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Possible experiments are discussed for the study of the weak interaction in electron-electron
and electron-positron colliding beams at energies of the order of 100—1000 BeV, for which

the weak interaction becomes a strong one.

The main results of this work are given in a

table and are those for processes 9—12, which occur in the second order of perturbation
theory with respect to the weak interaction and are described by the diagrams of Fig. 2.

IT is well known that cross sections caused by
the weak interaction increase with increasing
energy. In the interaction between leptons and
nucleons this increase is evidently ‘‘cut off’’ at
energies of the order of 1 BeV by the form-factors
caused by the strong interaction. In the interaction
between leptons and leptons this increase should
continue up to E ~ 10° BeV (where E is the
energy of each of the colliding particles in their
center-of-mass system), provided that a form-
factor of the weak interaction itself does not begin
to manifest itself at smaller energies. Such a
form-factor could be caused, for example, by the
intermediate W meson, if it exists. An experimen-
tal study of the weak interaction under conditions
in which it is strong would be extremely valuable,
since it would provide a possibility for obtaining
information about the dependence of the weak-
interaction vertex on the energy and the momentum
transfer.

In this paper we calculate the cross sections of
a number of inelastic processes caused by the
weak interaction, and discuss the possibilities for
experimental observation of these processes. We
shall start from a point four-fermion structure of
the weak interaction (assuming that there is no
W meson), and shall assume that the standard
‘‘square of the charged current’’ scheme holds.
The table lists a series of reactions caused by the
weak interaction. Some of them (1—5), which occur
in the interaction of neutrinos and photons with
electrons, have been treated earlier and discussed
as conceptual experiments by a number of authors.
(261 Unfortunately, energies of the order of 100-
1000 BeV are practically unattainable in processes
1—5. In fact, in order to have an energy E ~ 10°
BeV in the center-of-mass system, neutrinos (or
photons) with laboratory energies of the order of

10? BeV would be required.

We would like to emphasize that there are much
more realistic prospects of studying weak inter-
actions at energies ~ 10° BeV with colliding elec-
tron beams.

In this paper we consider the behavior at ener-
gies 102 — 10° BeV of a number of weak processes
which can occur in e'e” collisions (processes
6—11) and in e e collisions (process 12)." Let
us briefly discuss these processes. Unfortunately
it is practically impossible to observe process 6,
which occurs in first order in G.

The photons produced in process 7 are essen-
tially like bremsstrahlung and are emitted along
the directions of the momenta of the colliding elec-
tron and positron. Therefore it is hard to distin-
guish them from the photons that accompany the
Mgller scattering of electrons by positrons. The
possibility of distinguishing the photons from
process 7 that emerge at large angles requires
special treatment and will not concern us here.
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Process 8 occurs in second order in G. The
diagram for this process is shown in Fig. 1. The
cross section for the process contains an unknown
cut-off parameter A. Processes 9—12 are free

DSome estimates of two-particle weak processes in collid-
ing electron and positron beams at energies of the order of sev-
eral BeV have been given in [*°].
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FIG. 2

from this kind of uncertainty, since the diagrams
for these processes are of second order in G and
do not contain closed loops. 2 This enables us to
make definite predictions of their cross sections
for E 2 100 BeV (of course within the framework
of the scheme considered here). Figure 2 shows
the diagrams for process 12. Two analogous dia-
grams describe process 9. There is only one dia-
gram for process 10, and the same is true of
process 11. It follows at once from dimensional
considerations that the cross sections for proc-
esses 9—12 are proportional to Gl Itisa
laborious task, however, to calculate the coeffi-
cients. The details of the calculations are given
in Appendices A, B, and C.

We have calculated the differential cross sec-
tions in two different ways. The first is the usual
technique of four-component spinors and projection
operators, and is briefly described in Appendix A.
The second is the two-component spinor tech-
nique“’m’“] and is described in Appendix C. This
method is based on the fact that at high energies
the leptons are involved in the weak interaction
through only two components. Therefore, if at the
start we go over to the two-component way of
writing the spinors, then the only one among the
matrix elements for the various polarizations of
the initial and final particles that is different from
zero is the one with each lepton polarized in the
direction opposite to its momentum and each anti-
lepton polarized along its momentum. The calcula-
tion of the differential cross section accordingly
reduces to the calculation of this one matrix ele-
ment, and there is no need to average over the
polarizations of the leptons (that is, to take
traces). The integration of the differential cross
sections is contained in Appendix B.

As can be seen from the table and the expres-

2)As V. B. Berestetskii has remarked, there are also con-
tributions to processes 9-12 from diagrams of order Ge? (of the
type of Fig. 3), and at energies E < 100 BeV the contributions
of these diagrams are important and exceed those of the dia-
grams of Fig. 2.
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FIG. 3

sions for the total cross sections ¢, the numerical
coefficients of G's® are small (~107°). The re-
sult of this is that in spite of the rapid increase
with energy the cross sections for the four-particle
processes 9—12 at energies E of the order of 100
BeV are still much smaller than that for the two-
particle process 6.
It is interesting to note that if the increase of
the weak interactions ceases at energies of the
order of several hundred BeV owing to a ‘‘disper-
sion’’ of the vertices, it may turn out that inelastic
processes of the type of 9—12 will never become
important.
To find the values of the energy at which a dis-
persion of the weak-interaction vertices must
necessarily become apparent, we consider the
two-particle weak processes 1—4, 6 from the
point of view of the unitarity of the S matrix.
A simple analysis (see U123y shows that in
processes 1 and 3 the only nonvanishing wave is
that with J = 0, and in processes 2 and 4, the wave
with J = 1. In fact, in the relativistic limit
E > m the leptons are involved in weak interac-
tions through only two components. Particles
(electrons, neutrinos) have left-handed helicity,
and antiparticles (positrons, antineutrinos) have
right-handed helicity. Since the spin state is fixed
in this way and, as is well known, the V. — A am-
plitude is antisymmetric under the interchange of
the two initial (or of the two final) particles, it
follows that in collisions of two particles the only
contribution to the amplitude is that of the wave
with J = 0, and for particle-antiparticle collisions
the only contribution is that with J = 1.
This can also be verified directly by substitu-
tion of these values of the helicities in the general
expression for a helicity amplitude [see Eq. (31)
and Table 1 of the paper by Jacob and Wick! 1% 1.
The results are
do = |f|%dQ,

f=1T%s)/Vs for J=0,

f=3,T1(s)s(1 + cos®) for J=1,
iT = 6 — 1, |T] < 2 for elastic scattering,
T = e%8, |T] <1 for an inelastic process.

The restrictions on the magnitude of T are due
to the requirement that the S matrix be unitary. By
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Remarks. ¢ is calculated in first order in G for 1—4, in first order in G and e for 5, 7,
and in second order in G for 8-12. G = 10°/mp, e” = @ = 1/137.

Omax is the maximum value of the cross section for the two-particle reaction occurring
in the channel with total angular momentum J = O (processes 1 and 3) or J = 1 (processes
2, 4, 6). Eq is the energy at which omax X 0,y is the value of ¢ at energy E = 100 BeV,
where E is the energy of each of the colliding particles in the c.m.s.; s = 4E2

For process 7 0 is calculated on the assumption that In (s/mé) >> 1. Wmin is the min-
imum photon energy detected in the experiment. 0, is calculated for the case 460¥nin/5 =

10

. . : . -+ -
For process 8 Ogl is the cross section for the electromagnetic conversione e ->pupu

+

(see [**]). E, is the energy at which ¢ = ge1. The quantities E, and 0,40 fOr process 8 are
calculated on the assumption that G/\z/(2n)2 = 0.1, where A is the cut-off parameter.

using these restrictions we easily get the maximum
values op,ax Of the cross sections, which are given
in the table. In accordance with the procedure for
obtaining the cross sections o, the values opygx
are obtained by averaging over the initial polariza-
tions of the electron (and positron), while there

is of course no such averaging over states of the
neutrinos. The table also gives the energy E; at
which increase of the cross section comes into con-
flict with the unitarity condition. For E X E; fur-
ther terms of the perturbation-theory expression
for the scattering amplitude become important; the
effective interaction is no longer a point interac-
tion, and states with higher orbital angular momen-
ta come into play. We see that the energy E; is
different for different vertices and lies in the
range 300—700 BeV. At energies of the order of
500 BeV the cross sections for processes 9—12
are of the order of 107 cm? and thus are still
extremely small (~ 10’3) as compared with the
cross sections for the two-particle processes

(1—4, 6). Possibly the smallness of processes of
the type of 9—12 means that the dispersion of the
weak interaction is mainly due to two-particle
virtual states (in both the s channel and the t
channel).

Measurements of cross sections of the order of
107 ¢cm? at E ~ 500 BeV are about three or four
orders of magnitude beyond present experimental
possibilities both as to energy and as to beam in-
tensity.?> The suggested experiments, however,

3)As is well known, experimental colliding-beam apparatus
is being constructed at a number of laboratories (Novosibirsk,
Stanford, Frascatti, and so on). The possibilities of these in-
stallations can be judged, for example, from the following data.
Experiments are now being begun with the Frascatti storage
ring at energy E = 250 MeV and effective intensity 6 x 10*°
cm™ hr™* (counting rate 6 events per hour at cross section 107°
cm?®). In 1965 a storage ring with energy 750 MeV and intensity
10°* cm™ hr™ is to come into operation. There is a project for
construction at Brookhaven of a 70 BeV electron accelerator
(in this connection see the survey lectures [**]).
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are not absolutely unrealistic, unlike experiments
with neutrino beams at energies of 10° BeV. Of
course if the W meson is observed experimen-
tally, it may be that energies much smaller than
those we have been considering will suffice for the
study of the dynamics of the weak interaction.

The authors are grateful to A. D. Dolgov, 1. Yu.
Kobzarev, and I. Ya. Pomeranchuk for helpful dis-
cussions.

APPENDIX A

CALCULATION OF THE MATRIX ELEMENTS

Let us consider the two diagrams Mj; and Mg
( Fig. 2) which describe the weak interaction of
leptons in second-order perturbation theory. The

correspondence between the indices of the diagrams

in Fig. 2 and the particles involved in processes
9—12 is as follows:
process 9

et em—et u= v. vy

4 1 3 2 65
process 10

et em—>pt pm vy vy

41 3 26 5

process 11

2 3 1 4 65
process 12

eT eT—eT U Ve ;p,

1 3 4 2 65

Processes 9 and 12 are described by the differ-
ence of diagrams M; and Mjy; processes 10, 11
are described by diagram M; alone.

The matrix elements M; and Mg (for which
we use the same symbols as for the diagrams of
Fig. 2) can be written out in the following way:

My == 1,G?T,0,u4 - TeOnppr—20:us - TuOxlis,

Mg = Y5G2150,u3 - TOrpsps—?0itts - TOxls, (A.1)

where Oj = v;(1+ v5), and the masses of all par-
ticles have been set equal to zero.

In the calculation of the squares of the matrix
elements it is convenient to introduce the following
notations (cf. (43, pages 36 and 70)

Xitkm = Limm + i€unm,

tinm = Oirbim + 8imOm — 8:8rm (A.2)
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and to use the relation

viveyr = [furm + i€armYs]Ym,
viveyi{d + vs) = % iurmym (1 + v5) = ArmyYm (1 + v5),

veveyi (1 — ¥s) = Yimmym (1 — vs). (A.3)

In the approximation in which the masses of all
leptons are set equal to zero we get for the squares
of the matrix elements:

2U3Gh
| M7 |2 = o (P1Ps) (PaPe) {2 (D2D7) (PsP7) — Pr* (P2bs) |
7
= 299G+ |, |,
23GL
] Ms |2 = 0 (p3ps) (Pspe) [2 (P1ps) (P2ps) — Ps? (Pip2)]

= U3G4 ’s))}s 12,
1334

L * 2
MMg" 4+ MMy = — p‘#gnge [XapviXarsvv]
X (PiP6) (P1oPspPsvPswPrpPay = — 213G Myg, (A 4)

where

Re[YapyvXapvv] = fopwla’svv — EapyvEarpyvy
|M|2 = |M7 |2 + lzwsl2 + MMg" + M" M,
= 2G| M| = 288G | M, 2 4 | Ms |2 — My ]. (A.5)

The expression for the total cross section for
the process described by the diagrams 7 and 8 is
as follows (the process is regarded as occurring
according to the scheme 1+ 3— 2+ 4+ 5+ 6)>:

_ G ( dp>dpadps dps

X | M 28 (py + ps — p2 — pa— Ps — Ps) = 67 + G — g,

where s = 2pp; = 4E%.

APPENDIX B

CALCULATION OF THE TOTAL CROSS SECTIONS

Process 12:

It is easy to see that for this process o7 (u ey, ve)
= Ug(u'e’Fu ve) (the squares of the matrix elements,
| M, |? and |Mg|?, differ only by the interchange

Pi{ == p3). The calculation of g7 is made as follows.
We introduce the variables Q =p; + p; and R = p,

+ pg; then Q@+ R=p;+p3, pr=p —Q=-p3 + R,
and pg=p; - Q= -p; * R

4)The sign in the expression for M,M* + M;M, allows for
the fact that the difference of M, and M, is used.

5)The average over spins of the initial leptons has been
taken.
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By using the relation

dq, d
Sqlma—q—‘—qfé"lq +e—ql= ‘[q *8ap + 2929p],(B. 1)

we transform the expression for oy to the form

— dt
G7(WeVLY,) = S Q nR?[2 (psp7) Pra — P17 % Psal Pm &

167:3E2
X [Qzﬁaﬂ + ZQQQB]'

When we use the relations

(B.2)

pipr = Yo (pr? — QZ) = —piQ, pQ=—12(Q*+ pi?),
pspr = Y2(R2 — p?) = psR, psQ = pibs + 2 (p? — R?),
(B.3)
we have
- G db
07 (U™e™Vuve) = T S Q {— Q*R: — 2(QR) p2Q2R?
+ P74[(P1P3) — Q%) Rz}, (B.49)

In the center-of-mass system of the colliding
electrons the four-vectors py, ps, p;, Q, R take the
following forms:

= {E, E}, ps= {E, —E},
= {(‘)17 q}1 R= {(1)2, _q}1
pr = {E——(m, E—q}, wi+ ox=2E
and p% = —QR + 2Eqx, where x is the cosine of

the angle between the vectors E and q. The inte-
gration over the angle ¢ gives the factor 27; the
integration over x is between the limits -1 = x
= +1; the integration over q is between the limits
0 = q = E; and that over w; is between the limits
q=w;=2E —-q.

We now give the integrals over the angular and
energy variables which are encountered in our
further calculations (L stands for the expression

o1+ q) (024 9)
L= lnm(m‘_ 2) (02— 2) )
Setting
+1
1(f) = § fdz,
—1
we have

I(p) =?[[3(QR)* + 4E*¢?}, I(p”) = —2(QR),

I(1) = 2, I(pr2) = —L/2Eq, I(pr*) = 2/ QR (B.5)

and, setting

E 2E—q
I@)= § dg { gdow,
0 q

we have

1285
2 1 1
H@R)= B, J(@)=T(B)="E J(¢)=F
o 2 QRYQR)LY_ 4 p, _E
1Q) =B 1| E?—] B TR = B,
]{ mzz[(QR)—éEz]L} — 263
q 90
wBmy e 1 s
[q(QR) L]z(ﬁ+§>E‘ (B.6)

The method for calculating the last integral re-
quires particular attention. Here it is convenient
to change the procedure even before doing the in-
tegration over x, and to choose as variables of in-
tegration the components of the four-vector
pr = {w, p}. Inthese variables the integral fd4Q
is converted into the integral )

E  2E—|o] x 5 5
__ o*—p*—2E| @ |
fao=(do § pap§aw, z=
—SE |§)| _81 2Ep
where x’ is the cosine of the angle between the

vectors p and E. The specific integrals for
which this method must be used are
dl’ édé
r=p{ 20 g (2
PrPps? D7°ps?
After we introduce the variables z=w +p, y = w
— p and perform the integration over x’

(B.7)

ny+2E
y—2E

P

2, b 4Epzy (B-8)

the first of these integrals is reduced to the form®

Es 2E % d +2E
Fi=- S ylnny_*-zE-_§dz—§)—zSdl "’_ZE
(B.9)

The integrals that appear here are elementary or
are given in tables. ?

The integral F, is calculated in an analogous
way, except that the orders of integrations over y
and z have to be changed in a suitable way. The
results are

F, __E (B.10)

2 1-|
Fy = E‘*[ .
12 2= T

60 8 J
Using (B.5) and (B.6), we get as the final expres-

6)We have here made use of the fact that the integrand is
an even function of w.

7)See, for example, [*°], formulas 4.291 (1,2). We note, by
the way, that the expressions for the indefinite integrals
2.729 (1,3) are incortect [in the coefficient of In (a + bx) the a
should be changed to —al.
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sion for oy (;,L'e'ﬁpl Ve):

o7 (L—e~vpve) = G4ES | 9075,

The expression for org(n"e7y,ve) is of the form

dp2dp.dpsdpe  P1oP3pPsyDsa P’ 2
E2E4E5E 6 P7 ps

O78 —=

Gt
16n8E2 S

XRelxapyarprv] 84[p1 + ps — p2 — pu — ps — pel. (B. 12)

Introducing the quantities Q and R as before, we
transform oyg to the form

A

G
16782 S [‘Qp F E RZ [Qzéw’ + ZQTQV’]

078(}1,_8—\7“’\79) =
XP1apsp(p3 — Q) o (pt —
(B.13)

Summation over o, B, v, a’, B’, v’ leads to the
expression

G4 NZS
160%E2 6 p 2pg2

+ 8Q%(p1ps)* — 4Q%(pips) (p1Q) — 4Q2(pips) (psQ)
— 2Q%(p1ps) — 8(P1ps) (p1Q) (psQ) }. (B.14)

o1s (M€ Vyve) =

{SQ (P1Q) (psQ)

After the integration over the angle variables
we have

Gk s E 2E—w,
. _ 7
os(ne WVE)—MTSETT § doy mS g*dq
2 P2
X{ QR QR —8E232+40232+i§—m22
16E3(023(01
X [(QR)— 4B L + 28E 0201 } (B.15)
[ — 4B L +

The values of the integrals which appear here
are given in (B.6), and the final result for grg is
- G*E®

Grg (WE™V,V,) = B (n>—10).
Process 9:
eet—pT et v, v,

14 2 3 56

For this process o7 (u7e"p,ve) # ag(u‘e*fuve).
We first consider the expression for oy:

— G* dpzdpsdp5dps (P1P5) (P4P6)
+ —
o (WTe™vuve) = 16:18E2g E,E,E,E, X

X [2 (p2p2) (Psps) — p2* (p2ps)]
X ‘54[P1+P4'—P2—P3—‘P5*P6]-

We introduce the variables

IOFFE, OKUN’,

(B.11)

Q) B’ [taﬂwta'ﬁ'v'v — EapyvearByv].

and RUDIK
Q = p:+ ps = pr — pa, R = p;  ps=
Q + R-= P1+ ps

Ps+ pa;

and make o7(p"€"v,ve) into an integral over Q:

G* d*
167°E2 36 g (Z P1aPaar (Q®ap + 2Q2Qp)

67 (WetV,V,) =
X (R"q5 + 2R'o/R

G4 4
= 167°E2 36 S 04 {(—2Q'R" —

et (20 (@2 By — 2 ar ]

"8) (2P2pPapr — p2%8pa7)

4pRQ*R* (QR')

—pt(QR) — ;— p78} .

Using (B.5) and (B.6), we finally get
Gy (We*Vuve) = GLES/13575. (B.16)

The expression for og(n ey ve) is

o GA dpdpsdp;dps (psps) (p4pe)
. _ o 6 \P3Ds 4ar'e
g (p e ‘VP_'Ve) = 16mtE? S E2E3E5E6 psd

X (2 (p2ps) (P1Ps) — Ps? (p1ps)]

X 8% (p1+ ps— Py — ps— ps — ps). (B.17)

Using the fact that py + p; = pg — p, and inte-
grating over dp; and dpg, we get

gt G dp2dps (ps — po)*
o (We"V,ve) = 1608k © S EZE: > X 12 (P2ps) (P1Ps)
— pg* (P1p2)]- (B.18)
Let us consider the integral
d
S (PB—P2)2P2aE—I:2- (B.19)

It must obviously be of the form Apjpsy. We
find the constant A by calculating the integral in a
system in which pg = 0 (the limits of integration
are 0= E, = Eg/2): A =n/24. Then

_— G* w® (¢ dps

T (We"Vuve) = 16752 9% S I?(Pd’s) (P1ps) Ps*. (B.20)
Using the fact that pg=p; + py — ps = P — p;, we
calculate the remaining integral:

dpg
SpsszapsBE 240 [6P Pg+ P2%,5  (B.21)

and we finally get
S5 (Wetv,ve) = G*ES/180x5. (B.22)

Let us now consider the expression for
(773(#‘67“ ve). After integrating over the variables

p2 and ps (Q = py + ps = p; + py — P3 — Pe» P = Dy
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- Q, pg= —-p3 —Q), we have

G* dpsdp,
Grg (ll e vae) = 16n8E26 S ZE:

= (80° (710) (730Q)

— 8Q% (p1ps)* — 4Q% (p1ps) (7 Q) + 4Q* (p1ps) (psQ)
— 2Q*(p1ps) + 8 (p1ps) (P1Q) (PsQ)}

[the expression in the curly brackets is obtained
from the corresponding expression for

o3 (u"e"7, ve) by changing the sign of the whole
expression and the sign of p;]. We now do the in-
tegration over dps. For this we choose a system
in which pg has only the fourth component: Eg

= —M. In this system Q?= M (M — 2E;),

(pips) = ErEs(1 —2), psQ = EsM,
(p1Q) = EsM — E1E5 (1 — ),

Q) = M?—2M (E, + E;) 4- 2E,Ey (1 — ),
(B.24)
and the limits for the integration over dp; are:
0=<E;=M/2; -1 =x=1 (x is the cosine of the
angle between the vectors p; and p;3).
We put the resulting expression in covariant
form by making the replacements

(B.23)

=(p1—

M?— p?, E\M — — (p1ps), E1®— (pips)®/ps*

The result is then

S (ETw) = — oo Sdps AN P12 (pup)?

T 16n°E® 3
[ (Pll’s) ps® + 2 (pups)

— 2(p1ps)? 2 (p1ps)

+ 1} } - (B.25)
The integration over dp; can be done in an ele-
mentary way in the center-of-mass system of
particles 1 and 4. The final result is
478

-ZZTEW—w).

The cross section for the process ee’
— u'e"y, Ve is equal to that for e7e’ — uTe, ve,
since these are charge-conjugate processes.

Process 10:

628 (W€ V,Ve) = (B.26)

et +

dy P' Ve
23

ete”
14 56

This process is described by the single matrix
element My It is easy to see that

G (WR™Vuv,) = 6 (e'pvey,) = GAE$/135q5. (B.27)
Process 11:

ete” — pruTvev,

32 1465

This process is also described by the single
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matrix element M;y:

G* - Sdpldp«:dps,dpe
16n8E?) E\EE E,

S (RWHVeVe) =
X 8% (pz + ps— Pr— Pa— P5 — Pe)
1
X =y (P1Ps) (Pape) [2 (P2p2) (Psp7) — P2* (P2Ps)]. (B.28)

Introducing the variables Q' = py + ps = py — Py
R’ = ps + pg = p3 + py and transforming the integral
into an integral over Q’, we have

S (P‘+P'_Ve';e)

Gt ¢y QPR (2(papa) (PsP;) — Pa* (P2ps))
= 16 S #Q P
G* . npe_ QPR (Q'R)  Q“R*
16HBE2 g Q{ QR 2ps* o }
(B.29)

When we now use the integrals (B.5) and (B.6), we
get finally

S (W Vev) = GAES/1805, (B.30)

APPENDIX C

THE TWO-COMPONENT METHOD

At high energies, when the lepton masses can
be neglected, it is especially convenient to use the
two-component way of writing spinors["m’“:l

P(z) = u(z)+v(2),

u(z)=

e,

1
v(z)=—5 (1 =) (2). (c.1
The two-component spinors u(p) satisfy the
equation

(E + op)u(p) =0 (C2

(where o is the two-row Pauli matrices), and for
E > 0 this is

(1 +on)u(p) =0, n=p/|p| (C.3)

and has the solution u = (2), which describes the
state of the lepton with spin projection sz = — 1/2
(the z axis is along the momentum).

If we introduce the matrix four-vector

CH =i{11 _6}1 (C4)
Eq. (C.2) can be written in the form
Pubuz = 0. (C.5)

Besides the four-vector ¢,, it is convenient to use

Cp
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also the four-vector EH given by

Tu= {1, o).

We note some properties of the matrices Cu
and Z,, which follow immediately from the defini-
tions (C.4) and (C.6):

cpgp = Zpr. = ——-2,
gpg-v -+ gvzp = ZPC:-}-?C,@ = 26&\1,
§ pLV_C}L ":-: - ZCV) _Cpg):;p = 2C7\’
CprCpﬁp = CFCRQPCH = 4619,
Epgvz-;l = 'vakoim CvaCx = X;lvocc- (C.7)

In concrete calculations it is convenient to use
a number of identities which hold for the tensor

(C.6)

Xp,)\ Vg’
- *
Aurve == Yruvo, Yuive == YpAov, Ypive = Yvoui,

»
XuaviXipox == X vorat pprx = YApotutvx,

KurviXivor = 46106}“{, AurviXtopx = 46\%603(,

Apavi rprn = 4Xupvx, Aurvtrove = ‘—ZXupm. (CS)

These identities can also be obtained easily if we
write out the products of sets of matrices ¢,, and
g_“ in different ways by using the last of the formu-
las (C.7).

The equation (C.5) has a corresponding Green’s
function G(p),

puluG (p) = 1, G(p) = (pulp)* = P"z—gupu- (C.9)

In terms of two~component spinors the matrix ele-
ment of the weak-interaction Hamiltonian

G - _

A (ryu (1 4 v5) ¥2) (Psvu (1 -+ y5) )

can be written in the form

4 ——G:-_ (ui'guuz) (ug’gum) . (C . 10)
Y2
We shall take the spinors u normalized with the
condition u'u = 2E. Then in the calculation of
transition probabilities the normalization constants
will be chosen in the usual way, i.e., Nj = (2E{)™
for each of the particles in the initial and final
states.

Let us consider some properties of the matrix
element

u” (p2) Cuu (p1) = fu(p2, p1), (C.11)

which appears in the four-fermion interaction. We
shall suppose first that u(p;) and u(p,) describe
lepton ( not antilepton) states. It is obvious that

Pifu(p2, P1) = papfu(p2, P1) =0, (C.12)
fulp2, p1) = fu"(Ps, P2), fu(p, P) = 2pu. (C.13)

IOFFE, OKUN’,

and RUDIK

If the vectors py and p, are such that
(py+ p3)? > 0, then in the Lorentz system in which
P1 E{po’ Px, Py, pZ}' = El{ 1, 0, 0, 1}:
p, = Eo{ 1, 0, 0, —1} the function fy (py, py) is of
the form

fu(p2, p1) = 2YELE2{0, 1, —i, 0}.

In order to find fj (py, py) in an arbitrary refer-
ence system, instead of using the formulas for the
transformation of spinors we can write the proper-
ties (C.14) (sic) in the form of a system of invari-
ant equations and find the f, that solves this sys-
tem of equations. Besides (C.12) and (C.13) this
system contains the equations

2 =0, (Refy)?= (Imfy)? = —2(p1p2),
Refy - Imf, = 0,
epvacRefy - Imfy « piapec = 2(pips2)2.

(C.14)

(C.15)

For the special case in which the momentum py
is directed along the z axis and the momentum
P, (Ipy| = | pi|) makes the angle 6 with this axis
we find from (C.12), (C.13), (C.15) the result

... 86 0
s —Lsm?, cos-rzr}.
(C.16)
By means of (C.16) we can, for example, obtain

at once the expression for the matrix element for
scattering of neutrinos by electrons:

Moo = 4—%— (1t (p2) Catte(p1) ) (1" () Gt (B5))

6 . 0
fﬂ(p21 pi) == 2E1{COS?, Sln—z—

1

G
=4—_V_§fu(p21 pi)fﬂ(pir P3)='—3272_——GE2, (Cl7)

if we recall that in the center-of-mass system of
the electron and neutrino the initial momentum of
the neutrino is ps = —p; and its final momentum
is py = —py, so that f, (pyg p3) is obtained from
ty (py py) by the substitution § — r — 9.

The case of antileptons differs from that of
leptons only in that the creation operators corre-
spond to the spinors u in the interaction Hamil-
tonian and the spinors u* contain the annihilation
operators [the sign of p drops out of Eq. (C.5)];
that is, for antileptons the order in which the
momenta are written in fIJ (py, py) is opposite to
that for leptons. For example for the matrix ele-
ment for scattering v+ e — v + e we have by
(C.13):

4G 1
M, = ﬁfu (P2» 1) fo. (P, Pa) = — 16‘]/——2— GE® (1 + cosb).
(C.18)

From Egs. (C.13) and (C.15) it is not hard to
derive the practically important formula
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fa(p2, p1) 18" (P2, P1) = 2%apyoPavP1s, (C.19)

by means of which calculations of the squares of
matrix elements can be done conveniently.
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