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We have calculated the coefficient of thermal conductivity of the lamellar and filamentary 
structure of the intermediate state, assuming heat transfer along the interfaces between the 
phases, for the case where the electronic mean free path is appreciably longer than the char
acteristic dimensions a of the normal regions. We assume an arbitrary dispersion law for 
the electrons. The coefficient of thermal conductivity of the lamellar structure is independent 
of the electronic mean free path Z, while that of the filamentary structure decreases with in
creasing l as ln(l/a)/Z. 

IF a superconductor of finite dimensions is placed 
in an external magnetic field H and H is increased, 
there arrives a moment when the field at some 
places on the surface of the sample reaches the 
critical value while H is still less than He. 
Under such conditions the superconductor goes 
over into the intermediate state[ 1J, i.e., its vol
ume is split into a large number of alternating 
layers of the normal and superconducting phases. 
The dimensions of these layers can be expressed 
in terms of the intensity of the external field and 
the coefficient of the surface tension at the boun
dary between the phases ( cf. [ 2]). Near the boun
daries of the region of the intermediate state the 
thermodynamically most advantageous structure 
is a "filamentary" one. [3] The normal regions 
are then filaments with a cylindrical form ar
ranged along the magnetic field. 

A number of experimental investigations[ 4, 5J 
established that the thermal conductivity (when 
heat is transferred across the layers) of the 
intermediate state is appreciably less than the 
thermal conductivity of the purely superconducting 
state, especially that of the normal phase. We 
showed in an earlier paper [s] that this is con
nected with the reflection of electronic thermal 
excitations from the interface boundaries. A 
specific peculiarity of this reflection is the un
usual connection between the momenta and the 
velocities of the incident and the reflected excita
tions. In fact, the momentum p is practically un
changed during the reflection while the distance 
( in energy) from the Fermi surface ; ( p) = E ( p) 
- E F and at the same time the velocity 
v = aE/8p ( E = I; I) changes sign. If the excita
tion incident from the normal phase is a "hole" 

( ~ < 0), the reflected one is an "electron" 
( ~ > 0) and the other way round. The probability 
for reflection when I; I < ~. where ~ is the energy 
gap in the superconducting phase, is equal to unity. 

The aim of the present paper is to show that 
the unusual character of the reflection of excita
tions leads to a distinctive peculiarity of the heat 
conductivity of superconductors in the intermediate 
state when the heat transfer takes place along the 
interfaces between the phases. 

1. HEAT CONDUCTIVITY OF A LAYER 
STRUCTURE 

Let the temperature of the system be low com
pared to the critical temperature. The main con
tribution to the heat conductivity will then be given 
by the electrons in the normal regions. The ther
mal conductivity of the lattice and of the electrons 
in the superconducting regions can be neglected. 
We choose a system of coordinates such that the 
z -axis is normal to the interface boundary and 
that the z = 0 plane lies in the middle of one of 
the normal layers. We denote by an the thickness 
of that layer. 

We shall start from the kinetic equation for the 
distribution function n ( r, p) of the excitations 
( "electrons" and "holes"): 

v fJn I fJr = - (n -- ii) It:, ( 1) 

where T is the electron relaxation time caused by 
the scattering by impurities, lattice point defects, 
etc., while the bar indicates averaging over an 
equal-energy surface. Instead of n we introduce 
a new function to be found, x: 

n = no[T(x;)] +:X: fJno / fJT, (2) 
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where Do ( T) = { eE/T + 1}-1 is the equilibrium 
distribution function, and T (Xi) a linear function 
of Xi; the indices i and k take on the values x 
and y. 1> 

We assume that the mean free path of the elec
trons, l, is appreciably larger than the thickness, 
an, of the normal layers, but considerably smaller 
than the La,rmor radius of the electrons in a mag
netic field equal to He. The last condition enables 
us to neglect in the kinetic equation the magnetic 
field present in the normal layers. 

Substituting (2) into Eq. (1) we get 

(3) 

We dropped in Eq. (3) a term containing X:; this 
is legitimate, since in the case considered by us 
the region of velocities v where x » x is the im
portant one, as will be shown in the following. Let 
us put 

X = -·rv;fJT I ax; + v. 

From (3) we can then write 

fJv I {)z + vI Vz'r: = 0. 

The general solution of Eq. (5) has the form 

v = C(n, nexp (-__ z J, 
Vz'T: ' 

n=_!!!_JI~I· fJp fJp 

(4) 

(5) 

(6) 

The arbitrary function C ( n, ~) must be deter
mined from the boundary conditions at z = ±an/2 
which depend on the character of the reflection of 
the excitations from the boundaries. Since the 
temperature T « t. ~ T c the main role is played 
by excitations for which E « t.. As was shown 
above, in that case total reflection of the excita
tions occurs; the vector n remains then unchanged 
and ~ changes to - ~. The boundary conditions 
have thus the following form: 

n(n, 6) = n(n, -6) when z = ±an I 2 (7) 

or, using (2) and (3) 

v(n, 6) - v(n, -6) = 2-rv;fJT I fJx; when z = ±an I 2. (8) 

Substituting (6) into the conditions (8) we get 

C(n, 6) exp (-anl2vz-r} -C(n, -6) exp (anl2vz-r} 

= 2-rv;fJT I ax;, 

C (n, 6) exp (an I 2v,-r) - C (n, -6) exp (-an I 2vz-r) 

= 2-rv;fJT I fJxi, (9) 

l)We note that the quantity T(xi) is not a local temperature, 
as the second term in (2) introduces, as can be seen from (11), 
a non-vanishing contribution to the energy density. However, 
since X is independent of Xi. iff I dxi is the same as the de
rivative of the local temperature with respect to Xj. 

whence we find 

aT [ ( a )J-1 C (n, 6) = 'tV;- ch -"-
fJx; 2Vz't 

(IO)* 

Thus, 

One sees easily that in a state described by the 
distribution function (2) the electrical current 
density j vanishes. Indeed, 

. _ 2 \ ano d'1P _ 2e +f 8n0 1 
J - e" vn dl X (2:nn)3- (-2nlip _J""iJT d6 J dSnx 

-~ [ fa nod S dSn r fJno dt I dSn ] 
- (2nn)3 ~ aT 6 x +_~ aT ""J x 

2e r fJno 1 
= (2n1i)3 Jo aT d6 J dSn[x(n, 6) + x(n,- m, (12) 

where e is the electronic charge and dS an ele
ment of the Fermi surface. From (11) we have 

fJT. sh (z/v.-r), 
x.(n, 6) + x.(n,- 6) = - 2-rv; 8- h ( 12 ) . (13)** 

Xi C an Vz't 

As the Fermi surface has a center of symmetry, 
the last integral in (12) vanishes, since the inte
grand is multiplied by -1 when we change from 
n to -n. 

Let us evaluate the energy current density 

I d3p 
q; = 2 J IW;n (2n1i) 3 • 

Substituting here (2), we get 

2 +co fJno 
q;=--~ 6--d6~ dSn;x. 

(2n1i.) 3_ 00 aT 

= _ 2 - r 60no d6 ~ dSndx.(n, 6)-x.(n,- 6)]. 
(2n1i) 3 0 aT 

Using (11) we find 

(14) 

(15) 

fJT [ ch(z/Vz't) ] 
x(n; 6)- J(.(D,- 6) =- 2't'Vk{)XL 1- • 

,. ch ( an/2Vz't') 

Noting that 

GO fJno a 00 6d6 :rt2T 
~ 6 aT d6 = aT ) e'FotT + 1 - 6' 
0 0 

we have 

*ch- cosh. 
**sh =sinh. 

(16) 

{17) 
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where l = VT is the electron mean free path. 
We shall be interested in the heat current den

sity averaged over the volume of the supercon
ductor, Cli• which is equal to 

a /2 

- 1 r 
q; = -;; J q; (z) dz, 

-an/2 

(19) 

where a= as + an is the period of the structure 
of the intermediate state with as the thickness of 
the s uperconducting layers. 

Substituting ( 18) into (19), we get 

(20) 

where 

T an 1 [ 2nzl an J (21)* 
Xilt = 12:rt/P -;; J dSn;nhl 1 - ·--;;;: th 2nzl . 

In the case considered by us ( l » an) we must 
perform in Eq. (21) the limiting process l- co. 

Let us consider the expression 

liml 1---th- . [ 2nzl an J 
z~oo an 2nzl 

If I1z ;r. 0, the limit written down here vanishes. 
If, however, nz = 0, it is infinite. This enables us 
to write 

[ ·2nzl an J lim l 1---th-2- = anA6 (nz). 
z~oo an nzl 

To determine the constant A we integrate both 
sides of Eq. (22) over nz. We get 

(22) 

F & < A= J - 3- (t- th t) = 7\;(3}/:rtz, 23) 
0 t 

where 1; ( x) is Riemann's zeta-function. 
Let us now substitute (22) into (21): 

7\;(3) an2 rdcosedcp (24) 
x;~t = 12 (:rtli)TTa J K(e,cp) n;n~t6(cose), 

where K ( (), cp) is the Gaussian curvature of the 
Fermi surface; () and cp are angles determining 
the relative position of n and the z -axis. Inte
grating over cos () we get finally 

(25) 

2:rt 
B· _ f dcp n;nh 

tit - ~ 2n K ( cp) ' 

We note that the coefficient of thermal conduc
tivity in the conditions considered is independent 

*th =tanh. 

of the mean free path. Since K ( cp) ~ p~, 
K ~ p~Ta~/n3a, which is by a factor Za/a~ » 1 
less than the thermal conductivity of the pure, 
normal phase. 

It is clear from Eq. (24) that the main contri
bution to the thermal conductivity is given by ex
citations moving parallel to the interface bounda
ries between the phases. It is therefore not acci
dental that the thermal conductivity coefficient Kik 
is determined by the same integral, Bik• over the 
Fermi surface as the surface impedance of a 
metal under the conditions of the anomalous skin
effect (see [ 7]). 

2. THERMAL CONDUCTIVITY OF A 
FILAMENTARY STRUCTURE 

Let us consider the case of sufficiently low 
temperatures when the main contribution to the 
thermal conductivity is given by the electrons of 
the normal regions. We shall also assume that 
the electronic mean free path is much longer than 
the diameter of the normal filaments. 

We choose a cylindrical system of coordinates 
( r, (), z) where the z -axis is along the axis of the 
filament while r is the distance from the axis. 
We shall look for the distribution function of the 
excitations n ( n, ~, r) in the form 

n = no[T (z)] + xano I ar .. (27) 

Substituting (27) into Eq. (1), we get 

ax ax x ar 
Vx-+ Vy-+ - =- Vz--. ax ay T {)z 

(28) 

The general solution of this equation has the form 
(see[ 8J) 

X=- VzT-~!_{1- f(rva, v"z + v82)exp (- i_rv, __ )} , 
az T v,2 + va2; 

(29) 

where f( a, /3) is an arbitrary function determined 
by the boundary conditions at r = a (a: radius of 
the filament), according to which 

x(n, £) = x(n, -£) for r =a. (30) 

Using (29) and (30) and the fact that it turns out 
that f is an even function of its first argument, 
we get 

This last equation can be satisfied for all 
values of vr and V(J only provided 

f(rva, u,.2 + vs2) = ch , 

(31) 

{ ( 1 { ( v,z + vsz) az - r2 .. vs2)'/, ~}-l 

·' v.z + vaz 
1 (3~ 
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Using (29) and (32) we find 

X= - Vz't' aT {1- exp (- 1 rvr ) 
i)z 1: v,2 + ve2 1 

X [ch ( ~ [(v,2 + ve2)a2- r2ve2]'1• )]-1}. (33) 
• v,2 + ve2 

As in the preceding section, the thermal cur
rent density can be evaluated from the formula 

2 :rt2T \' 
q= (Z:rtli) 3 6-- J dSnz[x(n,£)-x(n,-£)], (34) 

where ; > 0. For the difference X (-;) -X (;) 
we have from (33) 

aT 
x(n, £)- x(n, -.£) =- 2lnzTz 

{ ( 1 rnr ) 
X 1 - ch l n,2 + ne2 

X [ch( ~ [(n,2 + na2)a2- r2na2]'/• )~-t}. (35) 
l n,2 + ne2 ~ 

Substituting (35) into (34) and denoting the 
angles determining the position of the vector n 
relative to the z-axis by 1/! and cp, we get after a few 
simple transformations: 

T aT(:"' f cos2¢sin¢d¢ 
q =- 12:rtti3Tz ~ dcp ~ K(¢, q;) l 

{ 1 ( 1 rcos(q;-8)) 
X - ch - ----'-'------'-

' l sin¢ 

X [ch( 1[a2-r2s.in2 (q;-8)]''•)l 1}. 
l sm'¢ JJ (36) 

To calculate the total heat current through the 
filament we must integrate Eq. (36) over the 
cross-section of the filament. Introducing 
instead of r, 8 the variables X= r COS ( cp - 8 ), 
y = r sin ( cp - e ) , we get 

a 2:n: 2:n: :n: • 

~ r T aT ~ ~ sm '¢ cos2 ¢d¢ Q = rdr .\ qd8 =- ----- dcp --. ----
0 0 12:rtli3 az 0 0 K(¢,q;) 

a (a2-IJ2)
1
/ 2 ( 2 2) 1/ 

X ~ dy S dx l { 1 - ch (z si: '¢ ) / ch ( ~ 5: ~ ' ) } 
-a 2 2 1/1 

-(a-y) (37) 

or, integrating over x, we have 

T aT a 2" 
Q = ____ ~ ( a2 - y2) 'I• dy \ dcp 

3:rtli3 oz 0 0 

r t ( 1 - t2) .,, dt [ lt a l 
X J l 1-~th~ 

0 K ( t, cp) a lt J ' 
(38) 

where t =sin iJ!, a= ( a 2 - y 2 )1/ 2 

1 1 . 1 
-K=-(-t,-q;-,-) = K (arc sin t, cp) + k.-,-( :rt--ar_c_s-,-in~· t-, -q;~) (39) 

The region a/l « t « 1 gives the main contribu
tion in the integral over t in (38). In this region 
we can expand tanh ( a/Zt) in a power series and 
put K ( t, cp) = R ( 0) = K ( 0, cp), l = l 0 = l ( 0). We 
get 

1 ~ 

\' t ( 1 - t2fl· dt [ - _!!_ ~] - a2 r ~ 
J K(t,q;) l 1 a th lt - 3l0K(O) J t '(4 0) 
0 t, 

where t 1 ~ a/l, t 2 ~ 1. Finally, performing in (40) 
and (38) elementary integrations we get ( up to 
terms of logarithmic order of magnitude) 

:rtT a'!n(l/a) aT (41) 
Q =- 241i3 K(O)lo az • 

If there are on the Fermi surface more than two 
points in which I nz I = 1, we must have instead of 
1/K ( 0) Z0 the sum ~ ( 1/KZ) taken over those 
points. 

We get easily for the effective thermal conduc
tivity for a filamentary structure the following 
expression from (41) 

eff _ T a2 ln(l/a) 
X -!I 241i3 K(O)lo ' 

(42) 

where T/ is the concentration of the normal phase. 
We note that the coefficient of thermal conductivity 
decreases with increasing electronic mean free 
path like ln ( Z/a) /Z while the main contribution 
to the thermal conductivity comes from excitations 
moving at small angles to the axis of the filament. 

I express my gratitude to A. A. Abrikosov and 
I. M. Khalatnikov for valuable discussions of this 
paper. 
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