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The problem considered is that of cyclotron (3-ray and pion emission from protons, that is, 
we deal with the conversion of a proton into a neutron in a magnetic field with the emission of 
a 1r meson or a (3 -ray positron. It is shown that under actual conditions the energy losses of 
protons owing to these processes are small in comparison with the loss to synchrotron 
radiation. 

THE electromagnetic radiation which arises from 
the motion of charged particles in a magnetic field, 
which has been given the name of magnetic-accel
eration radiation or synchrotron radiation, is 
sometimes very important and determines the 
energy losses both under laboratory conditions and 
under cosmic conditions. The loss of this type 
per unit time is given by the well known expression 

2 e~H2 ( E )2 
Ie = -3 M2c3 Mc2 

( 1) 

Here e, M, and E are the charge, mass, and total 
energy of the particle, and H is the component of 
the magnetic field perpendicular to its velocity. 
In the derivation of (1) it is assumed that E/Mc 2 

» 1, and also, which is very important, the classi
cal approximation is used; this means that 

eH ( E )2 
Wm= Me Mc2 • (2) 

The meaning of this inequality is clear if we recall 
that the frequency w m is close to that correspond
ing to the maximum in the spectrum of the synchro
tron radiation (cf. e.g.,CJ,zJ). 

In its motion in a magnetic field a particle with 
sufficiently high energy can emit not only photons, 
but also quanta of any field with which it interacts. 
Moreover, as is already clear from general con
siderations, the energy dependence shown in (1) is 
not a universal one, and consequently at large en
ergies nonelectromagnetic magnetic-acceleration 
losses might in principle exceed the electromag
netic losses. It was this that led us to examine the 
question of the energy losses associated with the 
following processes which can occur in the motion 
of relativistic protons in a magnetic field: 

p-+ p + :rto, 

p-+ n + :rt+, 

(3) 

( 4) 

p -+n + e+ + v. (5) 

There are no grounds a priori for believing that 
such processes are not important, for example, in 
cosmic rays, where the energy of the particles, 
probably including protons, reaches values 
E ~ 10 20 eV. It will be clear from what follows, 
however, that even at such energies the processes 
(3)-(5) in cosmic fields H ~ 10-5 are still very im
probable. 1l Nevertheless it seemed to us appropri
ate to give a brief discussion of the relevant cal
culations, since they are rather interesting from a 
physical point of view. 

1. Let us consider a particle which moves along 
a prescribed trajectory r e(t) and is the source of a 
neutral scalar field cp. The Lagrangian density is 
then 

L =- _!__{x2cp2 + ('Vcp)z- ~( ocp ) 2} 
8:rt c2 at . 

- g6(r- r.(t) )l11- ~2 cp. 

The resulting equation of motion is 

( 182) --.· 
~ - - - - xz cp = 4:rtg 11 - ~2 6 ( r - r e ( t) ) . 

cz mz 

( 6) 

( 7) 

Here K = mc/ti, m is the mass of the neutral scalar 
meson which is the quantum of the field in question, 
(3 = v /c, v is the speed of the particle, and g is its 
mesonic charge. 

We shall be interested in the case in which the 
particle (of mass M) also has the electric charge e 
and is moving in an external magnetic field along 
a helical path with the frequency u.: H = eHc/E. The 

1) These results had mainly been obtained as early as 
1960, and were mentioned in a book by Syrovat-skii and one 
of the writerd 2l (see Sec. 7), and also earlier in [']. A de
tailed quantum-mechanical calculation of the effects (3)-(5), 
including the influence of spins, is presented in[•]. 
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meson field can then be represented in the form 

q:>(r,t)= ~ q:>nexp (- iffiHnt), 

and here, by (7), we have 
2n/ron 

( n2ffiH2 ) Mc2 ffiH 1 d--- Qln = 4ng--- J b(r- re(t)) einwHt dt, (8) 
cn2 E 2n 0 

xc mc2 
no=-=--. 

WH fiWII 
(9) 

If we were dealing not with a scalar, but with a 
vector meson field, the right member of Eq. (8) 
would be changed in an appropriate way, but the 
operator .6. - n 2w 2 I cb would appear on the left as 
before. For m = 0 this equation for the vector 
meson goes over into the equation of electro
dynamics. 

Thus the existence of a rest mass of the field 
quanta is taken into account by the factor 
(1 - n~/n2 r 1 in (9). From the physical point of 
view the effect of this factor on the radiation be
comes clear at once if we recall that a precisely 
similar factor appears in electrodynamics when 
the charge moves not in vacuum but in an isotropic 
plasma. In fact, the dielectric constant of plasma 
is E = 1 - w ij/w 2, and in the wave equation c 2 must 
be replaced by c 2/E. Consequently, the plasma 
frequency w 0 = (47re2N/m) 112 plays the role of the 
frequency mc 2/n [cf. (9)], where w = nwH. The 
main difference between the electromagnetic 
radiation in the medium and that in vacuum is due 
to the difference between the factors 
(1-{3E 1/ 2 COS er 1 and (1-{3 COS er1 (cf. e.g.,[ 5J). 

Indeed, for E < 1 this factor ( 1 - {3 E 112 cos 8) - 1 does 
not go to infinity even for cos e = 1 and {3 ...... 1. 
Therefore as long as E < 1 the ultra-relativistic 
case (in the sense of the nature of the emission of 
radiation) is not realized even for {3 ...... 1. In order 
not to encumber the exposition we shall confine 
ourselves to these remarks, and shall give below 
the results of the calculation without going into the 
analogy with the case of synchrotron radiation in a 
plasma. 

The field cp in the wave zone is found in just the 
same way as in electrodynamics.[1] There is no 
reason to repeat these calculations here. We only 
use the fact that the amount of energy radiated in 
unit time through the element of the surface of a 
sphere of radius r that corresponds to the solid 
angle dQ is given by 

1 ihp oq:> " ) 
dl = ---- -T"'"dQ (10 

4n Ot or 
[this follows from the expression for the energy 
flux for the field described by the Lagrangian (6)]. 

We have for the total emitted intensity 

"" n2wH2" ( v ) I=~g2 (1'-fl2)-c-~ln2 n-sine sinede, (11) 
n=no n 0 Cn 

where Jn is the Bessel function and the restriction 
to harmonics with n 2:: n0 is due to the fact that for 
n < n 0 the components CfJn fall off exponentially with 
increasing distance, and therefore do not contri
bute to the radiation in the wave zone (for n < n0 

the energy nliwH < mc 2, and it is clear that a 
meson cannot be emitted). 

Using the formula 

" 2a 

~ ln2 (asin S)sin e de=!__~ l 2n(x)dx, 
o a o 

expressing J 2n for large n approximately in terms 
of the function K 113 , and going over from summa
tion over n to an integration (we set n = n0Ex, 
E = E/Mc2 ), we find 

g2 m2c3 (' "" 
I=--=-- -J xdx ~ K (s)d£, 

l'3 Jt li2 'Ia 
0 y(x) 

E 2 m Ho ( 1 )'!. y(x)=---x 1+-
3 M He x2 e = Mc2. 

(12) 
The function y(x) is at its minimum value, 

Ymin = 3 112mH 0/MHE, for x = 2 112• If the energy 
of the proton is such that Ymin » 1, then we can set 

and then the integral over ~ in (12) can be obtained 
at once. The integral over x can then be calculated 
by expanding the function y(x) which appears in the 
exponent in a series around its minimum value. 
The result is 

g2 mMc3 H f - m Ho l 
I= }'3 --/i2 Hoe expl- y3Ai n) ' (13) 

where it is assumed that 

: ~: = : n;m= ~ ·t<_1. (14) 

This condition differs from (2) only by the factor 
M/m, and when it holds the classical theory can 
surely be used. In agreement with this, the con
stant n appears in (13) only in the combination 
K = mc/n, which in the classical region is to be 
regarded as a parameter which characterizes the 
field in question. We note that Eq. (13) and our 
other formulas actually involve not e, but I ei, and 
consequently the result does not depend on the sign 
of the charge. 

To calculate the intensity of the radiation at 
large energies it is convenient to do an integration 
by parts in (12); this leads to the expression 
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gz m2c3 m Ho f ( 1 )';, 
l=----=------J(x2 -2) 1'+- K (y(x))dx. 

y3 n 3/ZZ M eH xz '/, 
0 

(15) 

For large energies the important part of the inte
gral is that from large values of x. Therefore, 
using the formula 

co 8 
~ x2K (ax)dx = ----!--, 

'h 9l"3 a3 

we get from (15) 

I= gzeznz ( ~)z 
3M2c3 Mc 2 ' 

(16) 

where it has been assumed that 

M liwm M 
- --=-x~L 
m E m 

(17) 

The loss (16) differs from (1) by the replace
ment of the factor 2e 2 by g 2, and thus for sufficiently 
large g it will be larger than the electromagnetic 
loss. Moreover, if the meson field is not a scalar 
but a vector field, one gets a formula of the type 
of (16) but containing the factor (E/Mc 2 ) 4• In the 
electromagnetic case, owing to the fact that the 
wave field is transverse, there is an additional 
factor (mc2 /E) 2, and it is only for this reason that 
the energy dependence is given by the factor 
(E/Mc 2 ) 2 [ cf. (1) ]. An analogous situation in re
gard to the effect of transversality of the field is 
characteristic of magnetic-acceleration gravita
tional radiation [ 6]; for this case the intensity (the 
loss) is given by (1) with e 2 replaced by 13 KM 2/4, 
where K is the gravitational constant. For our 
scalar field the additional factor (Mc 2/E) 2 = 1 ~ {32 

in the intensity appears from the beginning [see 
Eqs. (6) and (7)]; it is due to the fact that the quan
tity that is a scalar is (1 ~[3 2 ) 1 12 dt, not dt. 

The meaning of the condition (1 7) is that the 
speed of a meson emitted with the energy n wn is 
larger than the speed of the emitting particle. In 
fact, according to (17), 

(1- ~2 )'/, = Mc2 IE ~mc2 I liwm = (1- ~;,es)'h. 

Under such conditions the fact that the rest mass 
of the meson is m -.r- 0 is unimportant, and in agree
ment with this the mass m does not appear in (16). 
This statement about the high-energy region is 
valid, however, only under conditions in which the 
classical calculation can be used. This means that 
we can neglect recoil and make no use of the in
equality nnwH < E. In other words, Eq. (16) is 
valid not simply under the condition (1 7), but at 

the same time subject to the condition (2). 2) For 
M/m » 1 the conditions (2) and (1 7) can be com
patible. 

2. The formula (16) gives the correct result in 
order of magnitude right up to values x = H~ /H0 
~ 1, for which 

(18) 

With further increase of the energy (for x > 1) the 
energy loss of a proton through emission of scalar 
mesons, like that in other cases (electromagnetic 
interaction, pseudoscalar interaction, and so on) 
begins to increase owing to spin effects (it is as
sumed that the emitting particle has a spin). 
Another important point is that the process we are 
considering is partly electromagnetic. Therefore 
the fact that the proton has a spin is important 
even in the emission of scalar mesons. =4] 

For X » 1 the magnetic acceleration spin radia
tion of the proton increases in proportion to x213, 
i.e., in proportion to E 213 (cf.1 4• 7• 8J). With a view 
to application to actual conditions, we can confine 
our discussion to a range of energies which satis
fies the condition (2). In fact, the condition x ~ 1 
means that 

Eo Ho f020Qe 
-~~-~--~ 

Mc2 H H 
(19) 

where the last expression is for the case of pro
tons. In interstellar space H :S 10 5 Oe and 
E 0 ~ 1034 eV. The place where the strongest fields 
can arise is near collapsing stars, where values 
H ~ 10 10 Oe are possible (cf.C 9J). Even in this 
case E0 ~ 10 19 eV. The energy E 0 is so large that 
in what follows we shall assume that the more 
severe condition (14) is also satisfied, and also 
for charged mesons and for (3 decay the condition 

(20) 

In the region of (14) a quantum calculation[ 4J 
for a Dirac particle interacting with a neutral 
scalar field leads exactly to (13), as was indeed to 
be expected. For the 1r 0 meson [process (3)], which 
is pseudoscalar, a factor 5m 2/4M 2 appears in the 
formula (13), and g must be the constant for which 
the value g 2/n c """ 14 is accepted (since in [ 4] the 
calculation was made in first-order perturbation 
theory, this value g 2/n c """14 can be used only for 
an order-of-magnitude estimate). 

2) We are assuming that the emitting particle is not re
ceiving energy from outside. If, on the other hand, we assume, 
as can be done under certain conditions in classical physics, 
that the velocity of the emitting particle is prescribed, the 
restriction given by (2) does not apply. 
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For the emission of pseudoscalar rr+ mesons 
[process (4)) a formula was obtained in [ 4] which 
under the condition (20) and with neglect of quanti
ties of the order m/M differs from (13) by a factor 
2-5/ 2 and replacement of the factor 3112 (m/M) (H0/HE) 
in the exponent 3) by the factor 3112 (m/M) 2 (H0/HE). 
Finally, for {3 decay [process (5)], under the con
dition (20) and with the mass m =me = 9 x 10- 28 g, 
one gets the expression 

czMscs ( X )''' { -- v } 
I~ = v2 - exp - )'3- , 

31'3 (2n)31i7 \ v X 

v = m.z/M2 , x~v, (21) 

where G is the weak-interaction constant, GM 2c/ti 3 

=1x1o-5• 

In the energy ranges (14) or (20) the most im
portant factor is of course the exponential [ cf. (13) 
and (21)]. We can compare the energy loss of a 
proton by emission of rr 0 mesons with the loss by 
electromagnetic synchrotron radiation. The ratio 
of (13) and (1) is 

Taking 

gz 

7i-c ~ 14• 

- m Ho 
X= f3-- -

M He' 

H ~ 10-5 0e, 

E 
e = Mc2. (22) 

we find that Irro/Ie ~ 1 for E ~ 1033 eV. Meanwhile, 
no particles with energy larger than 10 20 eV have 
been observed in cosmic rays, and particles with 

3 )The emission of charged particles differs from that of 
neutral particles owing to the fact that in the former case the 
charged particle in the final state has mass m, and in the 
latter case this mass is M. Since the magnetic field has more 
effect on the lighter particle, it is quite natural that there is 
an additional small factor m/M in the exponent, which facili
tates the emission of the charged meson. 

much larger energies are undoubtedly extremely 
rare. On the other hand, for energy E ~ 10 20 eV 
and the indicated values of the parameters the 
ratio (22) gives the negligibly small value 
Irro/Ie ~ exp ( -1014 ). For rr+ mesons the additional 
factor m/M in the exponent makes no qualitative 
difference in the general situation, changing the 
energy scale by about a factor six. 

Finally, with the weak-interaction constant 
GM 2c/ti 3 ~ 10-5 and with m~/M 2 ~ 3 x 10-7 and 
H ~ 10-5 Oe we get from (1) and (21) as the ratio 
If3/Ie at energy E ~ 10 28 eV (which corresponds to 
xmVM 2 ~ 1) the value If3/Ie ~ 10-10 • For smaller 
energies the ratio is very much smaller. 

Accordingly, under actual conditions the energy 
losses of a proton owing to the reactions (3)-(5) 

are negligibly small. 
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