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The weak interaction between bosons and leptons is investigated on the basis of the Feinberg-
Pais procedure. It is shown that the contact terms present in the Born term drop out from
the amplitude. These terms reappear, however, if the form factors for strong interactions

are taken into account.
1. INTRODUCTION

RECENTLY as a result of the work of Feinberg
and Pais[173] a new approach has been noted in
the theory of weak interactions and, in particular,
in the elucidation of the role of effects of higher
order in the coupling constant. By investigating
lepton reactions involving the exchange of an in-
termediate vector boson, on the basis of the ladder
approximation to a Bethe-Salpeter equation with a
kernel that retains only the most strongly diverg-
ent terms, Feinberg and Pais (1] have obtained an
interesting result: in spite of the smallness of the
coupling constant g that describes the coupling of
leptons to the W* mesons, the sum of divergent
diagrams involving the exchange of many mesons
can give a finite contribution of the order of mag-
nitude of the contributions given by the Born ap-
proximation. In other words, a definite procedure
of summation of the most strongly divergent terms
of the perturbation theory diagrams corresponding
to such a modified Bethe-Salpeter equation leads
to a finite effect with respect to many-meson ex-
change. This occurs because of those very singu-
larities of the nonrenormalizable theory which
make the utilization of perturbation theory com-
pletely meaningless. (A similar procedure has
been applied by Domokos et all4] to the Bethe-
Salpeter equation with a kernel containing a lep-
ton loop. In these papers the starting point is the
corresponding differential equation with a singular
potential.)

As a result of this an iteration scheme arises
in which the principal contribution (in g?) is
given by the most strongly divergent part of the
kernel of the Bethe-Salpeter equation, and the re-
maining part is regarded as a perturbation in the
coupling constant g. Although the question of the
convergence of such an iteration method remains
open, Feinberg and Pais[!] have shown that in each

order a finite result is obtained, and the first itera-

tion gives corrections of higher order in g2 com-

pared to the solution obtained (cf., also (2] ).

The Feinberg-Pais procedure has received fur-
ther justification in Kummer’s paper[%] for the
case of lepton interactions in the zero energy limit.

With respect to weak processes involving
strongly interacting particles (the so-called
quasilepton and nonlepton processes) we can state
that the applicability to them of the Feinberg-Pais
procedure can certainly encounter definite objec-
tions, which in the final analysis reduce, in any case
for quasilepton processes, to a lack of knowledge of
the effect of the strong interaction on vertices in
which strongly interacting particles emit an inter-
mediate boson (form factors with all the particles
lying off the mass shell). However, an objection
of the same kind arises also in purely leptonic
processes with respect to taking into account the
electromagnetic corrections to the boson-lepton
processes (cf., for example, [6]).

At the same time, taking into account a number
of the attractive features of the Feinberg-Pais
theory which we have mentioned previously, and
also the possibility in principle of phenomeno-
logically taking into account corrections of a sim-
ilar kind, we shall consider in this article the
Feinberg-Pais procedure as applied to the boson-
lepton weak interactions.

The example of boson-lepton interactions ren-
ders more transparent the mechanism of the ‘‘re-
normalization’’ of the amplitude by higher order
effects: the summation of all the more strongly
divergent terms of the diagrams (which corre-
sponds to the solution of the Bethe-Salpeter equa-
tion with the most strongly divergent kernel ) leads
in the lowest order in g? to a reconstruction of the
Born term from which all the contact interactions
drop out. While in the case of the lepton-lepton
interaction this leads (at low energies) only to a
renormalization of the constant g?(3g?/4) with
respect to the Born term, in the case of the boson-
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lepton interaction the renormalized amplitude un-
dergoes a more radical change compared to the
Born amplitude. Taking into account the ‘‘smear-
ing-out’’ of the contact term by the strong inter-
actions leads to the reappearance in the renormal -
ized amplitude of all the terms appearing in first-
order perturbation theory, although some of them
are not renormalized at all compared to the Born
term.

2. THE INTEGRAL EQUATION AND ITS SOLU-
TION FOR BOSON-LEPTON SCATTERING

Thus, on the basis of the ladder approximation
to the Bethe-Salpeter equation we consider first of
all the weak interactions of leptons with mesons of
zero spin and of the same parity which are brought
about by an exchange of a vector meson W+, For
the time being we shall completely ignhore the ef-
fects of strong interactions, and we shall assume
that the weak interaction vertex for strongly in-
teracting bosons ¢, ¢’ with W* is induced by a
Lagrangian of the type

7.
ih [6‘p T o—
Oxy
where h is a constant. For particles of the same
isotopic multiplet (1) corresponds to the conserved
current of bosons J, ~ (p’ + p)u. The Lagrangian
for the interaction of W-mesons with leptons has
the usual form:

ig{mye (1 + vs) Vi + &ya (1 + vs)ve} Weo + Herm. conj.
@)
Just as in [2] the starting point of our investi-
gation is the Bethe-Salpeter equation for the am-
plitude for the scattering of leptons by bosons
M(py, Pg; Pi,P3) (py is the initial four -momentum
of the lepton, p, is the initial four-momentum of
the boson; primes correspond to final momenta):

3)

where G, is the free two-particle Green’s function
for the lepton and the boson, M is the kernel
which in the case of the ladder approximation in-
volving the exchange of a W* meson has, in ac-
cordance with (1) and (2), the form

MO = ghy, (1 + vs) (p2 + P2)v(8uv + qugvm=2) [ <g? -+ m?,
)

where the Dirac matrices are assumed to be eval-
uated between lepton spinors; m is the mass of the
W-meson, q = pj{ —p; = ps —pj. The angular brack-
ets denote that, wherever necessary, a regulariza-
tion is carried out which ascribes a definite mean-
ing to non-unique expressions. A small negative

o' dp
6$u

@

] Wu:

M = M® - MOGM,
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imaginary increment is assumed to be present in
the propagators.

If, as in [1J, we introduce the amplitudes M,
= Mg + Mg, where Mgee) corresponds to an ampli-
tude with an odd (even) number of vector mesons
(‘:allowed’’ and ‘‘forbidden’’ amplitudes ), then we
can write the following integral equation (cf., dia-
gram):
M (p1, p2; pi p2) = MO+ % S Yu(l +vs)

1 1 1

B P (q — @)+ m®
(p” — ) u(pa’ — p2")v )

(pa’ + p2")~

X (8 +

m2

X M. (p1, p2; pr”; p2") d*pr” (5)

(¢ —q =p{ —p{ = ps—py; in the propagators for
the lepton and for the boson-hadron the masses of
the particles have been omitted in accordance with
L2l p= Vuptt)'

Following (1,21 we retain under the integral only
the most strongly divergent terms of the kernel.
They arise from the term —pé’zpi'u in the numera-
tor, so that we obtain for the ‘‘principal’’ term of
the amplitude Mio ) the following equation with a
difference kernel:
igh
MO (py, p2; py', py) = MW (@a)im?

M.O(py, ps; pi”,p2")d4q’
A — )2+ m?»

Noting that M actually depends on p, and g
(py + p; = 2py —q in virtue of the law of momentum
conservation) while the kernel of equation (6) de-
pends on ¢’ —q, we see that it is convenient to
choose for the three independent vectors in M:(EO)
the quantities p,, py, q; in this case p;, p, will
play the role of parameters in the integral equa-
tion. By separating out in M, the matrices y by
means of introducing the vector Aﬁ(Pp P2 )

MO = Yu“ + vs) AuE (P4, P, q),
we obtain for it the equation

Ouv + qugvm =2
<g*+m*

+

{ (1=

(6)

2igh
(2m)4m?

(M

Ap*(ps, P2 9) = 8h(2p2—q)v

o Ao e )

Ug — @)+ m»

It should be noted that in the Bethe-Salpeter
equation (3), and consequently also in (7), we are
dealing with the amplitude outside the mass shell.
Therefore, in the inhomogeneous term of (7)
in addition to the ordinary pole we also have a con-
tact term which originates from the second term

quym‘2 in the numerator of the propagator of the
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vector boson This is a term of the type
q#(l +q*m™)/(q® + m?), which goes over into
qum % if we formally regard the propagator as
unregularized.

The Fourier transform of this term is the de-
rivative of the 6“)-function, and it can be easily
seen that because of the occurrence in the solution
for Aﬁ(pl,pz; y) of the singular function Ap(y)
in the denominator, this term drops out. Indeed,
taking the Fourier transform of (7) (in which reg-
ularization has been formally omitted ) with re-
spect to g, we obtain

Au*(py, p2; )
2pav Sy — m=20,0v) Ar (y) — m=20,,00 (y )
1+2m~2ighAr(y)

(40 psi 1) =

=gh

e~ Ay*(py, pa, q) d[‘Q) .
(8)

If now we again go over to Aﬁ(pi,pz, q), then it can
be easily seen that the second term in the numera-
tor of (8) will give zero contribution because Af(y)
is singular at the origin. If Ap(y) did not occur in
the denominator, then, of course, we would again
have a contact Born term. In the Appendix the van-
ishing of this contact term is demonstrated in de-
tail, with account taken of the regularization re-
quired to make the formulas meaningful.

Regarding the first term in the numerator of (8),
we can say that it is exactly analogous to formula
4.30) of [, so that we can immediately write down
the expression for the ‘‘allowed’’ amplitude (in the
region gA < 1, A% = gh/27®m?, ¢*= 0):

3gh

Apo= (Ay*+4py)/2= _—4—[2})2"( 1= 33,;)

1
@)
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4 2
_}__7 (Pzzq)
m

1
un ¢+ m? +0(g*). (9)
The expression for A;(},)o corresponding to the
usual Born amplitude (taken off the mass shell),
would have the form
) L
@ +m?’

2
A = o [2pnu+ )
(10)

3. THE CONTACT TERMS IN THE FEINBERG-
PAIS PROCEDURE

We see that the contact term [the third term in
(10)] is not reestablished, although in the limit of
small g the change in comparison with (10) again
consists of the renormalization of the constant by
the factor 3/4.

We now turn to the lepton-lepton case discussed
in 111, The whole effect of taking into account
many -meson exchanges for small q consists here
of the fact that one can again effectively consider
the single meson diagram, but use the modified

propagator [7]
4 qugv ]__ 1

—i 3 on (1= L)+ LU
7% R 3m? 3 m? q?+ m?
In the case of the boson-lepton interaction it fol-
lows from (9) that this ‘‘prescription’’ should be
interpreted in the sense that (in the absence of
form factors due to strong interactions) in using
(11) one should discard the contact term !’

- 3qlum “2/4 arising in the amplitude in the course
of this calculation. We shall see below that the
phenomenological method of taking into account the
form factors due to the strong interactions which
effectively lead to the ‘‘smearing-out’’ of the con-
tact term contained in (7), enables us to reestab-
lish in the amplitude a term of the type of the third
term in (10).

We note that the effect of the disappearance of
the contact terms as a result of the renormalization
is also evident in (1), The appearance of the fac-
tor %, in the trace of the amplitude My, of the
lepton-lepton interaction for small g results just
from the segregation in the propagator for the W-
meson of the contact term (§-function in the coor-
dinate representation) and from its vanishing due
to the appearance in the denominator (as a result

1)

DOnly in this sense can one accept the assertion made
without proof at the end of the paper by Bouchiat, d’Espagnat
and Prentki [].
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of the summation of an infinite number of diagrams)
of the singular function Ap.

The same situation also exists in the second
paper by Feinberg and Pais 2] where the equation
(2.26) for Tf(p, M) —the ‘‘high energy’’ part of the
trace of the amplitude for lepton-lepton scattering
—contains the inhomogeneous term —igz/mz. As
M —the regularizing mass of the lepton propaga-
tors—tends to infinity the solution of this equa-
tion tends to zero as 1/M-2.

In this sense the situation in the case of boson-
lepton processes does not differ from that in the
case of lepton-lepton processes. The disappear-
ance of the contact terms in the former case sim-
ply leads to a more radical reconstruction of the
Born amplitude than was the case in purely lepton-
lepton processes where taking higher diagrams
into account reduced for small q to single meson
exchange with the modified propagator (11). If
the contact terms mentioned above were not segre-
gated, as is the case for a spinless propagator, then
it can be easily shown that for small q the renor-
malization procedure would in the final analysis
lead to the initial Born term (the contribution from
the external region in accordance with the termi-
nology of (1) with an accuracy up to higher order
terms in the coupling constant. Thus, the recon-
struction of the amplitude for small ¢ is here a
manifestation of the properties of the propagator
for a particle with higher spin. In this connection
it should be noted that an analogous situation of
the dropping out from the amplitude of contact (or
subtractive) terms also occurred in the papers of
Domokos et all#d. In those papers these terms arose
because of divergences in the theory of the four-
fermion interaction which lead to the necessity of
two subtractions in the kernel M’ of (3) (or in the
corresponding equation for the Green’s function).

Finally, we note that the effect considered above
of the dropping out of the contact terms is nothing
other than a manifestation of the result established
in the paper of Landau and collaborators (8] that in
the case of a local four-fermion theory the inter-
action between fields disappears. The nonvanishing
result in the Feinberg-Pais procedure is directly
related to the introduction of a physically nonlocal
expression in the form of a W-meson which sepa-
rates lepton pairs (at the same time in the renor-
malized equation locality is retained between mem-
bers of each lepton pair?’). The transition to a

2iIn the boson-lepton case the renormalization leaves the
lepton pair local, since it effectively reduces to a considera-
tion of diagrams in which all the lines for W-mesons are drawn
to a lepton vertex. Therefore, in this case the “‘local action’’
theorems hold [°].
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local four -fermion theory (2] 1eads in accordance
with [8] to the vanishing of the amplitude. The con-
tact terms correspond just to the purely local ver-
tices and the fact that they vanish is quite natural.
Clearly the introduction of form factors for strong
interactions enables us to retain terms which if
this were not done would disappear as a result of
summing an infinite number of diagrams.

It should be kept in mind that the dropping out
from (qZ + m? Ay [ef. (9)] of the term linear in
qu = (p2 - p’z)“ is undesirable, since even in the
case of not very great values of g which are re-
alized, for example, in Kﬂ3 decay, this term oc-
curs in the amplitude with a relative weight ap-
proxliraaately equal to that of the term containing

0

pzu[

4, FORM FACTORS FOR STRONG INTERACTIONS

There exists a natural method of removing this
difficulty by means of introducing form factors for
strong interactions which smear out the interac-
tion between bosons-hadrons and the W meson.

From the outset we shall consider the more
general case of a current of strongly interacting
bosons with two form factors which also includes
the generalization of the interaction (1) where only
one form factor f,(q) appears:

Jo = f+(q) (P2 + P2 )u + f=(q) (P2 — P2 ) e

We realize that in this problem, generally
speaking, we must know the form factors f, which
correspond to both strongly interacting particles
outside the mass shell f4(q, p,, p3). Of course, we
do not know the asymptotic behavior of f, with
respect to q°, when pi, pj? lie off the mass shell.
Below we shall assume that as q® — « their be-
havior is effectively such that the corresponding
equations are meaningful [cf. (16) below].

The equation analogous to (5) can now be written
in the form

M. (py, p2; ) = MO (py, p2; q)

o SO+ KOV (0 =0 5™ i)
+ Kof((¢' — a)% "% p2'®)1Ms(ps, p2; 4) ',

where

MO (py, p2; q) = ghyu(l + vs) [f+(¢% P, p2"*) (2p2 — @)~
+ f-(&% P2 p*) @] By + quavm™) [ (¢* + m?), (14)

(12)

=+

(13)

K;_(O) = —(1 —_ y5)m—2/ <(ql - q)z + m2>1 (153)
KO =yu(t+w) = | (0 + 20
P1 P2
+ Puw'P2"? + pa"*p1” — po'?p “"] 1 (15b)
m? (¢ — q)*+m?
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Ko = yu(1 4+ vs) (" p2"2) ~(q" — q) u/m2.

We assume that f, approaches a constant value
as q?— «, while f. falls off sufficiently rapidly:

(15c)

1+(4% p2?, p2'?) EL-:;Z, f-(a? p2?, p2'?) vy 0. (6

The asymptotic behavior indicated above corre-
sponds to the fact that the term with the form fac-
tor f_ is induced exclusively by strong interac-
tions. The expression (16) on the mass shell
(-p} = m3, —pj?=mj?) can be related to the con-
servation of the current of particles belonging to
a unitary multiplet. Moreover, we note that under
the same conditions 2f, corresponds to a P-wave,
while f_ + (m} —mj?)q %, corresponds to an S-
wave of the system of hadrons (1], It can be eas-
ily shown that it is just this last local case that
corresponds in (9) to the dropping out of terms
from the lowest approximation in gh as a result
of renormalization. Here we once again encounter
the general situation: the local interaction disap-
pears in the theory which attempts to sum the con-
tribution from the higher order diagrams by means
of segregating the principal terms which diverge
more strongly than all the others[8J,

Returning to our problem, we consider the
auxiliary ‘‘asymptotic’’ equation

o (Sp,v + Qqum—z
M= ghZvu(1+y3) QP2 — )y =™ e
2ighZ

=+ W S (K1© + K,®) M (ps, p2; ¢') d*q’.

This equation is, of course, solved in the spirit of
renormalization (i.e., Kf” —the less singular part
—is discarded). The allowed amplitude M, is ob-
tained directly by multiplying the solution (9) by
Z")/'u( 1+ ')/5 ).

Subtracting (17) from (13) (cf. (12]) we obtain

Me— a = ghyu(1+ys) [(1‘+—Z) (2p2— )

(Opv -+ qugvm=2) O + qugvm=2 ]

g2 + m? g2 + m?
2igh , ,

g VKO + KO (8~ )% 55" 25— 7]
+ Kaof~((9" — q)?, p2"2, p2'?)1 M (p1; p2, p1”, p2")
+ Z(Ki(o) + Ki(‘))[Mt(Pi, P2, P17, Pz”)
- Mi (piy D2, q,) ]} dl‘q,'

From (15a)—(15c) it follows that if f,—Z and f_

tend to zero faster® than 1/q® as q* — < then the
solution of (18) will be given up to terms O(g®h?) by

a7

X + f—gv

(18)

3)This rate of falling off could be reduced if the appropriate
regularizations are carried out in K, and K,.

O. V. KANCHELI and S. G. MATINYAN

M. = M+ + inhomogeneous term in (18),

since the (convergent) integral term is of order
(gh)2.
Finally we obtain for the allowed amplitude M,

Mo = ghyu(1 + vs) {[2p2u(f+(q) — YiZ (1 + ¢®m—2))
+ f+2(p2q) gum—2] (g% + m2)—1

— (f+ — f- — 2) qum=2} + O((gh)?). (19)

The value Z = 0, of course, leads to the usual
Born amplitude.

We see that when strong interactions are taken
into account renormalization reduces to the renor-
malization of the ‘‘initial’’ terms induced not only
by the strong interactions (form factor f,). The
rapidly falling off terms (f-) do not differ from
the Born terms. The magnitude of the renormali-
zation (for small q) is related to the value of the
form factors at infinity f,(«) = Z.

If we had utilized in the renormalized equation
the conserved current J,, (B-decay of the r meson),
then in (19) we would have had f_= 0, h =gV2,%
f.(0) =1, and since for the g-decay of the pion we
have qit < m?, we would have obtained the matrix
element

Mo =~ V2g'm=2(1 — Y/Z)yu(1 + vs) 2D2u- (20)

From here we see that in order to guarantee
the equality of the constants for the g decay of the
pion and for the decay of the yu meson we must have
Z = 1.%) A similar result is obtained in 112 with
respect to the g-decay constant, taking the nucleon
form factor into account. One should keep in mind
that after higher order corrections with respect to
the weak interactions are taken into account ex-
pression (20) does not correspond to the form of
the matrix element which is proportional to
yu(pr 'qli) = yu(pw +p3y) and which corre-
sponds to conservation of current. However, since
the mass of the electron is small this difference is
hardly likely to be of experimental interest. There-
fore, a detailed study of all the characteristics of
Kj3-decay carried out under conditions of good sta-
tistics is indubitably of interest. Of even greater
interest, but for the time being less easily realized,
is the reaction K +e” — 17 + v.

4)The coefficient V2 is related to the isotopic structure of
the conserved current.

5)It is not entirely clear as to what physical meaning is
contained in the equality f;(0) = f; () which essentially re-
places the hypothesis of the conservation of vector current.
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5. CONCLUSIONS

In this paper we have emphasized the dropping
out from the amplitude of contact terms when
higher-order effects are taken into account be-
cause this is in agreement with the fact that the
amplitude vanishes for local interactions (8], One
can suppose that this effect of the suppression of
the ‘‘influence of the light-cone’’ as a result of a
definite method of summation of higher order
graphs is characteristic not only of ladder dia-
grams.

In connection with this the following question
arises: what can be said about the vertex itself de-
scribing the interaction of the W*-meson, for ex-
ample, with leptons where there are no strong in-
teractions? Is it local or not? And if it is, then
would this not lead to its disappearance when
higher orders are taken into account? In other
words, could one in a model where the leptons in-
teract only via W¥ mesons have a local W-lepton
vertex? Are we not going to be forced once again
to introduce some sort of nonlocality ? These
questions will be investigated in a subsequent

paper.
APPENDIX

We shall show that a term of the type
qu(1 +¢*/m?)(q* + m?*)~! makes no contribution
to the solution of (7). Denoting its contribution to
Aﬁ by Kﬁ, performing a Fourier transformation
w1th respect to ¢, and returning again to

u(pppz, q) we obtain
zghs (auv

D= = 1 =+ 2ighm=2 (Ar(y)>.

ei(ay) al-l v

A2 (py, py; q) = ) 9e<Ar(y)> dvy,

iy

Utilizing the fact that Ap(y) is a function of y?

this expression can be easily brought to the form
F) déyei(qy)
Ao 1 )= —dehan S P

x [<an> —% (3<AL"> + g2 <AF"'>)] (n

where primes denote differentiation with respect
to the argument.

For small values of y the function D*(y) ~ y 72,
while the expression in square brackets has a sin-
gularity at the origin not worse than y ™, and there-
fore one can apply to the integral (II) the reduction
formula utilized by Feinberg and Pais (1] with all
the consequences arising thereform (vanishing of
the contour integrals, etc.). Utilizing this formula
for ¢* > 0 [cf. (5.2) of [1)] and replacing in the
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spirit of renormalizations Ap and its derivatives
by modified Bessel functions of the second kind, we
obtain

J2(qy)
7
X [y <m?Ky(my)> 4 m=2(6 <m3K3(my) > — y <m*Ki(my)>)],

Zp (piv P2; q)=—g qMS D:t(y)

D* = 1 4 M2yt <{mK;(my)>.

Utilizing the recurrence formula 6K;(z) = zK,(z)

—ZK,(z) we obtain
At (py, p2; q) = — ghay S yDg 2(q2‘/)
o q

X [Km2Ky(my) > — m—2 (miK,y (my) D). (LIT)

The origin of the factor m™ in the second term in
the integrand is related to the numerator of the
propagator of the vector boson, and, therefore, it
is taken outside the symbol denoting regularization.
Regularizing (III) and having in mind that the
regularization parameter M > m we obtain

M7 7
AuE(py, po; @) =— ghquﬁs ydy z(qzy)

K> (My)
X7 =+ Ay~ (mK,(my) — MK, (My))

It is evident that, owing to the occurrence of the
Bessel function of argument My in the integrand, a
contribution which is not exponentially small (as M
— ) can come only from the region near the ori-
gin: 0 &y < o/M, where « can be chosen to be a
small quantity. Then, expanding both types of Bes-
sel functions for small values of their arguments
we obtain

AvE(py, pa; q)
Jo/M

M2 d
= — ghqu,lim — S yay

1= (gh/4n?) (M/m):In My’

from where it can be seen that A* (pi, Ps; q) tends
to zero as a 1/M2.

We point out that the linear increase in the con-
tact term with increasing g presents no obstacle to
the application of the Feinberg-Pais procedure,
since it can be easily shown that a sufficient condi-
tion for the convergence of an integral of the type

S el A, A (py, ps; y)diy
D=

corresponding to the solution of (7) is that the
Fourier transform K;})(pi, py,y) of the Born term
should behave for small y like y%, where a> -6,
i.e., that the Born term should behave for large
values of g like q:B, where B < 2. In this sense the
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weak process of the scattering of a boson by a bo-
son as a result of the exchange of a W* meson will
in the absence of form factors lie outside the sphere
of applicability of this procedure because, as can

be shown, the inhomogeneous term of the corre-
sponding integral equation contains contact terms
which increase at infinity respectively like q and

¢® (in greater detail cf. (137),
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