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The bremsstrahlung of slow electrons on neutral systems is considered. A graph technique
is developed which allows one to take account of radiation from the atom as well as from
the incident particle. If the elastic scattering cross section is weakly dependent on energy,
the results are an extension of known results. A comparison is made for the intensity of
the radiation from a gaseous plasma in the infrared region.

AT present there exists no satisfactory theory of
the bremsstrahlung of slow electrons on neutral
atoms. Attempts were made to relate the brems-
strahlung cross section to the elastic scattering
cross sections. =51 But here the latter was either
defined in Born approximation, (1] or only s-scat-
tering was taken into account,[24:%] which is com-
pletely insufficient in a number of cases. Firsov
and Chibisov (%) tried to take account of the radia-
tion from the atom by classical methods, which are,
however, not applicable to this process.

In the present paper we investigate the brems-
strahlung from the system slow electron-neutral
atom. In the discussion of this problem it is natu-
ral to assume that 1) the atoms (molecules) are
in the ground state, since the electron energies of
interest to us are not sufficient for excitations; and
2) for the same reason the interaction of the charge
with the quantized field can be described in the di-
pole approximation. Here it turns out that the con-
tribution to the radiation from the free particle is
mainly determined by the elastic scattering ampli-
tude faja,(kg, k) off the energy shell, where a, is
the set of quantum numbers describing the neutral
system in the ground state, and ky; and k are the
wave vectors of the free electron before and after
the radiation. Estimates of the contribution to the
radiation from the atom, with the scattering treated
in Born approximation, give a value which is
smaller by two orders of magnitude than the ra-
diation from the electron.

1. GRAPH TECHNIQUE

The interaction of the electron and the neutral
atom with each other and with the radiation field is
conveniently described in the language of Feynman
graphs. For a slow particle one must sum over the
whole perturbation series for the scattering, since

FIG. 1

the probability for multiple scattering is larger
than for single scattering. The proposed graph
technique is close to the technique developed by
Amado (%] for the problem of neutron-deuteron
scattering. We shall represent the atom (molecule)
by a heavy external line which describes the propa-
gation of the atom as a whole; the index a near the
line denotes the quantum numbers for the corre-
sponding state. The free particle is represented

by a thin line with momentum p. For definiteness,
we shall in the following talk about an atom.

As an example, we consider the graph describing
the scattering of an electron with momentum p, on
an atom in the ground state in second Born approx-
imation (Fig. 1). The vertices 1 and 2 correspond
to the point charge of the electron, the vertices 3
and 4 to the form factor of the atom, Faoa(K),
which is equal to

Z .
K) = e Y \ ™ ¥, dr, @)
s=1
where K =k-ky; ¥5, and ¥5 are the wave func-
tions of the atom in the initial and final states; the
summation goes over all atomic electrons. The
wavy line corresponds to the Green’s function of
the virtual photon 4m/K?. The two parallel internal
lines represent the Green’s function for the non-
interacting electron-atom system. As a result we
find for the matrix element
P
M, (ko k) = ¢t ES (2‘1:3 1?'; I;ﬂ; Fow (fjl)_fi«ja’ (Kz)
E, = E,, + po*/2m,
E' = Eq + p?2m, K,=k —k,
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FIG. 2

The sum of all graphs of perturbation theory
will be pictured by a graph with a shaded square
which corresponds to the exact matrix element de-
fining the scattering amplitude

Mo, (ko, k) = 2mh2m—1f, 4 (Ko, k). 3)

Figure 2 shows the graphic representation of the
Lippman-Schwinger equation for the scattering am-
plitude off the energy shell. (7l

In the case when electron exchange is essential,
the graphs are modified: the atomic form factor of
(1) is replaced by the corresponding expression in
the Born-Oppenheimer approximation.[aj The ker-
nel in the integral equation (3) is changed accord-
ingly. In the following we shall not specify the form
of the function Fg5/(K), assuming that the exchange
is included. We note that, instead of the usual pro-
cedure of iterating (3) according to Born, we may
use the unitarity relation which expresses the
imaginary part of the amplitude in n-th order per-
turbation theory through the n —1 st order ampli-
tudes determined earlier, and then establish the
entire amplitude in n-th order by application of the
dispersion relation. This method has been used
successfully in quantum electrodynamics, (9] and
it does not appear superfluous to us to call atten-
tion to it in the theory of atomic collisions.

If the interaction with the quantized radiation
field is included, new graphs occur in which the
real photon is represented by a dotted line. In
lowest order perturbation theory in the interaction
with the radiation field, the graphs of interest to
us are shown in Fig. 3. The graphs 1 to 3 corre-
spond to radiation by the free particle, and the
graphs 4 to 6 to radiation by the atom. An esti-
mate of the contributions from these graphs is
given in the following section.

2. CROSS SECTION OF THE BREMSSTRAHLUNG
PROCESSES

Let us assume that the largest contribution to
the bremsstrahlung comes from graphs 1 and 2 of
Fig. 3. We shall see in the following when this as-
sumption is valid. In this case the differential
cross section for the bremsstrahlung with emis-
sion of a photon with frequency in the interval dw
and a wave vector with direction in the interval
dOy has the form C10]
2nm20?k do dOy dOyQ

Rtcho (2m) 8

do? = I Akek

QoQo

2, @)
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where kj; and k are the wave vectors of the elec-
tron before and after the radiation; dOk is the
element of the scattering angle of the electron, Q
is the normalization volume, and m is the elec-

tron mass. The quantity Al;ggo is the sum of the

matrix elements for the graphs 1 and 2 of Fig. 3
in the dipole approximation:

ﬁ @ M (ko, k)
m 0Q ho

A kot —
Qoo

(e, ko — k). (5)
Here m(k,, k) is the matrix element correspond-
ing to Fig. 2, and e is the polarization vector of
the photon. The quantity M(kj, k) can be written
in the form

M (ky, K) = { %" (R) Hye (v, R) ¥y, (r, R) dr dR. (6)

¥k, (r,R) is the exact wave function of the elec-
tron-atom system, whose interaction is described
by the Hamiltonian Hae(r,R). Expanding ¥k,(r,R)
in a complete set of atomic functions, one can show
that the main contribution to the integral (6) comes
from distances r ~ ry, where r; is the ‘‘effective”’
range of the interaction. If atomic polarization ef-
fects are unimportant, i.e., if ry is of the order of
the Bohr radius a;, then the elastic scattering
cross section off the energy shell depends weakly
on ko and k. In this case it can be set equal to the
scattering amplitude on the energy shell. For the
time being we shall restrict the discussion to this
case.

Integrating (4) over dOy and dOk and summing
over the polarizations of the photon, we obtain ac-
cording to what has been said above

2 a kdo

dot?) = —— ———
3n m?c® ky o

dUeI

70 aQ.

§ (po—p)2 Q)
If the photon energy is much smaller than the

energy of the free particle, hw < E, then |p,|

~ |p| and the integral in (7) is expressed through

the transport cross section. For frequencies hw

~ Ey expression (7) approaches zero like v Ej—hw.

Writing the differential cross section doe]/dQ as

a sum over Legendre polynomials, we can show

easily that, if the contribution from the interfer-
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ence terms is small (one of the partial waves pre-
dominates over the others), then (7) takes the form

Vit

Analogous formulas are found in the literature
for.the case of s-scattering.[*5] But as we see
from our result, the formula holds not only in this
case. In the scattering from oxygen atoms, the
main contribution comes from the p wave, starting
from the energy 0.5 eV. (1] Here the expression
(8) remains valid.

The differential cross section for the radiation
corresponding to the graphs 4 and 5 of Fig. 3 is
equal to

4(’1 Eo

3 me?

dotd = (8)

ﬁm(z_ﬂ

. ) ou(E).

2nm?w?kdo dO, dO,Q

do®® =
Atc3ko(2m)®

2, (9)

] Qolo

k
where Baggo for the sum of graphs 4 and 5 has the
form

ket 2nh
Boa, = m ®Q
(€P)awMes, | Met (eP)ua,
X;[E,,,—Ea:——hm ‘e By +he)r 10

In the case of graphs 1 and 2, (p) = 0 for the
free particle, and therefore do'h?) ~ dw/w (except
for frequencies close to zero, where perturbation
theory is inapplicable on account of the infra-red
catastrophe ). For the atom (graphs 4 and 5)
(aglplag) = 0, and neglecting the quantity hw com-
pared to E5) —Ea’ in the energy denominators in
the sum (10) and using

(ep) iy = imh=1(E; — Ey) (eR) 4, 11)
we obtain
2nh
B =__V -[<¢’ha,, (eR) Hae|lp(+) N
= Y [ Hae(€R) | Daa)] (12)

¥ is the exact wave function corresponding to
converging spherical waves, and ® is the wave
function of the non-interacting system. Since the
operators (eR) and Hge commute, (12) vanishes
on account of the relation

(@f| BHoo| W) = (®;| BT|®:)

= <(DjITBI(D1> = <W(_)|HaeB|®i>1

where B is an arbitrary operator commuting with
Hge and T is the scattering operator (T =S —1).
Retaining the next term in the expansion of (10)

in powers of hw/(Eg;—Eja’), we obtain the follow-
ing estimate of the quantity (9) in Born approxima-
tion for M (after integration over angles and sum-
mation over polarizations ):

ds(4,6)
do

8amaw®
QCQEO

(13)

ko+k
[Ba|? In o+
0

ko—Fk

where

a a’a, az"
Bll____e22[an—Eo + Eac——“‘an ]
] )

is the statistical polarization tensor of the atom.
In the same approximation the radiation from the
free particle can be written in the form

dot?  256n’ma’Ey

do 270 (14)

[ao| [ a

It is interesting to note that (13), as a function
of the frequency, reaches its maximal value for
hw ~ 0.8 E; and vanishes for hw close to zero or
E(, whereas (14) is large for small hw «< E;,. Com-
paring (13) and (14) for hw ~ 0.8 E;, we find that
the cross section for the radiation from the atom is
at least two orders of magnitudes smaller than for
radiation from the free particle if Bj; ~ eX(r?)/I .
Although the true value of Bj; may differ signifi-
cantly from this estimate, the value of the scatter-
ing cross section [formula (14)] changes simulta-
neously in order of magnitude like = |(r?)|%/ad.
Since the estimates are based on the Born approxi-
mation, it is hardly justified to use a more precise
value for Bjj.

Finally, we give the expression describing the
contribution from graphs 3 and 6 of Fig. 3. For
graph 3 we have
u'a.

Ell)

2nh dk’ % (ek’)

eh
a;a_”g (2n)® (E0 — E’) (Eo—

rie €l
¢ m | ®Q

2

6a’a"’

(15)

where
E' = E, + Rk2 [ 2m,
E" = Eq» -+ ho -+ A2k'2 [ 2m.

By considerations similar to the preceding ones
we can estimate this integral in Born approxima-
tion for M. The result is that in our case the con-
tribution from (15) can be neglected, since ckog

a9
can be written as a gradient with respect to k of a
slowly varying quantity, (24] and also because for
hw <« E; the energy denominators in (15) are finite,
whereas (5) contains an extra power of the fre-
quency in the denominator.

For the graph 6 we obtain
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ok e
Dy = — —

o@o
m 0Q =

m Z S dk’ a.,a. (ep) a"M{;:’}t‘z.
(2n)* (Eo— E') (Eo— E") *
(16)
For the same reasons as in the case of graph 3,
the estimate for (16) gives a value which is negli-
gible compared to the contributions from graphs 1
and 2.

3. INTENSITY OF THE RADIATION FROM A GAS.
COMPARISON WITH EXPERIMENT

The intensity of radiation from 1 cm? of gas can
be expressed in the following way:
T d
ILdo = NNohodo § 2 vf(E)dv, )
Vah o/m do

where f(E) is the Maxwell distribution function,
and Ng and Ny are the concentrations of the elec-
trons and neutral atoms.

Since earlier we considered og] a slowly vary-
ing function, we can take it out from under the in-
tegral sign and replace it by some average value.
Integrating (17), we have

Lodo = 10— NN fo (KT) “/Zdw[(kT)zKi( ho )
SkT
ho ho > N
- —h w/2RT
3 kTK"( kT ]e " a8)

where Kp(x) is the modified Bessel function of
the second kind, or Basset function. [12]

Taking account of the asymptotic form of Ky(x),

we obtain
1) for fim [2kT << 1,

2) for ho /2T >1,
= 44 - 10-3hm—"c26N, N, (ho) e o/ T,

For Aw/KkT ~ 1 the result of the integration
according to Firsov and Chibisov[®] may differ
from (18) by an order of magnitude.

Taking into account that

_ L@ T
ky=—r (e 1, (19)
we have for the absorption coefficient
Iy = 80— GV N, (KT) smh(i"_)
2T
hv hv hv
kT)2K )]
{( ) 1( 2”)4— kTKo( 5T (20)

It is interesting to compare these results with
the experimental data.
The contribution from free-free transitions in

I = 2 - 10-2Am~—"2¢c—26N,N, (kT)*;
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neutral systems is important in the infra-red re-
gion for large concentrations of electrons and neu-
trals. In air the electrons are mainly formed on
account of the ionization of NO molecules, and at
large pressures (of the order of 10 atm ) the free-
free radiation mechanism may play an important
role. The first calculations of the quantity I
(W/cm3 sr u) determined by this mechanism were
carried out in [3]. The authors assumed that for
T ~ 8000°K and pressures p ~ 30 atm brems-
strahlung on neutral oxygen atoms plays the main
role. However, the agreement with experiment[“]
which these authors claim, is due to a value of the
scattering cross section o ~ 8ma} which is too high
compared with the experimental data. [15] Actually,
the most important contribution to the radiation
under these conditions comes from the N, mole-
cules.[18]D

Figure 4 shows the results of experiment[m]
and the calculations with the help of formulas of
the type (18) for the quantity I. For comparison,
the results of calculations[!®] on the basis of for-
mulas analogous to the Kramers formula are also
shown. The elastic cross sections for O, N, and
N, were taken from[1%1%:18],

4, W/cm3~sterad-y
10
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8
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o
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042"\80\8& o o o
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FIG. 4. Intensity of radiation in air. o — experimental points
obtained by Taylor,['®] 1 — curve derived from the Kramers
formula in['®], 2 — present work.

It seems to us that it is hardly worthwhile to
use such formulas for the computation of the proc-
ess under consideration.

In particular, Taylor[mvm] arrives, on the basis
of the Kramers formula, at the wrong conclusion
that the contribution from the neutral N atoms to
the bremsstrahlung is larger than from the O
atoms.

In Fig. 5 we show the results of the measure-
ment of the radiation intensity in a shock wave in
pure nitrogen[m] for T = 8000°K and p = 35 atm
and also our values computed in the same way as
for air.

DThis was pointed out to us by L. M. Biberman.
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FIG. 5. Intensity of radiation in pure nitrogen. O — experi-
mental points obtained by Taylor,[*¢] 1 — curve derived from
the Kramers formula in[2¢], 2 — present work.

Taking into account the inaccuracy of the ex-
perimental determination of the elastic scattering
cross section and the contribution from other proc-
esses (molecular bands, free-free transitions in
ionic fields) we may regard the agreement with
experiment as satisfactory.

We have also made estimates of the maximum
of the emissivity of an oxygen and nitrogen plasma
for the temperatures 10 500 and 13 000°K on the
basis of the evaluation of the experimental data of
Boldt[2 by Biberman and Norman.[2!] Under
these conditions, the main contribution comes
from the recombination radiation and bremsstrahl-
ung on positive ions and also from the radiation
due to the formation of negative ions. For the tem-
perature 10 500°K and frequency v ~ 5 X 10 sec™?
the emissivity due to the bremsstrahlung is of the
order 10710 erg/cm3 rad for the nitrogen plasma
and about twice as large for the oxygen plasma.
For T = 13 000°K and the same frequencies the
results are three times larger in both cases. These
data are not in disagreement with the measured
total radiation intensity.

We have made a comparison of the proposed
method of calculation with the results of the meas-
urement of the relative intensity from a mercury
plasma for T = 7 500°K and frequencies of 2 to
3 x 101 sec™1.[22] We note that at these energies
the scattering cross section can hardly be consid-
ered a slowly varying function of energy. (18] As-
suming that, nevertheless, formula (18) remains
valid, we integrated (17) over the Maxwell distribu-
tion, taking for the cross section o ~ 1407a3/E.
This approximation for the cross section is in sat-
isfactory agreement with the data of Massey and
Burhop, [#J cf. Fig. 6.

In Fig. 7 we show the results on the frequency
dependence of the radiation intensity from a mer-
cury plasma. As normalization value we have
taken the value of the intensity at v = 3 x 10% sec™1.
We note that the experimental data lie above the

computed values in the region v < 2 x 101 sec1.
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FIG. 6. FIG. 7.

FIG. 6. Cross section for elastic scattering of electrons
on Hg atoms. 1 — curve from[*®], 2 — proposed approximation.

FIG. 7. Intensity of radiation in Hg in relative units 1 —
measurement of Rossler,[?2] 2 — present work.

CONCLUSION

The proposed method of calculation may be ex-
tended to the case of bremsstrahlung on ions. Thus,
for example, the account of graphs 1 to 3 of Fig. 3
for the bremsstrahlung of an electron on a proton
leads to the Sommerfeld formula.[%]

If polarization effects play an important role in
the scattering, the assumption of a slow variation
of the scattering amplitude may be wrong. Then
the graphs 3 to 6 of Fig. 3 may give a significant
contribution. In particular, if a Ramsauer mini-
mum or a sharply defined maximum is observed
in the cross section in the energy region of inter-
est, then the contribution of the radiation from the
atom may evidently become comparable with the
radiation from the free particle. The authors hope
to clarify these questions in a future publication.

We are grateful to L. M. Biberman, B. A.
Vek}enko, A. N. Lagar’kov, A. Kh. Mnatsakanyan,
G. E. Norman, and O. B. Firsov for interesting
comments.
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