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The dependence of the reduced EO electron conversion probability on the parameters «, j3,
and y° defining the thickness of the surface layer and the deformation of the nucleus is in-

vestigated.

IT has been shown in a number of papers [1-4] that
agreement between theory and experiment in cal-
culations of the isotope shift of spectral lines can
only be achieved if improved electron wave func-
tions are used, which take into account the nonuni-
formity of the nuclear charge distribution at the
nuclear surface as well as the deformation and
compressibility of the nucleus. It is natural to
ask to what extent these improvements affect other
processes depending in one way or another on the
electron wave functions, in particular, the E0 con-
version probability. The present paper is devoted
to this question.

The expression for the reduced EO electron
conversion probability, assuming ¢ZR < 1 and
k « 50 (a is the fine-structure constant, Z the
charge, k the transition energy, and R the nu-
clear radius”), can be written in the form (5

Qf « = Asn, n(Z, &, 8) Brn, )
where the first factor is equal to
4ay'T' (2y +- ') (x +v) (ex = v) (Ex = v)P

A un(Z,ke)= Zu(2+ 1)n/IT2(2y + 1)

20Ze \W*2 F(Z,p)
( n 4+ Y> Rw-2 "’ (2)

and is independent of the finite dimensions of the
nucleus, whereas the second factor, B, does de-
pend on them. Here

__ 2(n+v) (2pR)*-2 gnaZElp iaZE \ |2
F(Zp)— i rz(zy_i_l)’ IF(Y+—p~)‘ ’(3)
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X [+ v)8"—, e(R) + 0Zf « £ (R) ]2, (4)

Dan quantities are taken in relativistic units.

fJ?%':Z et g¢%/=2 dyrv, (5)

l=j+1,

I and j are the orbital and total angular momenta
of the electron, n” =n — k, n is the principal
quantum number, v = (k2 — a?Z2)V2, € and E
= € + k are the total energies of the conversion
electron in the bound and free states, p = (E?
- 1)1/2, and the coefficients ¢, and d, satisfy
recurrence formulas obtained from the system of
Dirac differential equations for the radial func-
tions for a given form of the potential energy V(r)
of the electron inside the nucleus.® ]_3+K is ob-
tained from B_, by the replacement

g = [, fox—> g4

To obtain the numerical values of the factors

Bz one has usually used an equivalentZ) uniform
charge distribution over the volume of a spherical
nucleus whose radius is equal to3)

R =1204%-10-13 cm. (6)

2)By equivalent we mean here a distribution of the nuclear
charge for which the mean square radius is equal to the mean
square radius of the nucleus obtained on the basis of experi-
mental data [’] (mainly on the scattering of electrons by nu-
clei).

3)Such an equivalent uniform distribution was used in more
exact calculations of () based on a numerical integration of
the system of Dirac differential equations for the radial func-
tions with account of screening by the TFD method. [*°] It
should be noted that the results of the calculation of {2 for the
K electrons differ only by 1 to 3% from the results calculated
by formula (1) with account of screening by introducing the
Slater parameters. For example, for Z = 62, A = 152 we obtain
in the first case Q = 2.42 x 10'° sec™ and in the second case
Q = 2.38 x 10" sec™’. We shall find about the same result for
Q, if we use the electron functions obtained by Babushkin.[]

1057



1058

Later it turned out ™ that for spherical nuclei
with A > 16 better agreement with experiment
could be attained with an equivalent radius with a
more complicated dependence on A:

R = {1.123 A% + 2.352 A~

— 2,070 A~ + 0 (A=)} -10-% cm. (7)

This formula was obtained by Elton 7] with the
help of the Fermi distribution. In the present
paper we shall also base the calculation of By,
on this distribution.

The two parameter distribution function will be
written in the form

1 + exp[— Ry (9, ¢)/a]

= p(0 .
p(r, 9, ¢) = o( )1+exp[(r_30(ﬁ7 o)/al’ (8)
where
+2
Ro(f},q))zRo(i—[— > auYou (9, @)
p=-—2
1 11/5
— B | oy ), ©)

R, is the radius at half-density, a is a parameter
connected with the surface thickness by the rela-
tion™ s =4aln 3, § and y° are the parameters
of the quadrupole deformation of the nucleus
(parameters of nonsphericity and nonaxiality). In
a system referred to the principal axes of the nu-
clear ellipsoid

ao = P cos y?, azs =0, cr2 = 272 siny’.  (10)

The two last terms in (9) are added to conserve
the volume (incompressible nucleus), and p (0) is
the charge density at the center of inertia of the nu-
cleus.

After normalizing p(r, &4, ¢ ) to unity,

5 cos 30
76%053\( ﬂ

n’a? p2 1
0) = 3/4 33[1 (1__7_4
p(0)= 3aalte’ | 1+ 55 41 San
(11)
Introducing the quantity ! = [4mAp (0 y/317Y3, ie.,
the radius of the spherical region taken up by one
nucleon in infinite nuclear matter,m we obtain for
Ry and for the radius of the equivalent uniform
distribution R the following expressions:

RozlA'/ﬂ[l—-—G-%»%o““—-...

+ (Z%ﬁ2+§14;1//é:ﬁ30053y0> (0—0’3-{—-.-)—] , (12)

R:lA‘/SP—}— g—c—%cﬂ—l—...

5 13 173
—_R2 _— 2 —
+8nﬁ(1 CRLETI )

L. A. BORISOGLEBSKII

25
A

168xn

) 73 1053
Y p3 v 1 — " Y s
B3 cos y( 100—}— 50 c ﬂ,

— (na | 14%)2,
3
The best agreement of (13) with the data on the
scattering of electrons on spherical nuclei (S = 0)
is obtained, according to Elton,™ for 1 =1.123
x 10"¥ em and s = 2.49 x 1071 cm [substituting
these values in (12) and setting g = 0, we get (7)].
We shall regard (12) as a generalization of (7)
to the case of nonspherical nuclei. As seen from
(12), the deformation of the nucleus leads to an
increase of the equivalent nuclear radius, which
is tantamount to a certain increase of the nuclear
surface thickness. The effective thickness of the
surface layer of a nonspherical nucleus can be de-
fined with the help of the relation?)

(13)

s = 4a’In 3, (14)
where a’ is connected with the quantity ¢’ by
o = s(na’ | 1A')2, (15)

and o’ is given approximately by the formula

o = 0—}—%62(1—725%0) —{——82—“ /—i—ﬁ3c053y°(1 ——?0) .
(16)
Let us first consider the changes coming from
calculating Q@ with the help of (12) for an equiva-
lent uniform nuclear charge distribution. These

changes will be described by the relation

o == Q,/Q - Eix(flﬂ) /B Tu(B)q (17)

where R and R’ are given by (6) and (12), re-
spectively.

The calculation of w performed with different
Z, k, and A for the K shell with account of screen-
ing according to Slater (Z — Z — 0.3) shows that
w depends very weakly on k. As k increases
from 0.1 to 3 the quantity w decreases by less
than 1% (thus, e.g., with Z = 92, A = 234 we find
w =0.960 for k =0.1 and w = 0.956 for k = 3).
w depends much more strongly on A and Z. In
the case of spherical nuclei, w may differ from
unity by 5% for A > 60 (see Table I). Only for
A < 60 does w differ from unity significantly
(thus, e.g., w = 1.48 for Ca4°).

The inclusion of the deformation parameters

)The numerical value of s' may be found on the basis of an
analysis of the experimental data on electron scattering by non-
spherical nuclei. Such an analysis (an approximate one) has so
far only been done for Ta*®*'. The value found was ["] s "= 2.8 x
107*3 cm.
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Table I Table II
V4 ’ A o Sm Gd
-0 o | 118 A 150 1 152 154 154 156 158 160
R I s Baxial 0.179 | 0.280 | 0.315| 0.3 0.41 0,46 | 0.47
80 200 0’97 ) 1.036 1.091 1,114 1.106 1,111 1.146 1.149
92 234 0,96
B and y° may change w at most by 15 and 0.5%, Table III
respectively (in the following we shall neglect the
nonaxiality parameter). In tables II and III we give Sm
the values of w as a function of 8 and ° for P 152 150
various isotopes of Sm and Gd. The values of Bnonaxial-| 0.289 0.201
the parameter B for Sm were found from the Lo’deg'ees 1?.388 2? 036

experimental values of the nuclear electric quad-
rupole moments (3] according to the formula

X B lcos y0 + 0.36f (1 — 2 sin®y-)] (18)

with values of 7 taken from L1011 For Gd we
used the values of B given in (2],

If we calculate 8Q//0N for Gd!'%4156:158 from
the data of table II, where N is the neutron num-
ber, then this quantity will be about proportional
to 98Y6N.

Let us now consider an equivalent distribution
somewhat different from the uniform one. Its
shape will be established on the basis of relation
(8). Starting from (8) with account of (11) and
averaging the density p (r, 4, ¢ ) over the angles,
we can find the potential energy V (r) of the elec-
tron according to the formula

1 r
V(ir)y=— 4naZ{T S r*dr’ p(r', 9, ¢)
0

+ S r'dr’p(r, 9, (p)} (19)
[the bar over p (r’, &, ¢) indicates the averaging
mentioned above]. A study of V(r) as a function
of r shows that near r = R the function V(r) is
to a high approximation (quantities smaller than
38%87 by two orders of magnitude are neglected)
equal to

—aZ
Ro[1 + (sta / Ro)?]

1/ r 2 3 1/ na \? 3
—_ — I  — —__R2
x[ 2(110,)+2+2(Ro) Snﬁ]’ (20)
i.e., it differs little from V (r) for the uniform
charge distribution. If, in calculating w, we use

an equivalent charge distribution which corre-
sponds to V(r) as given by (20), we obtain values

V(=

for w which differ only by 1 to 2% from those

given in Table II (for example, for Sm

152 the value

of w will be 1.100 instead of 1.091, for Gd'®,
w = 1.149 instead of 1.132).

The magnitude of the reduced EO conversion
probability may change considerably if we calcu-
late it with the help of an equivalent nonuniform
charge distribution using (12) instead of (6). As an
example, let us take the nonuniform equivalent

charge distribution given by the function (135
21 r o \*
=—" |1 —{— 21

P = Toars [1 ( R” H @D

with the radius
R" = 3RV, (21%)
where R’ is given by (12).
Table IV

z 20 40 62 64 80 92
A 40 90 152 158 200 234
o 2.316 | 1.806 | 1.773 2.057| 1.462| 1.397.

In Table IV we give the values of w’, defined
as the ratio of Q’ as computed with the help of
(21) over Q calculated with a uniform equivalent
charge distribution with a radius given by (6). It
is seen from this table that Q’ may in some
cases be twice larger than Q. The values of w
for Sm and Gd were obtained assuming
B =0.289 and B = 0.46, respectively (in all other
cases B = 0).6)

All results shown in Tables I to IV are for the
K shell. The calculations of w for the subshells
Ly, show that the effect of the surface layer and
the deformation of the nucleus on Qpr,;, 1y is

5)According to [*?], this distribution better approximates the
experimental curves than the uniform distribution.

6)For B = 0, »(Sm**?) = 1.581 and w(Gd***) = 1.566.
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somewhat weaker than in the K shell (an effect of
1 to 2% for large and 2 to 3% for small Z). The
effect on the relative probabilities Li/Li, K/L
is even smaller (they change only by 1 to 2% in
comparison with their standard values).

If the nonspherical nuclei are regarded as
compressible and w is calculated taking into ac-
count the parameter of deformation compressibil-
ity £ = —58%/81 (according to Fradkin (sl ), the ef-
fect of the deformation on © will become weaker
by a factor of about one half.

The theoretical values of the reduced EO0 con-
version probability @ are used for the determina-
tion of the reduced nuclear electric monopole
matrix element p from experiment (cf. the re-
view [“J) according to the formula

p=1/V7Q, (22)

where 7 is the lifetime of the excited nucleus
against EO transitions with emission of a conver-
sion electron as measured by experiment. The
change of the numerical values of @ as discussed
in this paper leads thus to a change of the experi-
mental values of p. Although these changes are
often small, it may be useful to take them into
account in a more precise comparison of the
theoretical and experimental values of p.
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