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A simple method based essentially on gauge, charge, and Lorentz invariance is used to calcu
late the exact total cross section for emission of a photon in the production of a muon pair by 
electron-positron collision. 

1. INTRODUCTION 

0 NE of the main types of process which will be 
observed in the near future in experiments with 
colliding electron beams and in colliding beams 
of electrons and positrons consists of processes 
of scattering and pair production accompanied by 
emission of hard photons. Whereas there is a 
simple and effective theoretical apparatus for de
scribing the production of soft photons ( w/ E « 1), 
which makes use of the classical character of the 
emission of such photons, in the case of the emis
sion of hard photons the calculations are excep
tionally cumbersome, the resulting differential 
cross sections are extremely untransparent, and 
it is practically impossible to calculate the total 
cross sections by the standard method of inte
grating the differential cross sections. Since 
there have now already been measurements of 
the cross section for single photon emission in 
electron-positron collisions in colliding beams, 11] 

the problem of calculating the exact total cross 
sections has become important not only from the 
theoretical, but also from the practical point of 
view. 

In the present paper we consider the process of 
emission of a photon in the production of a muon 
pair by electron-positron collision, e+ + e-- Jl+ 

+ Jl- + y. A method is proposed which enables us 
to calculate in a simple way the total cross section 
of this process, integrated over the final muon 
states. The idea of the method is to integrate the 
separate parts of the diagrams by using the prop
erties of relativistic, gauge, and charge invariance. 
It is then not actually necessary to make the ex
tremely cumbersome calculation of the differential 
cross section, since the traces of the electron and 
muon parts of the diagrams are integrated directly. 
This is a rather universal method, and can be used 
for the calculation of the cross sections for various 
processes of this same type. 
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In the second section we give the derivation of 
the exact formula for the total cross section for 
emission of a photon in the production of a muon 
pair; in the third section we carry out an analysis 
of this formula. 

2. CALCULATION OF THE TOTAL CROSS 
SECTION 

The process of emission of a photon in the 
production of a muon pair is represented by four 
diagrams (see figure). Here we have used the 
notations: the momenta of the initial particles are 
p 1 (E 1, p 1) and p2(E 2, p 2 ); those of the final parti
cles are p:\(E 3, p3 ), p 4 (E 4, p 4), and k(w, k). We 
shall use a metric in which ( ab) = a 0b 0 - ab. The 
matrix element for the process is of the form 

M = B{~-2 (v(p2+)Livu(p1)) (u(p.)yvv(p3+)) 

+ A-2(u(p4)L2vv(p3+)) (v(p2+)yvu(p1) )}, 

where 
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(2.1) 

(2.2) 

(2.3) 

(2.4) 

Averaging over the spins of the initial electrons 
and summing over the spins of the final muons and 
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the polarizations of the photon, we get 

(2.5) 

where 

Here Me and MI-l are Compton tensors propor
tional to the cross section for Compton scattering 
of a polarized heavy "photon" with mass 6 2: 

M vv' 
_e2 = Sp [L1vA+(pi)£1v'.!L(p2+)], 

m 
Ml1vv'- {Mevv'). 

2 - R1 2 J, 
fl m 

(2. 7) 
Je and J!J. are current tensors: 

jvv' . jvv' (fvv') 
--~- = Sp[yvA+(pi)yv'A-(pz+)], + = R1 , __ e_ .f; 
~ ~ l~ 

(2. 8) 

and K1 and K2 are interference tensors: 
xvv' 
- 1-, = Sp[Llvi\+(P1)yv'A_(p2+)], 

m-
K2vv' = Rl { K!vv' ) 

~tz mz J. 

The operation R1 

(2. 9) 
consists of the interchanges 

P1 +-+- p3+, P2+ +-+- P4, m +-+fl. (2.10) 

vv' 
We represent the tensor Me in the following 

form: 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

We write the cross section for the process in 
question in the form 

(2.15) 

where dcre is the contribution in which the photon 
is emitted by the initial particles, dcrl-! is that in 
which it is emitted by the final muons, and dcrel-! 
is the interference term. Let us consider the 
cross section 

( 2.16) 

(2.17) 

The Lorentz-invariant tensor Nvv' can depend 
only on the four-vector 6.v, and consequently the 
most general form for this tensor is 

(2.18) 

Because of the law of conservation of current 

(2.19) 

the tensor Nvv' is transverse: 

N ( A 2 2) [ ~V~V' J 
VV' = C U , fl gVV' - ~ . (2.20) 

To calculate the coefficient c (6 2, p. 2 ) we need 
only contract the tensor Nvv' in Eq. (2.17) with 
gvv' and calculate the resulting integral. This 
integral is invariant and is most simply calculated 
in the c.m.s. of the two muons. We then get 

2n ( ~2 - 4!12 )'" (2 21) c(~2, !12) = 3[2!12 + ~2] \ ~2 ; . 

the factor (6.2 - 4p. 2) 1/ 2 characterizes the behavior 
of the cross section at the threshold. 

Owing to the gauge invariance of the Compton 
tensor, 

(2.22) 

only the contraction M~v' gvv' contributes to the 
cross section dcre. Calculating this contraction 
and carrying out a trivial integration over the azi
muthal angle at which the photon emerges, we get 
the differential cross section with respect to the 
angle between the initial electron and the photon in 
the c.m.s. of the initial particles: 

d2ae = a3w (2fl,2 + N) { ~2 - 4fl,2 )'/, 

d cos t1n dw 6E2~ ~4 \ ~2 

+ 2 [~ + ~]+ _i___[E2~2 + m2(Ew- m2)J}, 
x' x xx' (2.23) 

where in this system 

~2 = 4E(E- w), (2.24) 

Performing the elementary integration over the 
angle of emission of the photon, we get 

(2. 25) 
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here 

L=~ln 1+ 13 
13 1-13' 

We proceed to the calculation of daw In anal
ogy with (2.16) we can write 

(2.26) 

(2.27) 

In the further work we use arguments analogous to 
those applied for Nvv' in (2.17). Using the gauge 
invariance of ( MtJ.) vv' 

Av(M~t)vv• = Av'(M~t)vv• = 0 (2.28) 

and the fact that Qvv' can depend only on the 
four-vectors Av, kv, we get the following expres
sion 1> for Qvv1 : 

A2(a1+A2a2) 
Qw• = a1Kw• + (kA)2 kvkv• 

(a1 +A2a2) + a~vAv·- (kA) (kvAv· + kv•Av); (2.29) 

the functions a 1 and a 2 depend on tJ. 2, A 2, and 
( kA). It is clear that only the first two terms 
contribute to the cross section, since the current 
conservation law holds, 

(2.30) 

To calculate the functions a 1, a2 we contract 
I I 

the tensor Qvv1 with the tensors gvv and kvkv ; 
we then get 

When, on the other hand, we calculate these con
tractions in the integral (2.27) and take the result
ing invariant integrals, which is most simply done 
in the c.m.s. of the final muons, we can easily find 
the functions a 1 and a 2• We present these func
tions in the c.m.s. of the initial particles: 

(2.32) 

*A similar approach has been used in the paper by Gorge 
and others['] to calculate the contribution from the emission 
of a photon by the electron in a muon-electron collision. There, 
however, an integration over dw was performed, which led to 
difficulties owing to the infrared divergence, and the integra
tion was not done over the momentum of the final muon. An ex
tensive bibliography is given in[']. 

a~2 = 4n( .:12- 4JL2 )'t. ~[.:12- 2JL2L!] 
\ .:12 (!)2 ' (2.33) 

where 

L = ~ln 1 + 13o ~'~o = ( az A24JL2 )''•. 
I 13o 1'-13o' t' a (2.34) 

Substituting the quantities so obtained in Eq. 
(2.26), we easily get the differential cross section 
with respect to the angle between the initial elec
tron and the photon, as contributed by the radiation 
from the muons: 

d:lcr~t a3w {( m 2 ) 

d(cos'frn) dw = (2n)8E4~ \ 1 + 2E2 a1 

(2.35) 

Carrying out the integration over the angle of 
emission of the photon, we get 

.a3 dw ( m2 ) ( .:12- 41L2 )'"{ 
dcr~t = 6E4A- 1 + 2E2 \ --,;v- (Li- 1) 

.... (!) (2.36) 

X (.:12 + 2w2)- 112 [ L 1 ( !w + ~:) + 2( 1-;) J}. 
We have still to calculate the contribution of the 

interference terms. First we note that it can 
easily be shown fr.om the explicit form of Kwv'• 
Eq. (2.9), that the interchange Pa ~ p4 changes the 
sign of K2vvl: 

K2vv' (p,, p3+, Jl) = - K2vv' (pa+, P41 - Jl) 
(2.37) 

= - K2vv' (pa+, P4, Jl) · 
In the calculation we encounter an integral of the 
type 

It is easy to see that the interchange P3 ~ p4 

changes the sign of the integrand, and so 

Ovv' = 0. 

(2.38) 

(2.39) 

Thus when integrated over the final muon 
states the interference cross section daetJ. is 
zero. Therefore the total differential cross sec
tion is 

rFcr (2.40) ------
d (cos 'fr~t) dw 

and is given by Eqs. (2.23) and (2.35), and the in
tegrated total cross section is 

dcr = dcre + dcr~t (2.41) 

and is given by Eqs. (2.25) and (2.36). 

3. ANALYSIS OF THE TOTAL CROSS SECTION 

The expression (2.41) which we have obtained 
for the cross section da is exact. Let us now 
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examine the behavior of the cross section in vari
ous limiting cases. First we study the behavior of 
the cross section near the threshold for produc
tion of muons; here it is obvious that J.L 2/E2 ~ 1, 
w/E « 1. In this case the cross section, to terms 
of first order in w/E, is of the form 

2a.3 dw ( w J ( 2E 1 ) dcr.1h = -,--- 1 +- ~o ln-- -- , 
E2 w 3E. rn 2 

(3.1) 

(3.2) 

where near threshold f3o « 1 [ cf. Eq. (2.34) ]. It 
is seen from this that near threshold the cross 
section for emission of a photon by the muons is 
smaller by a factor f3afln ( E/m) than the cross 
section for emission of a photon by the electrons 
and is extremely small. 

For E » IJ. (far from threshold) and under the 
condition w/E « 1 we have, to terms of first 
order in 1J. 2/E2 and w/E, 

(3.3) 

dcr,. = 4 ~~ dw ( ln 2E- i)( 1- _w_). 
3E2 w 1.1. 2 E 

(3.4) 

It is seen that in this case the ratio of the cross 
sections reduces to the ratio of the logarithmic 
factors, so that for E = 250 MeV daJ.L is about 15 
percent of dae, and for E = 1 GeV it is about 30 
percent of dae· Consequently the contribution of 
photon emission by the muons is by no means 
small. 

An important feature of these formulas, in 
which the case of photon emission in the produc
tion of a pair of particles differs decidedly from 
that of bremsstrahlung in electron scattering, is 
that the total cross section falls off with increase 
of the energy as ln(E/m)/E2, whereas the cross 

section for brem~strahlung in scattering increases 
as ln ( E/m). This is due to the fact that the main 
contribution to the bremsstrahlung cross section 
comes from small momentum transfers ( cf. e.g., 
[ 3] ) • Indeed, in the case of bremsstrahlung in 
electron scattering by a Coulomb force center the 
minimum momentum transfer is wm2/2E2• In our 
present case, on the other hand, the momentum 
transfer cannot be small (it is larger than 2/). ), 
and the result of this is that there is no compen
sation of the factor 1/E2• It is clear that this 
sort of situation is characteristic of all processes 
of emission of photons in the production of pairs 
of particles when there is annihilation of an 
electron-positron pair. 

Let us also examine the hard part of the photon 
spectrum. The photon energy is a maximum in the 
case when the photon and the two final muons come 
out in opposite directions and the muons have 
equal momenta: 

Wmax = (E2 - !!2) /E. (3.5) 

It can be seen directly from the expressions (2.25) 
and (2.36) that for w -- wmax the cross section 
da goes to zero as ( wmax - w) 11 2• 

In conclusion the writers express their grati
tude to V. M. Galitski1 for a discussion. 

1 Bernardini, Corrazza, Di Jiugno, Haissinski, 
Marin, Querzoli, and Touschek, Preprint 
LNF-64/33, 1964; Nuovo cimento (in press). 

2 Gorge, Locher, and Rollnik, Nuovo cimento 
27, 928 (1963). 

3 V. Bayer and V. Galitsky, Physics Letters 13, 
355 (1964). 

Translated by W. H. Furry 
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