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The infrared singularities of the form factors for the charge and for the anomalous magnetic
moment of the electron are calculated in perturbation theory to fifth and seventh orders.

l. In quantum electrodynamics the problem of the
infrared singularities of the vertex part can be
considered from two points of view. If the external
momenta of the electrons p; and p, are on the mass
shell, then by introducing the photon mass A it is
possible to investigate the infrared divergences by
letting A — 0. No infrared divergence will appear
if p}, p} # m? (where m = electron mass). How-
ever, as pf and p} tend to m? the vertex part

I'Y(py, Py, P, — Py) has a singularity. In this note,
by calculating in fifth-order perturbation theory all
the terms that are singular when p} = p} = p? — m?,
we establish the infrared asymptotic behavior of
the form factor for the charge of the electron, in-
asmuch as the earlier results{!:2] differ for

| t| > m?, where t = (p, — p;)% By calculating the
fifth- and seventh-order diagrams we obtain the
infrared singularity of the form factor for the ad-
ditional magnetic moment of the electron. The
Green’s function of the photon is chosen with a
Coulomb gauge.

2. In dealing with the infrared singularity of the
vertex part one should take account of the fact that
it is a component element of more complicated
diagrams. It is consequently operated on from the
right and from the left by the matrix factors
(131 + m) and (f)2 + m), and this results in the vanish-
ing of a number of terms in the limit as p}, p}

— m?. To remove the divergence in I'! we perform
a subtraction at the point

P1 = p2 = Py,
po2 =m? — 6m2,
0 < om? <& ma2,

The vertex part has matrix structure. The term
I'! which interests us is proportional to yn

= (p2 + m)y" (ps + m)F(p%, t), (D

I'y™(p1, p2, P2 — p1)

and we find that as p? — m? diagrams 1 and 2 (see
the Figure) lead to the following expression for the
electron charge form factor

'——p‘

Ey(p? t)+ F2(p% 1) =1+ B () In —- +e), (2
o . c dt’
6“):;(&"11—0“&2 V(' —4m?) ]2 (1 —t —ig) ©)
e(t) = —glnz—zg
at © , — 4m? ,
+ —4'1:{4§ﬂ [Z(t _— -}"I«“)hl _—u’;;‘* - 3t + 8m :}
dt’

X [t (¢ — 4m2) et (t' — t —ig) )
(@ is the fine structure constant, 6m? is fixed),

€(t) is finite for p? = m%. If (—t) >» m? then

€(t) = —(a/4m)[In(—t/m?)]%. For negative t

m2 — t 4 [t(t — 4m?)]":

2m?

2m?—¢

B=1 [ —dmn) ] (3

By calculating to fifth order those terms which
have infrared singularities, we find that the con-
tribution of diagram 3 to F(p?, t) is given by

+p@emm( ) pom( ™ F)

2m2 (6)

Diagram 4 gives the term
m
2 1) = — B(t (-___>_
F(pt, )= — ()l =
The sum of the remaining diagrams of the ver-
tex part is finite for p? = m?. Adding (2), (6), and
(7) we find that Fy + F, +F3 + F; is a sum of the

form 1 + x +x?%/2 of the first terms of the expan-
sion in powers of @ of the expression

(7)

2 — n2
renn=exp{pOm"_Eln@), (@

Bi(t) =1+e(t) +... (9)

Thus, calculation of all the fifth-order terms
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that are singular as p? — m? leads to the following
result concerning the form of the infrared asymp-
totic behavior of T'l:

2

m2 — p2\B (1)
) B,

which agrees with the result which Abrikosov[!]
obtained for a Coulomb gauge by summing a series
of basic diagrams.

For the exponent of the infrared singularity
Blank and Shirkov[%] obtained a result which goes
over into (10) for small |t| and differs from it when

F1n=(f’2+m) ™ (131‘*’ m)( (10)

(a/3n) In (—t/m?) ~1, t<<O.

If one expands the corresponding expression
from Blank and Shirkovl?) in a power series, then
it appears that in addition to F3 +F,, the function
F(t) must contain a term of fourth order in e,

1 a\2, m2—p?
—_— H4+—) In———.
g (BO+5)

As we have seen, calculations of fifth-order
diagrams do not give such a term.

3. That term of the vertex part I'}f whose ma-

trix structure corresponds to the additional mag-
netic moment of the electron

1 - N ~ A
Iyt = im {p2 + m) [p2— p1, T (P2 + m) G (p?, 1), (11)
where G(p?, t) is the magnetic moment form factor,
also exhibits infrared singularities. To third order,
(diagram 2), we have

dt’

am? ¢
S [/ (2 — 4m?) (¢’ —t —ig)

Gz (mZ, t) —_

am?

(12)

The sum of diagrams 2, 3, 5 and 6 gives the
following contribution to G(p?, t), which is propor-
tional to G,(m?, t):

Ga(m?, 1) {1 + (@)

m?— pz}
2mz J°
Fifth-order diagrams add to the additional mag-

netic moment a correction Gs(t) which is finite
when p? = m2[4), Diagrams to seventh order, which

LA [s(t)ln

+B()e(t)n (13)

DConceming formulas (2) — (4) and (12) see the surveyl®].

mz — pz ]Z
2m2
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are obtained from the fifth-order diagrams by the
addition of photon lines that have both of their ends
on external electron lines, lead to the term

GO[1+pom"Etew]. a9

Formulas (10), (13), and (14) enable one to draw
the conclusion that as p? — m? the vertex part is

(1) = (T ”—)B Gt m)

X ABL @)+ 1o Ba(t) (2 — pas 171

Fou+m), (15)

where B,(t) and B,(t) are power series in @ and
their first terms are represented in (9) and (12).
The following spectral representations of them

are valid:
oo

ot by (t') dt’
BO=) sr—i—m T B g
Bz(t)=1g tb—i(i—)_d_t; (17)

41712
We note that in the limit as p? — m? the matrix
structure of the vertex part reduces to two terms
of formula (15).

4. If p} = p3 = m?, then to remove the divergence
in the region of small virtual-photon momenta we
introduce the small photon mass A. In[%6] it was
shown that the infrared divergences which arise
as A — 0 separate into exponential factors. Direct
low-order diagram calculations lead to the same
results which can be obtained exactly from
formulas (1)—(16) by the change of variable

(p2+m) > @(p2), (p1+ m) > u(ps)

and confirm the conclusion regarding the separa-
tion into exponential factors.

If the vertex part is included in the matrix ele-
ment for the scattering of an electron by an ex-
ternal field, then in the physical region t < 0 the
quantity B(t) is positive. Formula (15) then leads
to the vanishing of the matrix element as A — 0.
Physically this corresponds to the impossibility
of scattering an electron through a non-zero angle
without radiating real photons.

In conclusion the author conveys his deep grati-
tude to L. D. Solov’ev for suggesting the investiga-
tion and for helpful discussions.

m2 — p2— 2mA,
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