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Electric-field heating of a completely ionized plasma where the photon heat capacity exceeds
the electron heat capacity is considered. The attainment of a steady state of the system de-
pends on the photon thermal conductivity. The photon distribution function is found for the
case when heating of the photons is due mainly to Compton, not radiative, processes. This
distribution is Maxwellian with a ‘‘chemical potential’’ determined by conservation of the
number of photons. The possible instabilities in this plasma are considered: thermal in-
stability due to unbounded (in the linear approximation) heating, acoustic instability, and
instability associated with a descending current-voltage characteristic in a strong magnetic

field.
1. INTRODUCTION

WE have previously (t-3] investigated the kinetic
properties associated with the drag and mutual
drag of electrons and photons in a rarefied hot
plasma with large radiation pressure. The present
work considers the properties of the same plasma
in a high electric field, which heats the plasma
electrons to a temperature different from that of
the ambient. Energy exchange between the elec-
trons and ions is hindered by their large mass
difference. Therefore, when the radiation pres-
sure exceeds the gas pressure electrons transfer
energy mainly to photons even when the radiation
pressure is not very high; in this case electron
momentum is still transferred mainly to ions.

Let us consider a plasma in which the energy
transfer from electrons to photons occurs through
Compton scattering. The electron concentration n
must then satisfy the inequality
n< 102(L)/"( 5)3 ~ 700, D)

mc? ke
where T is the plasma temperature in ergs. As
in our earlier work, we shall also assume that the
dimensions L of the system exceed the mean free
photon path It for the considered processes:

L>l;=1/nZ; (1.2)

where Z¢~ 7 x107% cm? is the Compton scatter-
ing cross section. For n 2 2 x 102! cm~3, L does
not exceed 10° cm; this corresponds to T 2 13

x 108 deg. In stellar interiors (1.1) is fulfilled for

hot stars of the early spectral classes O—B, for
Wolf-Rayet stars, and for hot supergiants.

A steady state of the system is attained through
radiative thermal conductivity, the role of which
we shall here evaluate by introducing the charac-
teristic cooling time of the photon system. Our
investigations lead to the following conclusions:

1. In a sufficiently hot rarefied plasma
Compton scattering has the principal role. Since
the total number of photons is here conserved a
steady state is reached with a Bose-Einstein (not
Planck) photon distribution and non-zero chemical
potential. In a highly heated plasma the Maxwell-
Boltzmann distribution Ng = Ae~C/T ig approxi-
mated.

2. The behavior of a plasma with large radia-
tion pressure in a strong electric field differs
greatly in low and high magnetic fields. In the
first case critical electron heating occurs (almost
independently of the rate of plasma heat transfer),
above which no steady state exists and the plasma
can be heated without limit (at least, in a linear
approximation). This transition to an unsteady
state will here be called thermal instability. An
analytic relation between the electric field and
electron temperature can be found near the
threshold of this instability.

3. Thermal instability occurs for an electron
drift velocity which, as a function of the system
parameters, can be many times greater than the
velocity of sound. Therefore acoustic instability
can occur in this plasma, which thus differs from
a plasma with small radiation pressure, where
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thermal instability arises in a smaller field than
that required for acoustic instability, so that the
latter does not occur.

4. Thermal instability does not exist in a high
magnetic field. Therefore steady-state solutions of
the heat balance equation are possible in electric
fields of any strength, so that acoustic instability
is also possible.

5. The magnetic field dependence of electric
conductivity of the plasma leads in a high mag-
netic field to a third type of instability, which is
associated with a descending current-voltage
characteristic.

2. KINETIC EQUATIONS

We consider a fully ionized plasma with large
radiation pressure in a high electric field E and
magnetic field H. Electrons can transfer the en-
ergy that they derive from the field to ions, to
photons through Compton scattering, and to pho-
tons through bremsstrahlung. In the present work
we shall confine ourselves to a plasma which is so
highly rarefied and hot that photons interact with
electrons mainly through Compton scattering. The
last of the aforementioned processes is therefore
very slow; we have the following ratio of its char-
acteristic time 7, ~ 7;-137mc?A/T (where T;

is the time constant for momentum transfer from
electrons to ions [see Eq. (1.4) of Eﬂ] and A is the
Coulomb logarithm ) to the characteristic time
constant Tej ~ TiM/m of the first process:
2 M c2
137AE L i"—> 1
m
under the conditions of present interest. The
ratio to the time for energy transfer through
Compton processes, Tef ~ T¢ [from Eq. (1. 4)
of (1] ]is .
Ti mc
— 43T ——A>1
Tf T >
with
T 2
y=—" <1372
Ti T

i.e., at sufficiently large radiation pressure. Sub-
stituting v from Eq. (1.10) of [1], we obtain our
Eq. (1.1). We shall therefore neglect bremmstrah-
lung in the energy balance.

The system of kinetic equations for the elec-
tron distribution n, and photon distribution Nq is
then

%+(en+ [m)"""v = Wi (np) + We(np, N, (2.1)%

*[vH] = v x H.
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Wc,(np, Nq) = 0.

Here

We (np, No) = | d2qd%q'Wog {nyNg: (1 + Ng)

Ng(1 4+ Ng)} 8 (ep + cg— ey —cq'),

where W; and W, are the Coulomb and Compton
collision mtegrals [see Eq. (1.1) of ﬂ] and W aq’
is the Compton scattering probability.

If the distribution ny is divided into two parts
which are odd and even, respectively, with regard
to the momentum, then as a result of electron in-
teraction the first part becomes a Maxwell distri-
bution with the electron temperature Tg during a
time which is much shorter than the time for
electron energy exchange with ions and photons.
Under this condition the odd part is determined by
an equation of the same form as in a low electric
field. Therefore the electric conductivity o is of
the customary form, but with an electron temper-
ature Tg determined from the energy balance
equations.

It was shown in 1 that in the presence of pho-
tons and taking account of photon drag the electric
conductivity is determined by the electron-ion re-
laxation time 7;; therefore in a low magnetic
field 27 < 1 (where Q = eH/mc is the cyclotron
frequency), we have

6 = 6o(Te/To)">, o= o(T). (2.2)

An equilibrium distribution of plasma ions is also
reached in a time shorter than that required for
energy exchange with electrons, and a tempera-
ture T; can also be assigned to the ions. Then,
accordmg to Braginskii," 4 the time required for
energy transfer from electrons to ions is

uwyn M _ I''m" M
4 m  4Y2nenAZ? m

Tet =
(2.3)

At the initial time the photons have the temper-
ature T,. In the case of small photon heating we
shall assume Ty = T, and a Planck distribution.
Then, multiplying W (np, Ng) by epd3p and in-
tegrating over all momenta, we obtain the time
for energy transfer from electrons to photons:

= 8 ma (LY
Tef = 3203 T—o ro ﬁ—g C.

Having obtained energy from the electrons, the
photons ultimately reach a steady-state distribu-
tion, which cannot be of the Planck type in the
presence of only Compton scattering. The Comp-
ton collision integral in the photon equation (4.1)
vanishes for

'q(1 4+ Nq) 71T = Ng (1 + Ng) e?/T = const.

(2.4)



596

Hence

cg — 1 -

Ny = [exp( T )—1] .
Since the number of photons is conserved in
Compton scattering, the constant p signifying the
“‘chemical potential’’ of the conserved photons is
obtained using the condition

d?
§ Norgd N,
(2:h)®

where N is the initial number of photons.

For small heating when (Tp/Ty)’—1« 1, we
have

(2.5)

w/ly=1— (Ty/To)
In the opposite case of large heating, when
31n (T¢/Ty) >1, we have

p,/Tf ~ —3In (Tj/To).

In this case we can neglect unity in the denomina-
tor of (2.5) and assume a Maxwell-Boltzmann pho-
ton distribution:

b —cq (_?0_) (_iq_> 2.6)
Nq-——exp< 7, ) T, exp T, )
We now have
, Ty 45 me2 1
Tef = T, Tef—32n3 Ty reNe -’ (2.7)

During the interval between the initial time and
the time when the distribution (2.5) is established
we do not have an equilibrium distribution of the
photons, and we can assign to them only an effec-
tive temperature Ty that characterizes qualita-
tively the rate of energy exchange between elec-
trons and photons governed by

(55, =

To determine Tf and Tgf we proceed, as
previously, by multiplying (2.1) with the electron
energy €p, and then integrating over d°p. Substi-
tuting the Maxwell distribution with the tempera-
ture Te for np, we obtain

d<ep) e ,
n(S522) = (e 2 p o drgatgy (1 4 Ny

). (2.8)

X 8 (ep+eqg—ey—cq)

X Te{exp (Sp ;esp') _ N+ Nq’)} .

(1+ Ng Ny
Since ¢ |q — q’| < T, the exponential and
Ng (1 + Ng- )/(1 + Nq) Nq’ differ very little from
unity and when expanded in a series yield

{ N,
T, Nq(1 +Nq) dcq

(2.9)

}C(q’—q)
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so that (2.9) becomes
(o 72 &p\Wag Noe (4 + N e (g’ —0)

X8 (ep+ eqg—ey—eq')
T, 4N,

1 —_—
( TN, A+ Ny deq

This expression acquires the form of (2.8) through
the substitutions

)_n(A—BTe). (2.10)

Tef—i—_-B, Tj=Tng = A /B. (2.11)
We note that a more detailed calculation for the
Planck d1str1but1on g1ves T f( €p)

Te ( /3 €p/Te

3. THERMAL INSTABILITY OF A PLASMA WITH
LARGE RADIATION PRESSURE

In the presence of a magnetic field we have the
current

j = oE + o’[Eh] 4 ¢” (Eh)h, (8.1)

where h = H/H. The heating produced by an elec-
tric field in unit time and unit volume is

co(T)E, 2 T, \
JE = 0o(T2) Byt g s = oo (T B )
T. T, \3y-1
+00(T0)E_L2(_T0 "Z(To)( 7, ) } ,(3.2)

where o, is the electric conductivity in the ab-
sence of a magnetic field, and E; and E | are the
electric field components parallel and perpendicu-
lar to the magnetic field. In the immediately fol-
lowing sections we shall be interested in the case
of heating that is practially independent of the
magnetic field. This can occur either for Q7;
« 1 or for EJ/E; < 1 + Q%742

On the basis of all preceding considerations
the set of heat balance equations for a system of
electrons, ions, and photons will be

37" okE? 1 I
5 le=—" -T—;( e—Ty)— o

3
2

(T-G_Tl')’

Fi=

I;—To (3.3)

. n 1
3Tf_1v—‘-l::f- (Te—T5)— o
These equations must now be interpreted.

1. The coefficient 3 in the left-hand side of the
third equation pertains to the case of large photon
heating Ty > T, with a near-Maxwellian distri-
bution. (The coefficient would be ~2.8 in the case
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of small heating, with a near-Planckian distribu-
tion.)

2. We assume that the region of the high elec-
tric field has dimensions considerably greater
than the mean free path. The temperatures T,
T;j, and Ty are averaged over the volume of this
region. We assume, finally, that the system is
cooled slowly by photonic heat transfer; this cool-
ing is represented by the second term in the right-
hand side of the third equation containing the
cooling time 7.

3. We shall investigate the behavior of the
plasma in a high electric field when the radiation
pressure is so large that the ratio n/N is small.
It was shown in ") that in this case the momentum
relaxation of photons proceeds mainly through
Compton, rather than bremsstrahlung, processes.
The small ratio can also occur even when Coulomb
scattering predominates over Compton scattering
in the electron equation.

4. The quantities T§. Tef, and 7y have only
qualitative significance. However, we shall re-
quire these only for order of magnitude estimates,
so that their presence in (3.3) does not prevent us
from using these equations for exact quantitative
results.

For a preliminary estimate of the different
terms in the system of equations we shall obtain
their first solution by making the electric conduc-
tivity o and the time constants independent of the
particle temperatures (as in the case of small
heating). For simplicity we shall consider the two
limiting cases when the ratio 7,;/To¢ is much
larger and much smaller than unity. The first
case, Tef < Tej, €xists when y S M, where
Y = Tf/Ti is the ratio of the momentum relaxation
times due to scattering by photons and ions [see
Eq. (1.10) of [1]]_ Then (3.3) has the solutions

E? 2t
T,=~ TO—I———G [Tgf< 1‘——exp(— ))
n 3‘Cef

ol 1=eml =5))],

)
(&)

BTef /

3Tgf

Tej(
2t ) n ( Tei

— Sl e

Tei — Tef oxp ( 3Tei ) + N +Tei — 270

2t>_ 27 (_tﬂﬁ]
3t ) Zro—v P T3 /)10 (8.4

T
R L exp
Tei — Tef

|
oo = 2 ) e (5
|

Tei

xexp( —
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These solutions lead to the following conclusions:

1. During a time of the order T7; only the elec-
tron subsystem is heated, but not the photon sub-
system. At the expiration of this time electron
heating is slower in the ratio n/N and photon
heating begins. This second stage continues for
a time of the order 7;, with the temperature dif-
ference Te — Tf becoming constant. A steady
state is reached after the time 7.

2. The ion temperature follows the electron
temperature almost exactly, differing from the
latter only by an amount depending on the small
parameters Top/Teo; and Tqi/ 7.

In the second limiting case, Tgj < Tef, during
a time of the order Tg; only electrons are heated;
when Tgf >t > T4 the heating is extended to the
ions and the difference Te — T; remains constant.
After a time Tef energy begins to be acquired by
photons, so that electron heating is sharply re-
duced; the difference Teg — Tj becomes very
small, but the difference Tg — Tf remains con-
stant. The analytic form of the solution is too
complicated for presentation here.

From an examination of the two limiting cases
we arrive at the conclusions that, (a) after some
time of greater order than Tgj or Tef the tem-
peratures Tj and Te become practically identical,
and (b) the behavior of the system during a time
of the order Tg¢ in the first case and 7g; in the
second case differs greatly from its behavior
during a time T7,. These conclusions are so gen-
eral that they should continue to hold true for
order of magnitude estimates even when the tem-
perature dependence of the systems of parameters
is taken into account in the case of large heating.

Adding the first two equations of (3.3) and
assuming Tg = Tj, we obtain equations for Tg
and Ty:

. oE2 T.—T;
3Te - ]
n Tef
. n T.—T; Ty—1T,
3T = N a—

(3.5)

Eliminating Ty and using (2.2) for o (Tg), we
arrive at an integro-differential equation for
z = Te/TO:

n
89' — 33 1 -
Tes +2 = 0z’ + +3N

t Y ’
Tef n)t—t}z(t)—i ,
: ) — p———dt
X(.S exp {( w TN 3%es Tos ’ (3.6)
where « =0 (Ty)E?7ef/nTy. The integral in the
right-hand side equals T§y/Ty — 1 and thus takes
photon heating into account.

We shall solve this equation in the limiting



598

cases of small and large photon heating, i.e., small
and large values (compared with unity) of the in-
tegral in (3.6). For small heating we can neglect
the integral by comparison with unity, obtaining

3tesz + 2 = azg’r + 1, (3.7)

which possesses a solution that is independent of
time when the parameter o is smaller than some
critig:%l value «g. In this case we have a = 212
-z

In this case, the maximum electron heating
consistent with a steady state of the system is
given by To/T, = 3; in the absence of radiation
pressure the value is 1.5. For « close to ¢, we
have

z =29 — 2-3%"(ap — a)', (3.8)
and for a close to zero we have
z=1+ a. (3.9)

When a > @, electrons cannot transfer to pho-
tons all the energy that they derive from the elec-
tric field. Electron heating is therefore unbounded
and thermal instability arises. A similar case in
the absence of radiation pressure, when the elec-
trons can transfer energy only to ions, was con-
sidered in™>. The conditions permitting the drop-
ping of the integral in (3.6) are simplest when a
steady state is possible. The integral then equals

R RN ERARE)

and is small in two cases. The first case is given
by

n / N < Te, /T .
et/ (3.10)
Substituting the values of 7ef and 7 = LGEfc'i,
we then obtain

L<ly(me2|T)"™. (3.10a)

This inequality denotes such great outward heat
transfer by photons that they are not appreciably
heated after any period of time.

As the second condition, if (3.10) does not oc-
cur, the given integral becomes small after a
time

no T\t N
<< —_— —_ ~ —_,
< eJ( N + TO) Tef n

i.e., the photons are not still not heated up. Since
photon heating was not considered in all the pre-
ceding discussions, Tef = const was assumed in
(3.6)—(3.9).

We shall now consider the opposite limiting
case of large photon heating, i.e., z,y = T¢/T,
> 1, which occurs, according to (3.10), when
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B = Tem/T(N « 1. After a time t > TefN/n
steady-state temperatures are established for the
electrons, z = Te/Ty, and for the photons,

y = T¢/Ty; these satisfy the equations

y(z—y) =By —1),

where Tef = Tef(Ty) is assumed in .

Solving the second equation for y, substituting
this solution into the first equation, and neglecting
B compared with zz, we obtain an equation that is
identical with (3.8):

az’lr = y(z — y)’ (311)

(3.12)

(11213/7 = 2y — 1,
where

z=z(1+8)", a=a(l+p)"p"

The investigation of (3.8) leads to the conclu-
sion that the maximum electron heating is given
by zg = 3(1 + 8), i.e., there is negligible increase;
the electric field for thermal stability is deter-
mined from 2 B

Qo

which is smaller by approximately the factor B Ve,
Near this critical value, by analogy with (3.8), we
have

2y = Zy9 — 2.35/4((110 — (11)1/’,

whence

z2=z0— 2[3(1 + B) "B~ (a0 —a)*.

We can assume that our approximations—the
introduction of the photon temperature T¢ and the
time constants Tef and Ty—affect only the
parameter B but do not affect our physical results.
We note, particularly, that in the steady state
maximum electron heating is practically identical
in the limiting cases of fast and slow photon
cooling.

We have investigated the conditions leading to
thermal instability in the limiting case of small
and large photon heating in a plasma with large
radiation pressure. It is also possible to state
certain general criteria for the possibility that
instability will occur. Let us consider, for ex-
ample, that electrons are heated by an electric
field while the product of their electric conduc-
tivity and the energy transfer time 7¢j, is pro-
portional to the degree n of electron heating, and
that they transfer energy to a reservoir either
directly or through the medium of another sub-
system (as in the two cases already discussed).
The heat balance equations analogous to (3.11)
then become @z =z — 1. The maximized solu-
tion of this equation for « gives z; =n/(n — 1).
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It follows that for n =1 thermal instability arises
only in the case of infinite heating z,, while for

n < 1 instability does not occur. Therefore
thermal instability is possible if

n=20lnot./dInT. (3.13)

4. ACOUSTIC INSTABILITY

In a plasma, as in a solid, an electric current
can excite oscillations having a phase velocity
smaller than the electron drift velocity.m With
small radiation pressure, when the electrons are
scattered mainly by ions rather than by photons,
the excitation of sound oscillations, i.e., acoustic
instability, is impossible, because thermal in-
stability arises in even a weaker electric field;
we shall now show this for two cases.

1. The ions are not appreciably heated and act
as a heat reservoir. The energy balance equation
analogous to (3.7) is azd =z - 1. Then, in com-
plete analogy with Sec. 3, we find that steady state
solutions are possible for

a < oy = 4/27, z < 29 = 1.5.

For the maximum value we have
a = a9 = 6E21.; [ nTo = 4/27 = 1.15(eEv;)*Mm—2T;,

since, according to Landshoff,[7 ¢ = 2.62 ne’ri/m

and the time for energy transfer from electrons
to ions is Tej = 7;V™M/4m, where T; is the mo-
mentum transfer time [Eq. (1.5) of [1]]. Utilizing
the electron drift velocity vq = 2.62 eE7{/m and
the sound velocity s = (10T/3M )2, we obtain
(Vd/8 )max ~ 0.7 < 1. Thermal instability thus
actually arises when the drift velocity is below
the velocity of sound.

2. The ions are heated considerably and trans-
fer energy to neutral atoms in a time 7, longer
than the time 74; for energy exchange between
electrons and ions; we have 8 = Tgi/Ty < 1. The
neutral atoms are now not heated and act as a
heat reservoir. The system of equations for
z = Te/Ty and x = Tj/Ty is
z2—x=PB(x—1).

az® =z — z,

In complete analogy with (3.11) of the preceding

section, a steady state is possible for a, < 4VB/217.

Since the maximum field is reduced, acoustic in-
stability is also not reached. Thermal instability
does not arise only if the electron and ion concen-
tration in the plasma is so low that electrons are
scattered mainly by neutral atoms; it is easily seen
that in (3.13) the exponent is n = =1, < 1, and
acoustic instability is trivially possible in suffi-
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ciently high fields.

Unlike the foregoing cases, in a plasma with
large radiation pressure acoustic instability is
possible under certain conditions. According to
(3.6) we have a; = oEZTef/nTO =2/3Y2; therefore
the drift velocity in the critical field producing
thermal instability is

vy’ = 1.6etim YnTo/ot.s.

On the other hand, the velocity of sound in a
plasma with large radiation pressure is given by
s? = 2TN/3Mn (¥ if the sound frequency w is
smaller than the reciprocal of the time required
to establish equilibrium between electrons and
photons (‘ré%).

At higher frequencies w > 1/74f the velocity
of sound is derived from the previous formula. In
the first case we therefore have

\‘/‘9

L“ozw(—ﬂf)%( d

s m mc2 /
and in the second case
0 N M/ T \0b7hk
%086 =0 ()
S n m \mc

It is thus seen that in a sufficiently rarefied
plasma at a sufficiently high temperature the con-
dition vgq > s is fulfilled in the entire frequency
interval before thermal instability arises; at a
lower temperature it is fulfilled for high frequen-
cies, at least. In the second case of Sec. 3 (slow
cooling of the system) the critical electric field
and maximum drift velocity are reduced by a
factor of B8 v 4, so that this factor should be in-
serted in the right-hand side of the equation for
Vd/S.

5. BEHAVIOR OF PLASMA WITH LARGE
RADIATION PRESSURE IN A HIGH MAGNETIC
FIELD

In Secs. 3 and 4 we considered the case when
plasma heating in an electric field is practically
independent of the magnetic field. We shall now
consider the opposite case of a high field, when
heating results mainly from the second term in

(3.2): O'o(To)EZ( TO 2,

Q%2(To) \Te /
Under these conditions the heat balance equation

in the first case of Sec. 3 (the absence of photon
heating) becomes

a=2"%(z—1). (5.1)

This equation can be solved for any degree of
heating and accordingly for arbitrarily high elec-



600 L. E. GUREVICH and V. I.

tric fields, i.e., in this case thermal instability is
absent (n = —3/2 < 1) and acoustic instability is
possible. In this case, moreover, a third type of
instability appears, associated with a descending
current-voltage characteristic. Indeed, for large
heating z > 1 it follows from (5.1) that z = alh
~ E4/5; consequently the current component par-
allel to the electric field, j = ¢E, is represented
by the proportion j ~ E‘l/s.
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