et
al.l 1f AC(s) ~ 6 (s — s9) the function ¢f sim-
plifies and the equation for (p2) becomes Eq.
(4.6) of 43,

We note also that the iterations of Eq. (15) have
in the l-plane multiple poles for I = —1. Expressed
in terms of s these iterations have terms of the
type A®™ ~ (x In s)?/sn! examined in (4],

When 0 = v < 1, in order to satisfy the Fred-
holm character of Eq. (30) it is necessary to re-
quire in addition that ¥€ be a decreasing function
of the virtuality. When v =1[; =1 such an assump-
tion is no longer sufficient, since the coefficient
of the integral term in (30) becomes infinite. This
is related to the impossibility of there being a
multiplicative dependence of the total cross sec-
tions on s and k? in this case!?).

Note that the quantity 7, defined in Eq. (27),
is about 7y, ~ 1.15 when v = —1, which is some-
what lower than the experimental results[“]. For
v =Y we have vy, ~ 3-4, which is closer to the
experimental results.

B. The model with ¢€ = constant. We now ex-
amine models in which the cross section for the
central interaction (on the mass shell) is asymp-
totically constant. This means that as s —

A(s, b, p2 = k2 = —1) = (s/s0)"¥e(2), (31)

where v =1 for kiz = pf,3 = -1, and sj is a
parameter of dimension energy squared. From the
above it follows that the mode (31) (with v = 1) can
not be retained off the mass shell for space-like
kz, and that for the fulfillment of the Fredholm
condition it is necessary that v be smaller than
unity as kzi,z, p%’g — . From this it follows that
v is a decreasing function of its arguments

2 2
(k1,25 P1,3)-

10)This is because it proved impossible to satisfy the equa-
tions of Berestetskii and Pomeranchuk['*] by specifying
asymptotically constant cross sections.
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Expression (31) corresponds to go? (kf,z; p§’3)
given by Eq. (29), which on the mass shell (for
k%yz = pf,3 = —1) has in the I-plane a pole at I =1,
but off the mass shell the position of the singular-
ity changes. This is already a more difficult vari-
ant of the Bethe-Salpeter equation.

In distinction to the above considerations, we
will now examine the analytic properties of the
elastic scattering amplitude in the /-plane in the
case of t different from zero. It is convenient to
use Eq. (13) for this purpose.

As will be shown below, the solution in this
case posesses, besides a moving pole and a fixed
pole (associated with the central interaction), a
moving branch point in the I-plane.

In the moving pole method, it followed from the
analyticity of the partial wave amplitudes that the
existence of a fixed pole contradicted the unitarity
condition. In our case this statement does not hold
true. In the first place, it was shown above that
the solution of the Bethe-Salpeter equation satis-
fies the unitarity condition automatically. Second,
in our case the function possesses moving branch
points.“)

Assume that in expression (31) the power v
depends on the virtualities: v (k%,Z; p§,3)12). We
examine the case when v is bounded below. If
vy = 0, then it is necessary for the satisfaction
of the Fredholm condition to introduce an addi-
tional factor ¥°(k%) which decreases with in-
increasing virtuality. (If vy < 0 the Fredholm
condition is automatically satisfied.)

For the following, the essential points con-
cerning the singularities of (pf are [see (29)]:

1. There is a pole at I = v(rgy, vy, r, V), the
position of which depends on the virtualities, but
not on the parameter t. This we refer to as the
fixed pole. 2. There is a pole for I = -1, with
position depending on no variables; this pole

arises from the pole in the I'-function in (29), or
what is the same, from the related pole of QI (z )13).

Investigation of Eq. (13) with ¢f defined
through (29) and v depending on ry, vo and r, v
allows one to find several general properties of

I1A mention of such a possibility is contained in the
paper of Gribov['®].

12){ere and below we consider v independent of t. Questions
conceming the physical meaning of (31) will be considered in
future papers.
13)Generally speaking, one cannot rule out the variant in
which a fixed pole of such character is located to the right of
l=1,1i.e., atl =1, where [, > — 1. The arguments given above
imply only the limitation [, = 1.
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the solution which are independent of the exact
form of the function v (ry, vy, r, v). First, the
solution ¢ (t, ry, vo) possesses in the l-plane a
moving branch point. Its appearance is connected
with zeros of the term I — v in the denominator
of expression (29). Actually, the prescence of the
pole in ¢ (t, r, v) for I =v(r, v, 0, 0) leads to
the appearance of a cut which should be drawn
through the points”);

v(0,0, —00,0) < 1<<v(0,0,¢/2—2,0), (32)

and the pole in f? (t, r, v, rg, v¢) leads to a cut at

'V(r,U,—O0,0)<l<V(r,U,t/2—2,0). (33)

The presence of the branch points defined through

(33) leads after integration over r and v to two

cuts at

v(—o0,0,t/2—2,0) <l<<v(t/2—2,0,t/2—2,0),
(34)

v(—00,0, —00,0) < I<<v(t/2—2,9,—00,0), (35)

which, however, appear as continuations of each
other, because qa(; (r, v, vy, vg) is symmetric in
r, ry and v, vy, so that there is simply one cut

v(—o0,0, —00,0) <l <<v(t/2—2,0,t/2—2,0).
(36)

In this manner the function ¢ (t, ry, vo) has in

the general case three cuts in the I-plane with

branch points whose positions depend on t. On the
mass shell these cuts join into one cut.'® We note
also that for t = 4 the moving branch point moves
past the fixed pole. [This is clear from (32)—(36)].

Let us examine in the framework of this model
the question of iterations and of the character of
the inelastic processes. Iterations of Eq. (13)
have the following singularities. A fixed (in t)
pole at I = v is found only in the first iteration
<p(1) = ¢°. The subsequent iterations have moving
(in t) branch points and fixed higher order poles
at I = 1. It can be shown that the sum of these
branch points cannot lead to a moving pole; the
sum of the higher-order poles leads to the moving
pole. Thus, the character of the iterations of Eq.
(13)y as I — I (t), and therefore the character of
the peripheral processes contributing a non-
vanishing term to the cross section, is exactly the
same as in the models investigated above.

The peripheral interaction has a fireball char-

14)Here and below we assume for concreteness that the mini-
mal value of v occurs for r = — and v = 0. These values are
inessential for the arguments.

15)The character of the branch point was investigated in
detail in Appendix II of the previous paper[*°].
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acter. For the evaluation of the number of fire-
balls, their distributions according to mass and
transferred momentum, and an estimate of y, we
can use Egs. (21), (22), and (27).

We note that besides the moving pole contribu-
tion, there is also a contribution from the branch
points to the peripheral interaction cross-section.
These terms, however, vanish asymptotically, in
this model, since for t = 0 the branch is located
to the left of the point Z = 1. In a lower energy
region these terms could be noticeable.

So far we have investigated only the interaction
of identical particles (7 mesons) but the appara-
tus of the Bethe-Salpeter equation can be general-
ized without difficulty to treat the interactions of
different particles, for example wmn, N, and NN.
Ignoring spin and isospin structure we may write:

Qe = Qan + S K,(P:t:tc(Pm'tdr dv,

v = @y 4 § K'@uapuydr dv,

oNN = QnN°+ S K'@anpandr dv. (37)
These functions satisfy the unitarity condition,
and therefore the trajectories of moving poles in
the I-plane coincide (i.e., there is one universal
moving pole). We recall that the moving pole is
contained in the integral terms of Eq. (37).

In the investigated model in the case of the in-
teraction of real particles the central interaction
introduces a non-vanishing term in the cross
section, given by the poles in the first terms of
(37); the residues of these poles are in general
arbitrary. From this it follows that the total
amplitudes of related processes do not neces-
sarily have the same behavior. The situation in
this case is analogous to that investigated by
Feinberg and one of the authors of (11 , and the
main factor is the relative contribution of the
central and peripheral processes to the cross-
section for inelastic processes.

The authors deeply thank E. L. Feinberg and
D. A. Kirzhnits for interest in the work and for
many fruitful discussion.
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