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We consider the properties of a multi-component classical non-linear field which depends on
one spatial coordinate. In the particular case of a two-component field this model describes
the properties of a string acted upon by an external potential. The thermodynamic character-
istics of this system are evaluated and we show that at a certain temperature, determined by
the character of the non-linear term, the system undergoes a phase transition. The problem
of the temperature behavior of the system turns out to be equivalent to the problem of the
dependence of the eigenvalues of the Schrodinger operator on the coupling constant; the role
of the latter is played by the inverse square of the temperature. We find the correlation
functions of the system and show that at the phase transition point the characteristic corre-

lation length of the fluctuations turns out to be infinite.

1. INTRODUCTION

IT is well known that phase transition in many-
body systems are connected with the interactions
between the particles. If the interaction has an or-
dering character, then at certain temperatures,
when the disordering influence of the thermal mo-
tion is dominated by the interaction, the system
goes into an ordered state—it undergoes a phase
transition.

Near second-order phase transition points the
fluctuations are correlated over very long dis-
tances. This makes it impossible to apply here the
usual methods for decoupling correlation functions,
as these methods are based upon a neglect of con-
tributions from volumes in which the correlations
are important.

There is at present no rigorous microscopic
theory of phase transitions. It seemed therefore
of interest to us to study all kinds of rigorously
calculable model systems in which a phase transi-
tion takes place when this transition has all as-
sumedly characteristic features of phase transi-
tions in real systems. Onsager’s paper (1) was the
first publication of this kind in which the phase
transition problem of the two-dimensional Ising
model was solved exactly.

The aim of the present paper is the study of one
of such exactly calculable systems. It is natural to
expect that a system of coupled anharmonic oscil-
lators may undergo a phase transition. We shall in
the following study this system.

2. THE THERMODYNAMIC PROPERTIES OF THE
SYSTEM

We consider a classical field u={uy,....,u,],
which in general is a multicomponent field, depends
on one coordinate x and the time t, and is de-
scribed by the Hamiltonian

¢ p [ du \? % ¢ [ Ou \2 ¢
H—_§ 2‘(_0?) do+ § (—a-x—) dz + § V(u)dz. (2.1)
Here, L is the interval along which the field u is
defined; the first term is the kinetic energy, and
p is the linear density; the second term is the en-
ergy of the elastic coupling, and k is the elastic
constant 1); V (u) is the potential energy of the
field.

If u is a two-component vector, the Hamiltonian
(2.1) describes a string in an external field V (u),
or, what comes to the same, a string, the energy
of which depends on the displacement from its
equilibrium position in a non-linear way.

The Hamiltonian (2.1) can be considered to be a
generalized Thirring Hamiltonian. (In Thirring’s
model, the field u has one component, and V (u)
= ou’® + Bul)

In the following we shall resort to the visualisa-
ble case of a string, so that we impose the natural
boundary conditions for that case: u(x = 0)

DAII results obtained in the following can easily be gen-

eralized to apply to the anisotropic case when the elastic
constants form a tensor xjy.

961



962

=u(x=L) =0, corresponding to a string with
fixed end points.z)
The partition function of such a system can be
expressed in terms of a functional integral
L

pfaf5( 2 v

Here B = 1/T is the inverse temperature in en-
ergy units and the integration is performed under
the conditions u(0)=u(L) =

We can write the partition function in the form

zZ = S éuexp{—

X { su exp{ 2.2)

Guexp{—— da:(a) ﬁSV(u)dx}

S Su exp{ — %5 dx(%)z}

where Z, is the partition function for the case
VvV =0.

We shall not discuss here the problem of the
divergence of the free energy F,= —~'1In Z, of a
classical harmonic field. We shall consider that
problem later. We are interested in the difference
AF = F — F; and Eq. (2.3) determines just this
quantity.

It is well known (2] that the Green function of the
Schrodinger equation of a particle with the imagi-
nary time (or the single-particle Bloch equation)

I

, (2.3)

SIS

9 p? \
520 = (g + e Jow (2.4)
(here p = —ia/au) has the form
G (ur, uoro)=—S TI_‘!du exp{ 28(3‘:)&’
— {p@)ar} (2.5)

To
(N is a normalization constant).

One sees easily that the expression for the
partition function (2.3) is the same as expression
(2.5), if in the latter we understand by the ‘‘time”’
T the coordinate x, and if we put the mass m
equal to Bk and replace the potential energy ¢ (u)
by BV (u). We have thus the relation

e MF-F) = G(0L, 00) /Go (0L, 00), (2.6)
where G (uL, uyjL,) is the Green function satisfy-
2We note that all that is developed in the following re-

mains valid with minor alterations also for the case of other
boundary conditions.
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ing the equation
{0 /0L — p* | 2Bx — BV (u) }G (ul, upLy)

= 8(u— ug)8(L — L),

G(HL, uOLo) = () when L << Lo, (2.7)
and Gy (uL, uyL,y) is the Green function of the

equation with V = 0. It is well known (2] that

S Pa () Pa” (ug) e~ LB, L=

%

Lo (2.8)

{
[l
G(uL, ll(]L()) == {
{ 0 L< L,

Here ¥, (u) and E) are the eigenfunctions and
eigenvalues of the ‘“Hamiltonian’’
h(B) = p*/ 2B« + BV (u), (2.9)
and the symbol fx must be understood to indicate
summation over the discrete energies and integra-
tion over the region of the continuous spectrum.
Since the ‘‘mass’’ of the particle described by the
‘‘Hamiltonian’’ (2.9) and the field in which it moves
depend on the temperature, we have for the eigen-
values E) = E)(B).
Substituting (2.8) into (2.6), we get?

S P (0)Pa” (0) e~LEAB)
A

¢ BAF —

(2.10)

(2m)=n { dp exp (—Lp*/2px)

(n is the number of components of the field u).

We are interested in a ‘“large’’ system obtained
by the limiting transition L — . In that case it
makes sense to speak about the specific free en-
ergy Af=lim (AF/L), L — ~ which according to
Eq. (2.10) is

Af =
2 . (0)pr (0) e~ F +S P2 (0) 2 (0) =15
—— lim —In-* R
Brroe L (2m)—™ S dp exp {—Lp2/2px}
(2.11)
We have here separated off explicitly the summa-
tion over the discrete levels Ek of the operator

c
h(B) and the symbol f}\ indicates integration over

the continuous spectrum.
It follows from Eq. (2.11) that with asymptotic

3)We assume that the lowest value of the limit of V(u)
as |u| > e vanishes. If this limit V, £ 0, we can always add
to the Hamiltonian (2.1) a term — LV, and this guarantees that
the equation is satisfied.
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accuracy

where E; is the ground state energy.
The Hamiltonian h(B) reduces, by a change in
the ‘‘energy’’ units of E, to

R(B) = p*/ 2+ BV (u).

When the temperature T increases (or § de-
creases) the depth of the well decreases and the
energies of the bound states decrease. When a
certain critical value B is reached, the well is
not able to ‘‘retain’’ a particle—the bound states
have disappeared.
Using Eq. (2.12), we have thus
B << Be

We see that in the point S, where the proper-
ties of the operator h (B) change in such a way
that the level corresponding to the ground state of
a ‘‘particle’’ with ‘‘mass’’ Bk in the ‘‘field”’

BV (u), disappears, a phase transition of the sys-
tem takes place.

From Eq. (2.14) for the free energy one obtains
easily all thermodynamic characteristics of the
system. For the average energy A€, which is
equal to

(2.13)

(2.14)

Ae = AT/ 9,

we get thus
Ae — {dEO/dB f’?ﬁc
0 B <<Be

For the specific heat AC = —BszG/d,B we have

—pd2Ey/dp? B = Be
0 B << Bc

(2.15)

ac = { (2.16)
The vanishing of the bound state precedes the
approach of the ‘‘free energy’’ E,(f) to zero. The

way this approach takes place determines the
properties of the thermodynamic characteristics
of the system in the transition point. We have
schematically indicated in Fig. 1 the temperature
dependence of the free energy.

It is clear that if 9E,(B)/98 tends to zero as
B approaches B, the B-dependence of the aver-
age A€ near . has the character shown in Fig.
2.

If now BZEO(,B )/3B?% is discontinuous in the
transition point 8., we are dealing with a second-
order transition. If, however, a higher-order de-
rivative is discontinuous, we have a higher-order
transition.

We note that the criterion for the existence of
a sharp phase transition is, as can be seen from

(2.12)
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Eq. (2.11), the inequality L » | E; |™!, where E,
is the ground state ‘‘energy.’’ We shall show be-
low that the quantity | E, |~! determines the larg-
est correlation length of our system near the
transition point. When we approach the phase
transition point, the quantity E; tends to zero, and
if the dimensions of the system are finite, the
phase transition turns out to be smeared out in
temperature, and the interval A of the smearing
out is determined by the equation

|A] ~ Be/VLIAC|Be.

If L is large and if there is a second-order
phase transition, it follows from this equation that

[A] ~ Be/VLIAC|Be.

We have thus shown that our system can under-
go, from the thermodynamic point of view, a phase
transition. Depending on the character of the
‘‘potential’’ SV (u) which determines the non-
linearity of the system, the behavior in the transi-
tion point can have different forms.

3. CORRELATION FUNCTIONS

We now show that in the phase transition point
the correlation functions of our system undergo
qualitative changes. We introduce the correlation
functions

wm(ll1x1, .o umxm) = —

=t du \2
i T aness{= 8 e( 32)

L m
—BS de(u)}H d(u(z)—w). (3.1)

Here Ny, is a normalizing factor,

Leo>z>...> 2.0,

and the functional integration is performed under
the conditions u(x=0)=u(x=1L)=0.

One sees easily that
Wi (WZy, oy UpTi)

B Nn_lG(OL, ulxi)G(ulxi, “21'2) e G(\lmﬁm, 00), (3.2)

where G is the Green function of the ‘‘Hamilton-
ian’’ h(pB).
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From the normalization condition
S Wi (WZgy ooy UpZy) Ay . . duy, = 1

it follows that
Np= { G(OL, um))... G (unzn, 00)du,. .. du,

= G(0L, 00). (3.3)

We finally get

wm(ulxi, .o uy umxm)

= G (0L, uyzy) G (uyzy, uszy)
X G (UnTm, 00) / G(OL, 00).

oo G (U Ty, U Tyy)
(3.4)
Let us consider the first correlation function
wi(uz) = G (0L, uz) G (uz, 00) / G (0L, 00),
or according to Eq. (2.8)

§ e ()" (w) § 5 g (u) yar* (0)

A A7

wi(ux) =
§ o224 (004" (0)
A

We first of all evaluate w, for the case of a
‘“‘free’’ field when V = 0. In that case

(3.5)

Y= (2n) ek, Ey = k2/2Bx,

wi(ux>={% (1_%)x}_n/2 exo{ - Béuz (1 —i/mx}"

(3.6)

We are led to a Gaussian distribution with a
dispersion
T { z T/z
= [—( f), '

As one should expect, the dispersion increases
with increasing temperature, and if we treat the
field u as the displacement field of a string, 6 in-
creases when we get away from the ends of the
string. It is clear that

(3.7)

Cu(z)) = n—f—x(l ——ECL—)

(n: number of components of the field u). The
maximum of (u?(x)) is equal to nTL/4k, and
as L=, (u)pypax — :

Let us now consider that range of temperatures
where the ‘‘Hamiltonian’’ h (8) has bound states.
In that case

wi(uz) = (D e-t-Bup, (0, w)+ § -0, 0, )

[
R Py

X(Ee—xEkpk(u, 0) + g e~*Fx py (u, 0) ){EE_LEh ox (0, 0)
k S k

\

c -1

+§ erme,0 ),

A

(3.8)
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where
P (g, u2) = Pa () Pa* (uz).

One sees easily that the asymptotic value of
this expressionas L —« and L — x — « is

— oerP(OW E
wi(u,z)=¢e 00(0.0) (uz,00) (Eo<<O0).
As x >
G (uz, 00) = e~*Fs py(u, 0),
and hence

wi(uz) = o (u)Po(u), (3.9)

where ,(u) is the wave function of the ground
state.

In contradistinction of the free field case
(V=0), the mean square deviation

<u?(z)> =S wy (ux)uidu

turns thus out to be finite as x — « and equal to
the mean square of the radius of the bound state,

ro? = S Yo (u) u?g (u) du.

When we approach the phase transition point,
the energy of the ground state tends to zero and
the radius to infinity and in the transition point
itself when the bound state disappears, {u? (x))
—>© ag X — ®©,

Above the transition point, the function w, (ux)
is, of course, not the same as (3.6), but it retains
its basic property that its dispersion increases
with increasing x.

Let us now turn to the evaluation of the second
- the ‘‘two-particle’’ - distribution function
Wy (UyXy, WXy ). It is well known that the phase
transition is connected with a rearrangement of
correlations. We shall now show that in our model
such a rearrangement takes place.

From Eq. (3.5) we have

w (uyxy, Ugxs) = G (0L, uyz,) G (w4, Usy)

X G (ug,,00) /G (0L, 00) =

A

Se—-(IJ——.':cl)l"J,p)h (0’ ui) S e—(x,-xz)EA' pl’(llly uz) g e—szlq px“(llz, 0)

S e~LEx (0, 0)

A (3.10)
(L=x,;=x,=0).%
D X, > X;, one sees easily that

G (0L, up22) G (upz3, usz1) G (uy24, 00)
Wwa (UyZy, UaZs)=

= wy(UpZz, W124) .

G (0L, 00)
The same rule also holds for the general expression (3.4) for
Wnif X3 > Xj.q, Xj.g,eee, Xj, We have
B (W, ooy Wil h@iipy ooy Wi Tig, Wiy, Wig1Zigl, «vny UmZi)
= W (W, .oy WiZiy, Wi pZisk, ovny WilaZia, UipiTisg, .+ 0 Wnlm).
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We shall be interested, apart from the second
correlation function, also in the conditional prob-
ability w (u;x;|uyx,) that there is a displacement
uy in the point x; when there is a displacement
u, in the point x,.

It is clear that

(3.11)

H)(U1l’1|uz.’t2) = Ll]z(lhxi, llzx?,) /UH (llzxz).
Comparing Egs. (3.11), (3.10), and (3.5), we get

- G(OL, uixl)

w (g | upzs) = G (0T, uoza)

For the ‘‘free’’-field case (V = 0) we get by
using (3.12) in the limit as L —

(3.12)

(uyzy, Upy).

2n —ni2
w (W | uss) :{[3_% |y — 12[}

Xexp{—%’ffl(—:%:zzll%} (3.13)
It follows from this expression that as
| xq — %9 | = e,
w(ugzy|ugts) ~ |xy — 2|2 — 0. (3.14)

We see that in the free field case the correla-
tion between displacements u in different points
decreases with distance.

One shows easily that a similar situation oc-
curs also in the case when V = 0 but when the
operator h(B) = p¥2Bx + BV (u) has only a con-
tinuous spectrum.

A completely different situation arises when
the operator h(p) has bound states. We get from
Eq. (3.12) in the limit as L — =
o (o) = 2 [ o) o)

+ D) e lmmmlE—Eq) ypy (uy) p (up)

R0

c
o+ elmnlm §erlnniB g () () J (3.15)
A
Here Ei < 0 are the energies of the bound
states and the i (u) the eigenfunctions of the op-
erator h(fB) corresponding to them.
Comparing (3.15), (3.11), and (3.9) we see that

fa(uizy, Wps) = wo (Uyxy, UpTz) — Wy (WyT1) Wy (UaZs)

1

= o () Yo () § eI EEI iy (wr) ' (wy),  (3.16)

A

1
where the symbol j;\ indicates a summation over

all bound states, bar the ground state, and integra-
tion over the continuous spectrum.
The function f, (u;xy, uyx,) characterizes the
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correlation of the fluctuations of the field u. One
sees easily from Egs. (3.15) and (3.16) that the
largest characteristic correlation length of the
fluctuations is | E; — E; |~! where E, is the en-
ergy of the first excited state. If the Hamiltonian
has only one bound state, one uses | E, |~! for the
characteristic length.

As | x; = Xy | = = the second and third terms
in the square brackets in (3.15) decrease expo-
nentially, and

LU(lli.Zilllz.’L'z) == 11)0(111)'4)0(“1). (3.17)
We have also
wp (W2, We2) o (W (W) (g (u2))?
= w (ulxl) wy (U212). (3.17’)

We see that at temperatures below the critical
Te the conditional probability w (u;x;|u;x,) and
the second distribution function wj, (uyxy, uyx,) do
not vanish as | x; — x, | — = (as would be the case
for T > Tg) but tend to a finite limit, determined
by Eqgs. (3.17) and (3.17’): long-range order oc-
curs in the system.

Equation (3.17) is also noteworthy because it
shows the possibility for an asymptotic decoupling
(as | x; — Xy | = =) of the two-particle distribu-
tion function as a product of single-particle ones.
This is a particular example of a display of the
principle of the weakening of correlations. 3]

It is clear from Eq. (3.15) that the condition
that Egs. (3.17) and (3.17’) are satisfied can be
written as

|21 — 22| > |Eo — E4| Y, (3.18)

where E; — E, is the difference in energy of the
ground state and the first excited state of the
‘‘Hamiltonian’’ h(B). When 8 approaches B¢ the
quantities E, and E; decrease, and in some re-
gion near B, where the Hamiltonian h(S) has
only one bound state with energy E,, | E, |! can
be used as the characteristic correlation length.
In the transition point itself, where E;= 0, quad-
ratic fluctuations detérmined by the function w,
extend over the whole volume of the system. The
higher-order fluctuations behave similarly, since
the quantity | E, |~! plays also for those the role
of a characteristic length.

4. CONCLUSION

If we turn to the example of the string, the
character of the phase transition studied here be-
comes clear. Let us consider a short section of
the string. This section is acted upon by the po-
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tential V(u). At the same time it experiences the
action of the portions of the string which adjoin it
on the right and on the left. These portions ‘‘pull’’
the section considered, tending to ‘‘draw it away’’
from the potential well. At low temperatures when
this action is comparatively weak, the potential
V(u) plays the main role, and the oscillations of
the separate portion of the string are restricted by
this potential: (u?) 45 < ©. However, when the
temperature is increased, the role of the thermal
action increases and at a certain critical tempera-
ture the section is ‘‘pulled out’’ of the potential:
(u? >max becomes infinite. This corresponds to a
phase transition. From this point of view one can
also easily understand the character of the higher-
order correlation functions.

The problem may arise of how valid is the sub-
traction of one infinite quantity (F,) from another
one ( F). The divergence of the thermodynamic
characteristics of a free string is connected with
the fact that there are infinitely many degrees of
freedom per unit length. The same situation oc-
curs also in the case of a string in a field V (u),
but here the correlation properties of the system
below the transition point differ fundamentally
from those for the case of a free string or those
above the transition point. Since the phase transi-
tion considered is determined by the rearrange-
ment of the correlation properties of the system,
while the quantities AF, A¢, and so on, which are
obtained as the differences of diverging quantities
are just connected with this rearrangement, the
procedure adopted here for removing the infinities
seems meaningful to us.

Moreover, one can get rid of the above-men-
tioned divergence by introducing a cut-off in mo-
mentum. The free energy of the system then has
the form

F = Fo+ AT,

where the free energy of the string without a field,
Fy, is already finite, since the number of degrees
of freedom per unit length is proportional to p,,

where p, is the cut-off momentum. As far as AF

is concerned, in the immediate vicinity of the
transition point (and that is just the region of in-
terest) the wave function corresponding to the
ground state is such that the average radius of the
bound state ry is much larger than the reciprocal
of the cut-off momentum, l/po, and the parame-
ter pory is the larger, the smaller the quantity

B — Bc. All results given in the foregoing, obtained
in fact under the assumption pyry — «, remain
thus valid.

One must note that the analogy between the par-
tition function of a string and the Green function
corresponding to the Hamiltonian h () has a
simple meaning. Writing the Green function as a
continuous integral means integrating the exponent
over all paths connecting the points u; and u,.
The evaluation of the partition function of a string
is simply reduced to an integration over all shapes
of the latter under the conditions that its end
points have displacements u; and u, which is
equivalent to an integration over paths, if we un-
derstand ‘‘time’’ as the coordinate of a point of
the string and the coordinate of the ‘‘particle’’ as
the displacement of the string.

We have shown thus that the system considered
by us can undergo a phase transition and this
transition is characterized by singularities in the
thermodynamic functions and a qualitative change
in the correlation functions, consisting in the ap-
pearance of long-range order.

In conclusion the author expresses his sincere
thanks to V. L. Bonch-Bruevich for valuable dis-
cussions of the paper.
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