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A class of solutions of the gravitation equation is found which has a singularity in the energy 
density for t- 0. In a certain sense these solutions are analogous to the case of collapse 
of dustlike matter, and they are characterized by the fact that in a synchronous reference 
system the world lines of the particles practically coincide with the lines of time. This 
situation occurs in the case in which the energy density does not depend on the coordinate 
along which the scale contraction takes place. In the second part of the article the solutions 
of the Maxwell equations for the electromagnetic fields under conditions of anisotropic col­
lapse [1] are analyzed. 

IN the present paper we discuss some properties 
of cosmological solutions of the equations of 
gravitation which have singularities with respect 
to the time. In the first part solutions are con­
sidered which in empty space have a fictitious 
singularity with respect to time, but in the pres­
ence of matter lead to a singularity in the energy 
density. Solutions of this sort are in a certain 
sense analogous to the general case of collapse of 
dustlike matter with the equation of state p = 0, 
which has been considered previously. [1 ' 2] In the 
second part we discuss the behavior of electro­
magnetic fields under conditions of anisotropic 
collapse with a physical singularity with respect 
to time. This equation is of a certain interest 
both for cosmology and in connection with applica­
tions to the collapse of planets. 

1. FICTITIOUS AND PHYSICAL SINGULARITIES 
IN THE COSMOLOGICAL SOLUTIONS OF THE 
EQUATIONS OF GRAVITATION 

It has been shown previously [1' 2] that in a 
synchronous reference system the general solu­
tion of the equations of gravitation has a fictitious 
singularity, which in general is not simultaneous. 
The first terms of the expansion of the metric 
near such a singularity can be put in the form 

-ds2 = -dt2 + aqbdxadxh + 2(t- q;)aa3dxadx3 

(1.1) 

(the quantities aab, aa3, a 33 , cp are functions of 
all three space coordinates ) . 

The explanation of the appearance of such a 

fictitious singularity is that in a synchronous 
reference system geodesic lines, being coincident 
with lines of time, must inevitably intersect. It is 
also possible to construct a synchronous reference 
system such that in it a singularity of the type 
(1.1) will be reached simultaneously over all 
space. In a certain sense such a solution corre­
sponds to a function cp which is zero, but the ex~ 
pansion of the metric near cp = 0 cannot be ob­
tained by formally going to the limit cp = 0 in the 
solution (1.1). 

The introduction of matter does not change the 
qualitative nature of the general solution. This 
can be seen easily from the fact that the matter 
moves (in the synchronous system) along world 
lines that do not coincide with lines of time and 
in general are not geodesic. The only exception 
is the case of dustlike matter (equation of state 
p = 0 ). Matter of this kind moves along geodesic 
lines. In this case the reference system can be 
chosen so that it is simultaneously synchronous 
and comoving-that is, it moves along with the 
matter. In a comoving system so chosen, however, 
the lines of time coincide with the world lines. 
Also the matter density goes into a caustic at in­
finity, since the world lines are simply focused 
onto it. It is obvious that such a singularity is in 
general not entirely a physical one, since, as has 
been proved earlier,C1, 2J it can be removed by in­
troducing an arbitrarily small deviation from zero 
pressure. 

Strictly speaking, however, not every pressure 
is capable of removing this kind of singularity. 
We shall show that a situation analogous to that 
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which we have described for dustlike matter will 
also occur when there is a pressure (that is, for 
an arbitrary equation of state), if the pressure is 
constant along the x 3 axis, along which the scale 
contraction occurs in the metric (1.1). The rea­
son for this can be understood. In fact, if the 
pressure is constant along the x 3 axis, this means 
that there are no forces that can move the matter 
in the x 3t plane. But then it is obvious that a 
focusing of the world lines occurs in the x 3t plane, 
and a singularity appears in the energy density of 
the matter. 

This kind of solution, however, is narrower 
than the general solution, which in the presence 
of matter contains eight arbitrary functions which 
depend on three coordinates. [1] An analysis which 
we shall carry out shows that these solutions con­
tain only two arbitrary functions of the three co­
ordinates, and some number of arbitrary func­
tions of two coordinates. 

The fictitious nature of the singularity in solu­
tions of the type (1.1) can be especially simply 
seen with the example of a particular exact solu­
tion, namely 

-ds2 = -dt2 + dx12 + dx22 + t2dxi. (1.2) 

The metric (1.2) can be reduced to the Galilean 
metric by the simple transformation t sinh x 3 = ~, 

t cosh x 3 = T. Thus this particular solution in 
empty space has a fictitious (geometrical) singu­
larity which is removed by a change to a different 
reference system. 

Recently Kompaneets and Chernov [3] have ob­
tained a particular solution of the gravitation 
equations in the presence of matter, which in first 
approximation is analogous to (1.2) and at the 
same time contains a singularity in the energy 
density. In the particular solution which they 
consider the pressure is altogether constant (in­
dependent of the coordinates); that is, the situa­
tion is that described earlier [1,2l for the case of 
dustlike matter ( p = 0 ), and, as we have already 
said, it is exactly the same for the case of a con­
stant pressure. 

Now let us consider the case of simultaneous 
collapse [with 0 in the solution (1.1)], and examine 
the solution near t = 0. In the case in which we 
are interested the metric can be reduced to a 
form in which the interval is given by the formula 

-ds2 = -dt2 + gabdxadxb + ga3dxadz + c2dz2 , (1.3) 

and in zeroth approximation 

gab= aab, (1.4) 

where aab, aa3, and c 0 are functions of the co­
ordinates only. The reference system is still not 
completely prescribed by the metric (1.3). There 
is an arbitrariness which consists in the possi­
bility of a transformation z- z (z', x, y). Ac­
cordingly it must be remembered that in the solu­
tion we shall obtain there is one arbitrary func­
tion associated with the reference system. 

It is, however, extremely cumbersome to ana­
lyze the metric in the form (1.3). To simplify the 
task we first perform the analysis for the metric 
with ga 3 = 0, and then include the effect of these 
terms by the method of small perturbations. This 
procedure is legitimate, since ga3 < ( gaag33 ) 112 

so that these terms are in fact small. In this 
situation the metric can be found in zeroth ap­
proximation with ga3 = 0, but in finding the next 
approximation it is already necessary to include 
the small corrections caused by the presence of 
ga 3• In the present case an analysis shows that the 
situation is still more favorable, and in the first 
two orders in powers of t none of the components 
of the curvature tensor except R~ will involve 
terms in the ga3 • The particular tensor com­
ponents R~ will be used to find the first correc­
tions to the zeroth-order values of the coefficients 

ga3· 
Accordingly we write the initial metric for the 

solution we are concerned with in the form 

We introduce the notation 

'Xab =gab, Aab =gab', '\' = jgabl, (1.6) 

where the dot means differentiation with respect 
to time, and the prime, with respect to the vari­
able z. 

The equations of gravitation, exact for the 
metric in the form (1. 5), then take the following 
form: 

Ro0 = -~- (ln vr· + : + l Xab'Xab = ~ e (4uou0 + 1)' (1. 7) 

R 1 . 1 b C, a C, b b _ 4 0 a0 =-2 (lny);a- 2 xa ;b+-c--2c'Xa- 3 euau, 

(1.9) 

1 '\'' c' C; a; a e 
+~------= -3-- (4u3u3+ 1), 

2c2 v c c 
(1.10) 



174 I. M. KHALATNIKOV 

(1.11) 

(1.12) 

In these equations all raising and lowering of in­
dices is done with the two-dimensional tensor 
gab; the covariant differentiation is two-dimen­
sional; and K is the scalar two-dimensional 
curvature. We take the equation of state in the 
ultrarelativistic form E = 3p. 

We prescribe the metric in zeroth approxima­
tion in the form 

(1.16) 

and from (1.15) 

(1.1 7) 

Besides this there is one further connection which 
follows from the symmetry condition f12 = f 21 : 

(1.18) 

Eliminating the components f~ and f! from the 
relations (1.16)-(1.18), we get the equation 

(1 .19) 

Since the only physically admissible solutions of 
the equations of gravitation are those for which 
Y = I gab I > 0, the discriminant of the equation 
(1.19) is required to have a definite sign: 

c =cot, (1. 13) Then the equation (1.19) has only null solutions 

where aab and c 0 are functions which do not de­
pend on the time. After ascertaining from (1. 7)­
(1.12) the degree of arbitrariness in the prescrip­
tion of these functions, we shall find the subse­
quent terms in the expansion of the metric in a 
power series in t. 

We make the assumption, which will be veri­
fied later, that the components of the tensor T~ 
are of higher order in the time than the main 
terms in the gravitational equations (1.10)-(1.12), 
i.e., that in the present case the situation is the 
same as in the anisotropic seven-function solu­
tion, where the terms caused by the matter came 
in only in the determination of corrections to the 
zeroth-order metric. Then from the requirement 
that the main terms in (1.10)-(1.12), which are of 
order 1/t2, must be equal to zero we have the 
conditions 

1I4(Aaa)2- 1lt,AabJ..ba = 0, 

('Aab I co) ;b- (J..bb I co) ;a= 0, 

(JcabVY I co)' = 0. 

Integrating (1.12'), we get 

Aab = cofab (x1, Xz) / l'V: 

(1.10') 
(1.11') 
(1.12') 

(1.14) 

where f~ is an arbitrary function of the two vari­
ables ( x 1, x 2 ). We now examine the equation for 
R~. The main term in this equation is of the order 
1/t. Since, as we shall see, T~ is of higher order 
( ~ t 113 ) , it follows from (1. 8) that 

Aaa = 0. (1.15) 

We now show that when we use (1.14) it follows 
from (1.10') and (1.15) that all of the components 
b A.a are zero. In fact, from (1.10') we have 

(1.20) 

and it follows from (1.17) and (1.18) that the other 
two components f~ and f~ are also identically 
equal to zero. The fact that f~, and consequently 
also /..~, must be zero means that in zeroth ap­
proximation the metric tensor gab does not de­
pend on the coordinate z; that is, the functions 
aab depend only on the variables x1 and x 2. 

Before proceeding now to find the subsequent 
terms in the expansion of the metric in powers of 
t, let us determine the nature of the variation with 
time of the energy E and the velocity components 
Ua. To do this we use the law of conservation of 
entropy, which, since u ~ E3/4, can be written for 
the equation of state E = 3p in the form 

1 a ,, .,,-
--=-. (e·•u' ,-g)= 0 
y-g iJx' 

(1.21) 

and the equations of hydrodynamics, which are 
contained in the gravitational equations, 

T/';n = 0, (1. 22) 

Again making the assumption, to be confirmed 
by the results, that in Eqs. (1.21) and (1.22) the 
main terms are those with differentiations with 
respect to time, we get two conditions [<!l: 

tuoe'f, = const, llae'l• = const. (1.23) 

We then use the identity uiui = -1. There are two 
possibilities: either all of the covariant compo­
nents are of the same order ( u5""' uaua ), or 
else u~ ~ 1. In the former case we find from 
(1.23) u 0 ~ 1/t, E ~ canst. By calculating T~ 
~ Eu5 ~ C 2 we convince ourselves that this result 
is in contradiction with (1. 7), since R~ is known 
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to be of higher order in t. There remains the 
second possibility. Then from (1.23) we get 

E =Eo/ t'h, (1.24) 

We note that the relation (1.24) does not exclude 
the possibility that a particular component Ua 

may have a more rapid decrease with t. 
Since we now know the law of variation with 

time of the components T~ and T~, we easily 
discover that the expansion of the components of 
the metric tensor goes in powers of t 2/ 3• We 
therefore write it in the form 

gab = aab + babt'f, + ... , 
C = Cot + c1t'/3• 

(1.2 5) 

(1.26) 

In addition it follows from (1.11) that the com­
ponent u 3 must decrease with the time at least 
according to a t 513 law. 

In calculating subsequent terms of the expan­
sion of the metric we allow for the fact that in the 
general case in which we are interested there 
are nonvanishing components of the metric tensor 
ga3 . As was already pointed out, they can be taken 
into account as a small perturbation in the equa­
tions (1. 7)-(1.12). Owing to the fact that in zeroth 
approximation ,\~ = 0, in the first approximation 
(after the zeroth) corrections coming from the 
ga3 appear only in the equations (1.11); in the left 
member there is an additional term in R~ 

1 ( 3 ,;- ) 0 ---=- Xa rY c . 
ciy 

(1.27) 

Writing the components ga3 in the form 

gas= t2 (aas+ baat'/3+ .. . ), (1.28) 

we find that in first approximation the additional 
term (1.27) in R~ is equal to 

- 1-, {aaa( bee- Zc1 ) + -8 bas}. 
3co2t ;, Co 3 

(1.29) 

This term is of the same order as the first non-
vanishing terms in (1.11). 

Substituting (1.25) and (1.26) in the equations 
(1.7)-(1.12), we find the conditions which deter­
mine the quantities u~o) and ba3• In this way we 
find 

1 10 Ct (1 .7,) Ro0 = --9 baa+ -g~ =-Eo, 

Rs0 = --! baa' = 0, (1.8") 

Ra0 = (ln co), a=-} Eoua(O), (1.9") 

R33 = _!Q~ + 1_ b a+ - 1-(b a'~ 1' = ~ (1.10") 
9 Co 3 a 2co a Co I 3 ' 

b b' ) b b' 
Ra3=( _a_ -( _b_) 

Co ; b Co ; a 

1 { ( 2c1 ) 8 } + 3co2 aaa be" - ~ + -f bas = 0, 

Rab=-~bab_ Zc:,iv(~:"Yv)'= ~ Eobab. 

Using (1.8"), we find from (1.7") and (1.10") 

baa = Eo (x1, x2), 

(1.11 ") 

(1.12") 

(1.30) 
c1/ co= - 3/5Eo(x\ x2). (1.31) 

The quantity u~o) can be determined from (1.9") 

ua(O) = 3/4(ln co) ,a/ Eo. (1. 32) 

From (1.11") we find the quantity ba3 

8/sbas = -Co2 ( bab' /co) ;b- 1/3aas(bcc- 2c1/ Co)· (1. 33) 

The components of the tensor b~ are deter­
mined by (1.12"), from which it can be seen that 
these quantities are not arbitrary functions of all 
three coordinates. In particular, Eqs. (1.11 ") and 
(1.12") are automatically satisfied in the case in 
which b~' = 0. We then have 

(1.34) 

If we regard Eq. (1.12") as a differential equation 
in the variable z, we can still find functions of 
two variables on which the quantity b~ will depend. 

In this way we can convince ourselves that the 
metric in question contains only three arbitrary 
functions o"f the three coordinates: c 0 and aa3• 

Furthermore one function depends on the choice 
of reference system. Consequently there remain 
only two physical functions which fix the solution 
in the presence of matter. In the general solution, 
on the other hand, there must be eight such func­
tions. [1J 

According to Eq. (1.24), in the solution we have 
obtained there is an essential singularity in the 
energy density, although in the null metric the 
singularity is obviously of a geometrical nature. 
An important point for the understanding of this 
situation is that the energy density and the pres­
sure do not depend on the coordinate z. There­
fore no force along the z axis acts on a particle 
of the matter. The velocity u 3 of the particle 
along this axis goes to zero more rapidly than the 
components in other directions. Thus the particles 
are at rest, as it were, on lines t = const in the 
tz plane, in the absence of forces that could give 
them a velocity along z. In other words, in this 
case the world lines coincide with the geodesic 
lines. As a result of the change of the metric with 
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time the particles of matter will finally be focused 
for t- 0, since all distances along z are rapidly 
contracting. Thus in the tz plane we have pre­
cisely the sort of situation that would occur for 
dustlike matter ( p = 0) in a synchronous refer­
ence system. In this case also the dustlike matter 
could be focused, as has been shown earlier, [Z] 

and lead to the appearance of a physical singularity. 
In conclusion we note that the particular solu­

tion we have described will obviously be unstable, 
and the presence of a pressure gradient along the 
z axis inevitably leads to defocusing and the de­
struction of the singularity (cf.[2] ). 

An analysis analogous to this can be made for 
the case of the equation of state p = 0 (dustlike 
matter). As has already been pointed out, in this 
case the physical singularity coincides with the 
coordinate singularity, since when there are no 
forces ( p = 0) the world lines of the particles co­
incide with the geodesic lines. The expansions of 
all functions near the singularity go in integer 
powers of t, and the energy has a singularity of 
the form 

e =eo It. (1.35) 

2. ELECTROMAGNETIC FIELDS AND ANISO­
TROPIC COLLAPSE 

In a paper by E. Lifshitz and the writer [4J a 
broad class of solutions of the gravitational equa­
tions has been found, in which there is a physical 
singularity with respect to time (anisotropic col­
lapse). This type of solution is described in a 
synchronous reference system ( g 00 = -1, g0o: 
= 0) by a metric tensor 

(a,~=1,2,3). (2 .1) 

The three three-dimensional vectors 1 Ci l, and 
also the exponents Pi, are functions of the three 
space coordinates. The exponents p· satisfy two 
relations: 1 

(2.2) 

They run through values in the ranges 

- 11s < P1 < 0, 0 < Pz < 2/a, 2ls < Ps < 1. 

When the conditions (2.2) are satisfied all of 
the components of the gravitational equations 

0 ' 
except Ro: = 0, are automatically satisfied by the 
metric (2.1). The equations R0 = 0 give three 
conditions connecting the vect~rs 1 CiJ. In addition, 
in the general case with arbitrary exponents p· 
there is one further condition on the function 1t1l: 

l(1l rot l(1l = 0. (2. 3)* 

A solution of the form (2 .1) exists both in em­
pty space and in the presence of matter. An inter­
esting question is that of the influence of an elec­
tromagnetic field on the nature of this solution. 
Here there are essentially two questions. One is 
as to how the solutions of the Maxwell equations 
behave for a given collapsing metric. In the ap­
plication to planetary collapse this type of prob­
lem was formulated by Ginzburg and Ozerno!, [s] 

who considered the case of the centrally sym­
metrical collapse of a star with the equation of 
state p = 0 and having a magnetic dipole moment. 
The other question is that of the possibility of an 
inverse influence of electromagnetic fields on the 
nature of the collapse. 

We shall answer the second question first, and 
show that the contribution of the electromagnetic 
field to the asymptotic behavior for t - 0 is 
never larger than that of matter with the ultra­
relativistic equation of state E = 3p. The electro­
magnetic field tensor satisfies the equations [B] 

1 fJ(Fi"1-g) 4:rt .. 
·----=~~-·--·- = --]' 
1-g fJx" c ' 

(2 .4) 

where Fik can be expressed in terms of the po­
tential Ai of the field 

Fill = Ah; i - Ai;" = fJAk I fJxi - 8Ai I ox". 

The current ji satisfies the equation of continuity 
1 a -

-=-. (ii1-g) = 0. (2.5) 
1-g ox' 

We now call attention to the fact that, no 
matter what may be the mechanism of conductivity 
or the origin of the electromagnetic field, there is 
a maximum value of the current which cannot be 
exceeded. The maximum value of the current is the 
value that it would have if all of the charges moved 
with the velocity of the medium. It is obvious that 
the relation 

ja = uajo lu0 (a= 1, 2, 3). 

holds for the components of such a current. We 
recall that in the anisotropic solution [!, 4] 

Uo ~ t(l-Sp,)/2. (2 .6) 

Using (2.6) and the fact that p3 < 1, we note 
that the main term in the equation of continuity 
(2.5) is the term with the time derivative. It im­
mediately follows that 

*rot = curl. 
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j 0V-g = const, (2.7) (2 .9) without its right member has the solution 

(2.8) 

Equation (2 .8) determines the law of increase with 
time of the components of the maximum current. 

Next, using (2.8), we integrate the Maxwell 
equations (2.4) and find the laws of variation with 
time of the components of the electromagnetic 
field tensor [again the main terms in the equa­
tions (2.4) are those containing time derivatives]. 
We have 

1 apoa.t 1 
-(~aT- ,...., ti+P• 

(2 .9) 

and from this, 

(2.10) 

where Aao and Bao are functions of the coordi­
nates. 

Lowering the indices, we find the covariant 
components of the electromagnetic field tensor 

(2.11) 

We recall that the exponents Pi in the anisotropic 
solution are functions of the coordinates. 

From the equations (2.4) we can now find the 
components F a{3 

(2 .12) 

According to (2 .4) the functions Aa{3 and Ba{3 can 
be expressed in terms of the functions Aao and 
Ba0; for example, 

(2.13) 

Equations (2.11) and (2.12) determine the main 
terms in the time dependence of the components 
of the electromagnetic field tensor for the maxi­
mum possible current. 

We can now calculate the law of variation with 
time of the components of the energy-momentum 
tensor Tf of the electromagnetic field: 

(2.14) 

According to (2.11) and (2.12) we have 
T00 ,...., F a.oJ?a.O ,...., t-2(1-ps), T a.O ,...., t-1+2Pa, T a.~ ,...., t-2(1-ps), 

(2 .15) 
But the energy E varies with time according_ to 
precisely the same kind of law as T~ and T~. 
Accordingly, the electromagnetic field gets in­
scribed into the anisotropic solution without 
changing its c_haracter, and all of the functions 
that characterize the electromagnetic field come 
in with the arbitrariness inherent in them. 

It is entirely obvious that the free electromag­
netic field will also behave in an analogous way. 
This can be seen from the fact that the equation 

pa.o,...., t-1 

and thus all further calculations for the free field 
reduce to the previous results. This was indeed 
to be expected, since a free field must be described 
by the equation of state E = 3p, and consequently 
all asymptotic forms for the free electromagnetic 
field must coincide with the analogous forms for 
matter with the ultrarelativistic equation of state. 

Let us now consider other possible conductivity 
mechanisms of collapsing matter. Suppose it is 
ideally conducting. As is well known, the current 
is connected with the conductivity A in a relativ­
istically invariant theory by the relation 

(2 .16) 

For infinite conductivity (A - oo) we get from 
this the condition of being "frozen in," which is 
well known in magnetohydrodynamics, 

(2 .17) 

We use the relation (2.6), which gives 

We get from (2 .1 7) a connection between the com­
ponents of the electromagnetic field tensor 

(2 .18) 

We then find from the Maxwell equations (2.4) and 
(2 .17) the law of variation of the components Fik 
with time, for the given metric of the anisotropic 
solution, 

F a.B = Aa.~ + Ba.at1-P•ln t, 
F a.o = Aa.0t-P•, 

(2.19) 
(2 .20) 

where Aaf3• Baf3• and Aao are functions of the 
coordinates connected by the relation 

(1- ps)Ra.~- Aoa.(Ps),p- Allo(Ps).a. = 0. (2 .21) 

Comparing (2.19) and (2.20) with (2.11) and 
(2.12), we can verify that in the case of ideal con­
ductivity the components of the tensor Fik· and 
also the components of the current ji, change 
more rapidly than is allowed by the maximal 
asymptotic laws. Therefore even if at some 
earlier stage of the collapse there is ideal con­
ductivity, as t decreases we shall finally reach 
the greatest allowable value of the current, and 
its further variation with time will occur accord­
ing to the law (2.8). Because of this there is no 
point in examining the inverse effect of the elec­
tromagnetic field on the collapse in the case of 
ideal conductivity. 

Finally, let us consider one further possible 
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mechanism for the development of an electromag­
netic field in the collapsing matter. What we have 
in mind is the relativistic analog of the Batchelor 
mechanism of the production of a spontaneous 
field in the turbulent motion of a conducting fluid. 
In the nonrelativistic case, in the turbulent motion 
of a conducting fluid a magnetic field H arises 
which is proportional to curl v ( v is the velocity). 
It is easy to show that the relativistic analog of 
this relation is of the following form: 

awui awuk 
F;k ,...._. axk - ax;-· (2 .22) 

( w is the thermal function [7]). Thus in the rela­
tivistic case there is not only a spontaneous mag­
netic field, but also a spontaneous electric field. 
According to (2 .6) the law of increase of these 
fields with the time in anisotropic collapse is 

a 
F ao ,...._. - WUa ,...._. t-t-3(1-p,)/2 at ' (2 .2 3) 

F afl ,...._. t-3(!-p,)i2 ln t. (2 .24) 

In this case, just as in the preceding one, the 
law of increase of the components of the tensor 
Fik with the time is more rapid than is allowed 
by the maximum current. Therefore the electro­
magnetic fields produced by the Batchelor mech­
anism must change, as t decreases further, from 

the time law (2.23), (2.24) to the formulas (2.11) 
and (2.12) which are the maximum asymptotically 
allowable. 

In conclusion I would like to express by deep 
gratitude to E. M. Lifshitz for his constant inter­
est and valuable comments, and also to V. L. 
Ginzburg and A. S. Kompaneets for stimulating 
discussions. 
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