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It is shown that the matrix element ( 2|A(x)[2) of a neutral scalar field A (x), taken be-
tween two-particle in-states, admits poles which are not one-particle poles. The residues
of these poles are determined explicitly in terms of the scattering amplitude. Only the fun-
damental axioms of quantum field theory are employed in this derivation. Similar poles also
occur in a series of other matrix elements. By making use of the existence of such poles a
solution has been given for the following problem: for a neutral scalar field A(x) defined
in an arbitrary basis @ by its matrix elements (@ |A(x)|a’) a method has been found for
obtaining: a) the mass spectrum of the particles, b) the ensemble of quantities (a |0),

<01 lK1k1>: (a IK1K2k1k2>: ce

, representing the transformation matrix from the given basis

to the in-basis, and c¢) the S-matrix. The method can be extended to particles with spin and
also to local quantities of arbitrary physical character and arbitrary tensorial dimension.
In doing this the vacuum state is not assumed to be cyclic with respect to the field.

1. The physical idea underlying the present work
consists in making use in quantum field theory of
the following relatively obvious fact: if a particle
is the source of a field A (x), then a condensation
of that field will move along with the particle (for
instance, the Coulomb field of a charged particle).
In the language of quantum field theory this means
that the one-particle matrix element (1]|A(x)|[1)
does not vanish. At infinite times the field remains
different from zero along the world line of the par-
ticle. But if a quantity becomes constant at infinite
times, the corresponding Fourier transform must
possess a pole, and the residue in the pole must
contain information about the asymptotic direction
of the world line, i.e. about the S-matrix.

In Sec. 2 such pole terms are obtained for the
two-particle matrix element (2|A(x)|2). If
each particle is a source of the field A(x), it is
obvious that if the field A (x) is given everywhere
in four-dimensional space, one can trace the be-
havior of all the particles, i.e. establish a complete
picture of the scattering process. In quantum field
theory this assertion corresponds to the fact that
if A(x) is determined by its matrix elements with
respect to any basis one can derive from these the
mass spectrum, the transformation matrix to the
in-basis and the S-matrix. This problem is solved
in Sec. 3. We emphasize the fact, that in distinc-
tion from the usual treatment, the particles are
treated here not as field quanta, but as sources of
the field. Thus, by means of the usual approach a

given electromagnetic field and the asymptotic
condition, yield information only about the photons.
The method expounded in Sec. 3, on the other hand,
gives the possibility to obtain from a given electro-
magnetic field information about the motion of all
the charged particles (this, by the way, corre-
sponds completely to the experimental situation.
All elementary particle reactions are studied
through the interaction of the static Coulomb field
of the outcoming particles with matter!). Thus,
the method allows to describe particles of different
kinds by means of one single field.

Section 4 contains several concluding remarks.
Only the fundamental axioms of quantum field
theory are used throughout this work.

2. It has been noted previously[“ﬂ that the
Heisenberg two-particle matrix element
(pk|A(x)|p'k’) of a neutral scalar field A (x)
is related to the S-matrix not only on the mass
shell (here p, p’ denote momenta of particles of
mass M and k, k' are momenta of particles of
mass £; a complete set of in-states (in-basis) is
used). It is the purpose of the present paper to ob-
tain this relation explicitly.

Our only starting assumptions are: a) the
existence of an S-matrix description; b) the
existence of nonvanishing one-particle matrix
elements (k|A(x)|k'), (p|A(x)]|p’). The math-
ematical conditions for the existence of an S-
matrix description in quantum field theory are
formulated in Sec. 3. The physical content of

147



148 Yu.

condition b) is that the particles should possess a
static field A (x).

The invariant parametrization of the one-
particle matrix elements has the formL23:

e—ix(p=p"f, (2)
(2m)3 (4EE")'

o eiEROf, (17
k =72V
k| 4@)|K> (2n)3 (4ow’) '’

E'= (p2+ M),

| 4| 0> =

E= (p+ by,

o= (k24 %)k o = (k24 %2)",
t=—(p—p)=(E—-E)—(p—p)3
V= —(k—Kk)? 2p=xp— ok, (1)

where f;(t) and f,(t") are invariant formfactors.
For simplicity we assume f;(0) = 0, £,(0) = 0.
The result we are looking for is obtained on the
basis of an analysis of the limiting behavior as
time goes to infinity of the operator D(V, x;):

D(V,z)=(1— V) dzA(x, 2+ Vx), (2

where V is a vector parameter satisfying the
condition V?< 1. One can verify directly that the
one-particle matrix elements (1) of the operator
D(V, xy) are time-independent:

| DIV, )| > = — 2 PIO)

2nupy
60(k—k’ 0
<k[D(V,xo)]k'>=——~(———M, (3)
2nuky
where is a timelike unit 4-vector (n? = —1)

with components n= V(1 — V?)~¥2 ng = ny/i
= (1 -V®)V2 The quantity D(V, x;) is closely
related to the new physical quantities introduced
in refs. [ 1¥J, the so-called dynamic moments.
The dynamic moments are the coefficients in a
Taylor expansion of (1 — V2) V2D (V, Xg) in
powers of V.

The two-particle matrix element can be para-
metrized in the form[?]
—1x(p—p")f (t)
k|A(z)| pk> =o6(k—K) - 11t
e—ix(k—k’)fz(t')
(2n)? (bow’) '

e =K (s, 8", 1,1, u, u')

+6(P_p,) (2n)3(,16'E'E/ (D(L)’)l/"

(4)
with

c=—(p4 k) =—@ k)2
W= —(p— k)2,

w=—(p" — k)%
K=p+k—p —F,

where F is an invariant formfactor depending on
six variables. According to Egs. (2) and (4) the
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two-particle matrix element of the operator
D(V, x¢) equals

<(pk I D(V, x,) I p’k>

10) |, h(0)

=—w@—vww—wﬁ%Wu2Wh

8 (K — VEKy)ei=keF (s, ..., u') (1 — V2)'h

5
(16EE’ ow’)": ®)

For two free particles this matrix element reduces
obviously to

<pk | Diree(V, z0) | pl>

£1(0) | £(0)
2nupy énuku ’
From the assumed existence of the S-matrix it
follows that for infinite time the particles are in-
finitely separated and free. Consequently the
matrix element (5) should converge to (6) as
Xg —> —« in the in-basis, and as x; — +« in the
out-basis. Therefore the operator relation

D(V, + o) = S~D(V, — )S (7)

=—s(p—p)ok—K){ (6)

should hold. The relation (7) is equivalent to the
system of corresponding equations for the dynamic
momentst 2]

In order that (7) be satisfied, the formfactor, F
in Eq. (4) must contain terms with a pole
(K, — i€)7!, since time occurs only in the exponent
in Eq. (4). The necessary appearance of such terms
is obvious from the well-known identity

i €K { 2mid (Ko),
i =
mKo —is 0,

ZTo— -+ o0 (8)

Zo—> — 00

The four independent combinations of the in-
variant variables in the formfactor F: s — s/,
t—t',u-u, (—K2u )¥2, have first order zeros as
K“ — 0. Therefore the most general form of the
pole denominator having the required properties is

a(s—s) +B(t—t) +y(u—u) 4+ 6Y—Kg —ie,

where a, 3, Y, 6 are numerical coefficients. Thus
the number of pole terms becomes infinite and we
can make no definite statement about the residues
in each of these poles.

One can avoid this difficulty by replacing the
invariant variables s, s’, t, t’, u, and u’ by the
variables s, t, w, wy, wy, and wj, with




PARTICLES AND THE S-MATRIX IN QUANTUM FIELD THEORY

The fact that the new variables are invariant only
for timelike vectors K, is inessential, since in
our computations only timelike K, will occur,
and the final result will be rewritten in terms of
the original fully invariant variables.

Among the variables s, t, w, wy, wy, and wg
only w vanishes as K,, — 0, however the limiting

values of wy, wy, and w3 depend on the unit 4-vector

ny. Indeed, the presence of the delta-function in
the last term in (5) implies

w = ]{0(1 —_ Vz)"vﬂ, (10)
Ky = nuw, (11)
wy = —(pu+ kp+ pu" + k') np. (12)

It follows from (12) that wy depends on n; as
K“ — 0. The same follows for wjy, ws. One can
see from (11), (12) that the limiting value of the
formfactor depends on the path along which the
4-vector K, vanishes.

In the new variables there is only one pole de-

nominator with the required properties, so that the

formfactor can be written in the form

. (P(Sa t, Wy, W, w3)[

r - + D (s, t, w, wy, wa, w3), (13)
w— ig

where wd — 0 as w — 0. Substituting (13) into
(5) and making use of (8), we obtain in the limit as
X) + o

<pk|D(V,+o0) |p'k)

f1(0)
2nupy
2nid0t (K) @ (s, t, wy, we, ws)

f2(0)
2nuky )

= —o(p—p)o(k—K){

(16EE mw’) ' (14)
On the other hand, according to (7), the matrix
element (pk|D(V, +«)|p’k’) equals
(pk]D(V, +°o) lp/k/> —_ ‘S‘dgp”d"’ic” <pk IS_j !p”k”)
x{,il (0)” iz_(Q)_” 1 <p//k// .S ! p’k’). (15)
2nupp 2nule,” J o

For simplicity it has been assumed here that only
the elastic channel is open. In the presence of in-
elastic channels corresponding additional terms
would appear in the right hand side of Eq. (15).

The S-matrix is related to the invariant scat-
tering amplitude g(s, t) by means of the usual
relation

pk|S [Pk = 6(p—p')o(k— k'),

— 2nigt (K) 581

__8h) (16)
(16EE 0w’)
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The final step of our calculation consists in sub-
stituting (15) and (16) into (14) which yields the
final result in the form
(P(31 ta Wy, W, lU3)

w—ig

o f1(0) f2(0)
=&(s) {sz— ie T 9kK —ie }
. /1(0) 12(0)
—& (s t){2p’K i T K—ie }
d3pll d3k”
2E// 2(0//

+ 2mi § o (p—k—p” — k")

f1(0) 12(0)

"K —ie + 2k"K — ie } (17)
where t” = —(p — p”)% t” = —(p’ = p”)% 1t fol-
lows from the form of the right hand side of Eq.
(18) that the pole term is invariant for spacelike
as well as for timelike K#. We emphasize the
facts that the new poles are not one-particle poles
and that the S-matrix in (17) is related to the
formfactor off the mass-shell.

It is interesting to compute the other singular-
ities of the matrix element (pk|A (x) |p’k’),
which are connected with the derivatives of the
one-particle formfactors at the origin. This can
be done by means of the same technique as used in
the present paper, but using instead of (2) opera-
tors connected with dynamical moments of higher
orders'?). For instance, in order to study the
singularities which are connected with the first
order derivatives at the origin of the one-particle

formfactors, one should use the operator
D?(V, x4) defined by

X g- (S,t Il)g(s’ tlll){ 2p

D2V )—{1—x i+1x2( 9 )2}
( 1 %o} = 0 810 72 ¢ 010

X § dszz2A (x, 20+ Vx) (11— Ve)s (18)

3. Let the operator of some local quantity
A (x) be given in an arbitrary basis « in terms
of its matrix elements (a |A(x)|a’). How can
one obtain from here a particle description? By
particle description we understand here, obtaining:
a) the mass spectrum and the spin spectrum of the
particles, b) the transformation matrix from the
given representation to the in-basis, and c) the
scattering matrix. For simplicity we restrict
ourselves to spinless particles, but admit the
existence of several kinds of particles with dif-
ferent masses. Also for simplicity, we consider
the local quantity A (x) a scalar neutral field.

It is a consequence of relativistic invariance
that in the initial basis the transformations of the
inhomogeneous Lorentz group are well defined,
i.e., the operators P“ of 4-momentum and M,
of angular 4-momentum are given and satisfy the
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standard commutation relations.

In addition to the general quantum and relativ-
istic conditions we impose, as in the preceding
section, a condition of completeness, consisting
in the requirement that the one-particle matrix
elements (1|A(x)|1) taken between states of
the same particle should not vanish for all parti-
cles in the in-basis. Roughly speaking the sense
of this condition is that one cannot detect a particle
by measuring a field which that particle does not
possess.

The solution of the problem is based on the use
of the new physical quantities introduced in [1’2:,
the so called dynamic moments Dii---in( Xg):

D;,...i,(x) = —1'— S dzzs,... z A(z), (19)

where iy...ip =1, 2, 3. The fundamental property
of these dynamic moments is that at time infinity
they go over into constants of the motion which
are additive with respect to the particles. As has
been shown in [1’2], if one projects the operator
Di,...i, (%) onto states with a given fixed number
of particles in the infinite past, then in the limit
X) — —eo it will have the form

I~ (0)

Di..i (—o0) = Dv;™ . py (20)

1 n n 2
N N

In Eq. (20) V‘N) and wy are the operators of the
velocity and 1energy of the N-th particle, respec-
tively, f5(0) is a constant characterizing the dis-
tribution of the field A (x) within the N-th particle
(the one-particle formfactor at the origin). All
operators Vi’ WwN commute with each other and
also with the total energy and momentum.

In order to obtain a particle description it is
natural to start from the vacuum state (a[0), in
which the energy vanishes, and, according to (20)
all dynamic moments vanish

{a|Po|a’Y{a’|0> = 0,
{a|Di,. i, (20) |[@><a’[0> =0.

Since the energy is positive definite, condition (21)
itself suffices to determine uniquely the vacuum
state (a]0).

The one particle states (a|1) must, first of
all, be orthogonal to the vacuum state

{0]a><a|1> = 0.

Further, Eq. (20) and the stability of the state
(a|1) imply that the one-particle states must
satisfy the condition

(21)
(22)

(23)

<a|D(xo0)Dij(x0) — Di(x0)Dj(xo) |a><a’|1> = 0. (24)

Conditions (23) and (24) determine the one-particle
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states completely. One can separate particles of
different masses «k by taking into consideration
the eigenvalues and eigenfunctions of the operator

Pﬁ in the states {(a|1):

{a|Pu2la’ Yo | ) = —x2a]|wnsd. (25)

One-particle states belonging to the same mass
are classified by the eigenvalues k of the total
3-momentum P:

<(7.|Pl(1/><(1,|%1k1> == k(almk&. (26)

The state vectors (26) may still contain a two-
fold degeneracy due to the existence of particles
and antiparticles with identical masses. However
such states will always differ in the values of some
conserved charges (if the contrary is true, as for
instance for K, mesons, the mass degeneracy is
lifted). Therefore the one-particle matrix element

kg | A () |iky”> = (edky|ad<a] 4 (z) o> < k> (27)

must vanish between states of a particle and its
antiparticle. This permits us to complete the
classification of one particle states.

The two-particle states are orthogonal to the
one-particle states and to the vacuum

<0]aX<a}2> =0, AaXal2) = 0. (28)

In addition, for two-particle states in the limit as
Xg — — all three-dimensional tensors are co-
planar, being situated in the plane defined by the
vectors v(1 and v'® used in Eq. (20). Therefore
two particle amplitudes must, for instance, satisfy
the condition

Ca|eimDi(— 00) Dj(— 00) Dimy (— 00) |a’>{a’|2> = 0.(29)

The conditions (28) and (29) determine the two
particle states. Similar conditions can be written
down also for states with a higher number of par-
ticles. Note that in distinction from Eqgs. (22) and
(24), the relation (29) and similar relations for a
larger number of particles, are valid only for
X9 — —. Therefore in solving Egs. (28) and (29)
for (@ |2) not only two particle states, but also
three- and in general many-particle states may
result. The problem of separating such ‘‘false”’
states will be discussed at the end of this section.

After separating the false states, the particle
kinematic variables of the state vector («|2) can
be expressed in terms of the total momentum,
energy and also in terms of the asymptotic values
of the dynamic moments. Indeed, the operators
Py, P, D(=), Dj(—), Dij( — ), projected onto
the two-particle states have the form

P=Kk +ko: (30)

Py = 0 + w2,
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_ 1O | £(0)
D) = ™ ey
(1) (2)
Di(— o0) = 1OQ¥ | 110w
204 20,
Wy 52
Doy( gy — SHOBE @ v o

20)1

where f;(0) and f,(0) are constants (formfactors
at the origin), and

s = (o2 -+ %22) "2,

0] = (k12 + %12)"!2,

ki = o v®, ke = wav®,

The equations (30) and (31) are more than suf-
ficient for expressing the operators ki, ky, k;, and
ko and the constants f;(0) and f,(0) in terms of
the dynamic moments. The respective computa-
tions are elementary since the operators Py, P,
D(=), Dj(=), Dij( -}, k¢, kg, k(, and k, all
commute with each other. Writing down for the
state vector (a|2) a system of equations analo-
gous to (25) and (26), but for the eigenvalues and
eigenvectors of the operators ki, ks, ki, Ky, we ob-
obtain the eigenstates ( a |k kokiky) connecting the
initial basis with the two-particle states in the in-
basis. A possible mass degeneracy due to the
existence of antiparticles is lifted by the same
method as described above for one-particle states.

One can obtain the three-particle states
(a | kikor3kKoks) in a similar manner, and also
for states with a higher number of particles. The
totality of eigenstates (a|0), (@ |kk),

(o |kiKokiky) represents just the matrix of the
unitary transformation from the initial basis to the
in-basis. Replacing in Eq. (29) and in other simi-
lar equations the limiting process x; — —« by

Xy —™ +, we obtain the transformation from the
initial basis to the out-basis, and thus also the S-
matrix.

In order to complete the solution of the problem
which was formulated at the beginning of this sec-
tion, we must still learn how to recognize the
many -particle states ( mentioned above, in the
text following Eq. (29)) which might sometimes
satisfy the conditions imposed on states with a
smaller number of particles.

The method of separating the ‘‘false’’ states
is the same for all state vectors with the exception
of the vacuum state and the one-particle states,
where it is simpler to make use of the stability
condition, according to which Eqgs. (22) and (24)
hold for arbitrary values of x;. In order not to
complicate the treatment we carry through the
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elimination of ‘‘false’’ states for the one-particle
vector («|k;k;) (which for simplicity will be
denoted as {« |kk)) without using the stability
condition. This means we will not assume that
the vector satisfies Eq. (24), but only the weaker
condition

(a|D(—o00)D;j(—c0) — Di(—o0)

XDj(—oco) |a"a |xk) = 0. (32)

In general, Eq. (32) can be satisfied besides by
one-particle states, also by: a) the two-particle
state in which the 3-momenta of the two particles
are parallel; b) the two-particle state in which the
two particles are in a relative S-state of motion
and c) the two-particle state in which the
4-momenta of the particles are parallel. In order
to test the state (a |kk) for ‘‘one-particleness’’,
one has to construct the one-particle matrix ele-
ment (kk|A(x)|kk’) in (27). An invariant para-
metrization has the form (1):

e—1x(R—R") f (t)

(27) 3 (4oo) " (83)

(k| A (z) | k"> =
where t = —(k — k’)% f(t) is an invariant form-
factor. The parametrization (33) is valid both for
an individual particle and for an invariantly sepa-
rated ensemble of states of the system of colliding
particles. In case a) the relativistic parametriza-
tion (33) is simply not valid. In cases b) and c)
relativistic invariance is not violated, but the
formfactor f(t) will have singularities of a defi-
nite type for t = 0. And only for the true one-
particle states will the formfactor f(t) be regu-
lar in the origin.

To illustrate this point we construct the matrix
element (33) for ‘‘false’’ states of types b) and c¢),
obtained from the two-particle state. Assuming
for simplicity that both particles are interacting,
the parametrization of the matrix element

<%1’K2k1k2 [ A (.Z) l %1K2k1,kz,>

has the form

(uanokika | A () [ mavoky'ke> = 8 (ks — kz')%‘%2
e =) fy (1)
(27)3 (4waw’) e
In order to obtain the case b) one must multiply
the matrix element (34) by

+ 8 (ki — ky') (34)

C8 (kg + ko — k)8 (bt + k' — E') (Bho10201 02’ 00") ~,

where C is a normalization factor, and also inte-
grate over d3k1d3k’1d3k2d3k§. As a result one
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indeed obtains the expression (33), but the
‘‘false one-particle formfactor’’ f(t) has the
form

_ aC{f1(t)0(tos —t) + fo ()0 (tx —¢)}
2Y—t (4 —t)'h

(35)

()

H]

where 6 (t) is the step-function, and
tor = w2 — (1 — %)%} {02 — (01 — %2)%},
tor = %oy oy,

The normalization constant C in (35) may de-
pend on the masses but not on t. It is obvious
from (35) that for a ‘“false’’ state of type b) the
formfactor f(t) in (33) has a singularity of the
type t™V% in the origin.

In the case b) one must multiply the matrix
element (34) by

B84 (ky + ky — k) 84 (ky' — k' — K') 6% (ky — aks)

X 8% (ky — aks') (64010201 @2’ 00”) 7',
where B is a normalization factor, and after that
one has to integrate over dadBd’k,d*k,d*k}d’k.
As a result one obtains for the matrix element
(33) the coordinate-independent expression

(xk|A4 (z) |k

= 8(k — K’) (%1 + #2) 2{w:2f1(0) + %2*f2(0)}. (36)

The normalization factor is B = 4 (k4 + k) K33 (2m)3

One can consider the expression (36) as a particu-
lar case of (33) with a formfactor f(t) having a
delta-type singularity in the origin. One can ob-
tain it from (35) by means of the limiting process
K = K{+ Ks.

The physical significance of the coordinate-
independence of (36) consists in the fact that if the
relative 4-momentum of the two particles is fixed,
then, in the center of inertia system, matter is not
concentrated around any centers but is evenly dis-
tributed throughout space. Thus we have shown
that ‘‘false’’ states can always be separated
either using relativistic invariance, or by means
of considering the singularities of one-particle
formfactors in the origin. Thus the problem
posed at the beginning of this article is com-
pletely solved.

4. We now discuss the result we have obtained.
The described method of obtaining the particle de-
scription from the field description contains the
conditions of existence of particles and of the

S-matrix within the framework of quantum field
theory. The particles and the S-matrix exist

within quantum field theory only in the case when
the system of equations determining the amplitudes
(a|0), (a|1),... has solutions with one-particle
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formfactors which are not singular in the origin.

The conditions (21) —(31) admit of various
generalizations and modifications. First of all,
they can be generalized to the case when particles
with spin are present. The conditions (21) —(31)
remain valid in this case, but are insufficient for
a complete classification of states. In addition it
becomes necessary to make use of the helicity
operator[:ﬂ Ty=- Vziewu)\M“VPA, and, for more
than one particle, of the dynamic moments of the
first order(?].

Instead of the scalar field A(x) one can use a
neutral local operator of arbitrary tensorial di-
mension for obtaining a particle operator; such
operators are, for instance, the electric current
j,, (x), the energy-momentum tensor T“V(x) ete.
’Fhe method does not need any change. For spinor
fields, and also for charged fields ¥ (x), the one-
particle matrix elements (1|¥ (x)|1) vanish,
and hence also the dynamic moments. In this
case one can use for constructing conditions of
the type (22), (24), and (29) a quantity C(x, x;)
defined as

C(x, zoy={ dydi 2F (x—y, x —2) ¥ (y ) ¥*(2, 20). (37)

where F is a sufficiently smooth and rapidly de-
creasing function of its arguments. The non-
invariance and nonlocality of the quantity

C(x, x¢) do not play any role. Only the method
of separation of ‘‘false’’ states suffers slight
modifications. Finally, if the formfactor vanishes
at the origin for a particle, F(0) = 0, then by
making use of higher dynamic moments %] one
may go over to the derivatives at the origin ' (0)
of that formfactor.

Thus we reach the conclusion that the spectrum
of masses and spins as well as the S-matrix can
be obtained from any local quantity, defined in an
arbitrary basis. This is particularly true of the
energy-momentum tensor TMV(X), the exclusive
role of which is determined by the fact that its
existence is a direct consequence of purely geo-
metric properties of space—time.[lj We also note
that for T, (x) the completeness condition is
automatically fulfilled, since all particles possess
inertial properties.
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