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The exchange model is generalized by taking into account variation of multiplicity of the d or
f shells induced by conduction electrons. The Hamiltonian for direct exchange interaction of d
electrons is generalized and the properties of the corresponding multiplicity excitation waves
are discussed. The effect of changes of multiplicity on appearance of superconductivity and
also on the ordering of the conduction electron spins and d shell spins is considered within
the framework of the generalized s-d exchange model.

J.. In treating the exchange interaction of conduc-
tion electrons with unfilled d (or f) shells ! (the
s-d exchange model[ﬂ), one is usually restricted
to a Hamiltonian of the form(23]

Hy=—N7 3 I(k—K)exp[i (k—K) Ral {(aiax
Kk, K,n

- al‘(’WkL) S’ + a;&’TakiSn_ + a;(’J,akTSn+}a (1)

where N is the number of crystal lattice sites,

I(k — k') is the Fourier component of the s-d ex-
change integral, k and k’ are the wave vectors of
the conduction electron, R, and S, are the radius
vector and spin operator of the n-th transition ion,
S =Sk + iSY, and af  and ay, are the Fermi crea-
tion and annihilation operators of a conduction
electron in a state with wave vector k and spin
projection g. The Hamiltonian (1) can be written
in the formt12]

H1=—2 IR, —r;)S,0i, (2)
where rj is the radius vector of the i-th conduction
electron, and I(Ry — rj) is the exchange integral
between the n-th ion and the i-th electron.

Equations (1) and (2) do not completely describe
the s-d interaction. Since the operators Srzl’ * com-
mute with the operator S2, this Hamiltonian des-
cribes processes with conservation not only of the
total spin of the whole system, but also of the spins
of every d-shell. Consequently, (1) and (2) take
into account the possibility of a change in the spin
projection of the d-shell, but not in its multiplicity
as a result of its exchange interaction with the

DFor simplicity we shall write only the symbol for the d
shell, with the understanding that we are dealing with both the
d and the f shells of transition and rare-earth ions.

conduction electrons. Moreover, the calculation of
exchange processes associated with a variation of
the magnitude of the spin of the d shell can be im-
portant for a number of phenomena (superconduc-
tivity, spin ordering, electrical resistance, etc.).
Therefore, it is expedient to add to the Hamiltonian
(1) terms that describe processes involving a
change in multiplicity of the d states.

2. To solve this problem one can start with the
s-d exchange Hamiltonian described in Fermi
operators of second quantization. For simplicity
we shall first consider the case of two d electrons
on each transition ion in different states: ¢, and
z,bﬁ. Then the desired Hamiltonian takes the form

, . * -
H =—N7 E I, K, k’, n@nro,Anro, Ak’ c,0ka, (3)

where A = «, 8; art)»o and a,), are the Fermi
creation and annihilation operators respectively
of a d electron on the n-th site in state ¥} 4;

I, x, k', n = exp [i(k — K) R ] Ta(k — k') (4)

the summation in (3) is over k, k’, n, oy, 0y, A.
Converting from second quantization operators to
spin operators, we transform (3) to the form

~ . 1
H =H,+ H —N7 Z -5 ok, w, n+ I, k. n)
kKK, n
X;(a;'fak‘p + @y yaxy), (3)

where H; is the Hamiltonian (1) with I =1/2(I, + ]'.B)
and Sp = Spg + Spg, and

~ 1 £ ]
H,=—N71 2 - (Ta, k10, n— 1, x, 1, n) {(arr4axs

K, k',n 2
— tieyax)) An® + Gieraig An” + Gy '), (6)
A7 * =S5 — Su*. (7
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THE MULTIPLICITY OF d(f)

The table shows the effect of the operators on
the wave functions of the singlet state \IIQS and of
the triplet states \I'OT, \Il;r, \I/LI; with spin projections
0, +1, —1:

Az A- A+ (A-)? (A+) (A=) | (A+p

|
ve | vl | yawT, |—yawT| o 0 ol o
vl vs 0 0 0 0 0| 0
T o |—vars| o —2vT, 0 0] o
v 0 0 vaws | o —2vT |0 | 0

It is clear that unlike the operators SIZI’ * which
act only on the spin projection, the operators AIZI’ *
also change the spin magnitude, i.e., the multi-
plicity of the wave function. The quantity ﬁ1 there-
fore represents the usually neglected part of the
exchange Hamiltonian that describes processes of
singlet-triplet transitions of unfilled d and f shells.

The Hamiltonian ﬁ1 of (6) differs from the H; of
(1) by the replacement of the sums of exchange in-
tegrals and spin operators of the states o and 8 by
their corresponding differences. It is easily shown
that H, can also be written in a more compact
form:

Hl - - 2 T(Rn - ri)AnO'i,
i, n

T(Rn_ri)= 1/2[la(Rn_ri)_lﬂ(Rn'—ri)]- (8)

Although the Hamiltonian ﬁ1 also contains operators
that change the magnitude of the spin of individual
d shells, as a whole it, like H,, conserves the total
spin of the entire system of conduction electrons
and d shells.

Combining (8) and (2), with the following substi-
tution in (2),

I(Rn — 1) = 2[la(Rn — ;) + Ig(Rn —13) ],

Sn = Sna. + Snﬂ.
we obtain
H, =H1+H1=_ ZIA(Rn_ri)SnAUi- (9)
i,n,A

Equation (9) corresponds to the Dirac relation (4]
for the interaction energy of electrons with spins
1/2 to first order in perturbation theory. Hence
we can say that the inclusion in the s-d exchange
Hamiltonian (9) of terms describing processes of
multiplicity change amounts to a calculation of the
interaction of the conduction electrons not only with
the resultant spin S, of the d electrons of the n-th
ion, but also with the spin Sp) of each of its states
A separately. This permits the generalization of
the above result to the case 2 < v = 2(21 + 1) of
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electrons in an unfilled shell corresponding to orbi-
tal quantum number I. That is, setting A = 1, 2,
., v in (9) and using the identity

v 1 v
NI (R —1:)Sma = TZ I\ (Rn —1;)Sp

A=1 A=1

+-—1;— EA[IM(R"—H)—IM(R"_ri)]An,M.M’ (10)

M<hy
where
v
Sn = D) Sm, An aua, = Sa, —Sna,
A=1
we obtain

1
Hi = — 2 T‘Z I}.(Rn - l'{)Snoi,

i,n A=1

f=-3 % 2, (Ra = 1) = I, (Rn — 1:) | An, 1, 1,04,
Ay<h,
(11)

where H, coincides with the usual Hamiltonian (2)
(for which, of course, it is necessary to set
I=(1/v)ZI)) and ﬁ1 is the part of the Hamiltonian
that takes into account transitions with a change
in multiplicity of the ions of the transition elements.
In this way terms can be added to the Hamilton-
ian of the s-d exchange model that describe a
change in multiplicity of the d shells, taking into
account along with the exchange integrals T and
spin operators that are symmetric with respect to
the orbital states the antisymmetric ones as well. )
This is of great significance. In fact, in the usual
treatment of the exchange of conduction electrons
and d-shell spins, as well as indirect or direct ex-
change, the Dirac equation[‘ﬂ, which was derived
for the case Sp = 1/2, is applied to the case
S, > 1/2. Such a generalization is not rigorous,
since it leaves out the possibility of a change in the
magnitude of the spin of the n-th ion S, (to which
corresponds the assumption of absolute invariance
of this quantity), as well as a number of possible
values of the resultant spin of different ions. It is
clear that the Hamiltonian (11), which is based on

in

DThe proposed generalization of the s-d model can there-
fore be formulated in the framework of the semi-phenomenolog-
ical treatment with a Hamiltonian

H = alaS + a;(’A,

where the exchange energy parameter a, and the spin operator
S are both symmetric with respect to the orbital states and the
parameter. a, and the operator A are both antisymmetric. How-
ever, for concrete applications using microscopic representa-
tions it is more logical to start from the s-d exchange Hamil-
tonian model.
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the identity (10), which pertains to spins Sy = 1/2,
is free of these insufficiencies. It permits making
the idea of ‘‘rigidity’’ of the d-shell spin more
precise. It is obvious that with respect to s-d ex-
change the degree of rigidity of Sy is governed not
so much by the Hund energy, as is customarily
thought, as by the smallness of the difference of
the exchange integrals I\, and D\z’ since for

17\1 & I>\2, the principal role is played by H;, which
involves the resultant spin of the ion

v
Sn = Snr.
A=1

3. While we had in mind above the possibility
of applying the theory to the case of an impurity
of transition element ions in other metals, we had
not assumed a periodic arrangement of these ions
in the crystal lattice. If, however, they are ar-
ranged periodically, then the excitation of the
multiplicity of one ion does not remain, generally
speaking, localized on it—as a consequence of the
exchange interaction with its neighbors, the excita-
tion will propagate through the crystal. The treat-
ment of the exchange interaction of triplet and
singlet d shells (which represent the simplest
possibility for the propagation of multiplicity
waves) is conveniently carried through by using the
operators B defined by Eq. (A-1) of the Appendix.

Namely, if we start from the Hamiltonian of a
system of d electrons written in the form of second
quantization[5] and limit ourselves to integrals that
contain no more than two overlapping wave functions
¢n17\1 and ¢n2)\2 (where n; = n,), then it is easy to
obtain, using Eq. (A-2) of the Appendix, the follow-
ing expression:

_z(NEO+2K + 3 Kan

nE=m

+ Eﬂnn - Zlna; nﬂ(l '_2Pn)

_E]n

n+=m

+ (B"*TBnJ,J'_ B n

m“ +(Qn - Ln) (Qm_ Lm)

{BaT) (B,,;"Bn® + Bn'TBmt) +-c.c.]

— D Tuml(Ba"SBuT + B,'TB,5)
n=m
X (Bu"SBuT + B TByS) + (Ba™SB — B *BuS)

X (B m“BmS — BB |

—2 (B

ns=m

+ (BB, —

T) +c.c.]
n*anT “_ Bn'TBnS) (Qm - Lm)

B, "B.5) (B, ,"Bn” + Bu'TBumt) +c.c]
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= Z77[(Qn—Ln) (Bu**BuT + Bu'TBy5)
nzEm
+(Bx*TB,,+ B, "By7) (B, "BuS— Bn"SB_)+c.c.],
(12)
where N is the number of transition ions; E; is the
energy of the d level of an isolated atom: K. is the
integral of Coulomb attraction of the d electron of
the n-th ion by the positive (without accounting for
their d electrons) kernels of the other ions; Kpm
and Ing:mpg are the Coulomb repulsion integral and
exchange integral, respectively, of the d electron
of the n-th ion with the d electron of the m-th ion;
Knn and Ing:ng are the Coulomb repulsion and ex-
change integral, respectively, of two d electrons
of the same n-th ion; the numbers Py, Qp, and Lp
are equal to unity, if the ion is respectively a sing-
let, a right triplet, or a left triplet, and, on the
other hand, equal to zero in all remaining cases.
The exchange integrals Jpm are defined by the ex-
pressions

Jnm = 1/4(In<x; ma + Ina.; mB + InB;moa + Inﬁ; mﬂ),
Jnm =31/4(1na; moe — Ina; mB — Inﬁ;ma + Inﬂ; mB),
T am
T om

The term —Ing:n8 (1 — 2Pp) in (12) describes
the intra-atomic exchange energy of excitation of
a singlet state, if in accordance with Hund’s rule
it is assumed that Ing:ng > 0. Then the energy of
the singlet state of the d shell exceeds by 2Inq:ng
the magnitude of the energy of each of the three
possible triplet states, which in (12) are degenerate
for an isolated shell (i.e., without considering the
exchange interaction of the different shells). For
simplicity we shall assume that this degeneracy is
lifted (as a result of the interaction of the different
shells among themselves or with the conduction
electrons) and that respectively in the ground state
all shells are described either by the functions
\IIT generated by the operators BT, or by the
functlons \I/;r generated by the operators B ) In
the first case, limiting the treatment to the ground
triplet state \IJT (with zero spin projection) and
excited singlet states ¥{ (generated by operators
B;S) greatly simplifies the Hamiltonian (12), which
takes the form

i/I(‘ (Inoc; ma + Ina; mp — Inﬂ; ma Inﬂ; mB) ’

I/A(Imz;ma_lna;mﬂ+Inﬁ;ma—lnﬂ;mﬂ)- (13)

3)Obviously the ferromagnetic ground state is also obtained
by assuming that all d shells are described by the functions
v, T,
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H = const + 2\70[-,,“; np
— > Tnm(B

nzEm

0" TBy2SBy " Bi™ + Bn"SBnTBy"TByS),(14)

where v is a fixed number of excited singlet states.

In the Hamiltonian (14) it is >'gonvenient to go
over to operators of creation b, and annihilation
by at the n-th site of singlet excitation or para-
excitation:

bn* = Bn*anT, bn = B*TBnS- (15)

By means of a Fourier transformation (14) can be
written in the form

H = const + D) Exn,S, (16)
X

where nE is the number of parawaves with energy

ES = 2l2.nps—2 21 T (h) coskh (17)
h
(h is the distance between the n-th and m-th sites).
It is clear from (17) that for small wave vectors k
the parawaves propagated in an ortho medium have,
like ferromagnetic spin waves, a quadratic disper-
sion law. Clearly, however, the parawaves are
essentially different from the spin waves, since
they can propagate even in the absence of ferro-
magnetic ordering in the ground state.

The parawaves can, of course, propagate also
in a ferromagnetic medium. Assuming, for exam-
ple, that all d shells are described in the ground
state by functions T, discarding the para- and
ortho-excitation interaction terms, and also con-
sidering as fixed the total number of ortho- and
para-excitations, we obtain from (12):

H = const - 2 EankT —]— 2 Eksnksy (18)
k k

where

T =237 (h) [1 — coskh]. (19)
h

We note that the translational energy of a para-
wave
—227(h
h

can give a negative contribution to the parawave
energy (e.g., when J() > 0 for k = 0, and when
J(h) < 0in proximity to a neighbor for kyx =ky =k,
=m/a, where a is the crystalline lattice constant).
Thus, interatomic translational exchange can de-
crease the energy of excitation of the parastate
compared to the magnitude of the intra-atomic ex-
change energy 2Inq:ng characteristic of an isola-
ted? shell. This does not allow neglecting the

) cos kh

4This result is analogous to the possibility established in
the polar model of a crystal [°] of lowering the excitation
energy of ‘‘pairs’’ on account of a transfer integral.
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parawaves compared to the orthowaves, 5 although
excitation of a parawave may require that a certain
““threshold’’ energy be overcome.

Using the operators A, and §,,, we can write
(12) in the form

H= 2(NE0+ S Kt S Ko +$‘lg,m

n ns=m

— 2 ]na; nﬁ(1 - zpn) - E{]nm [1 + Snsm]

n nzE=m

+ -TnmAnAm + ],'n‘m,AnSm + jnml/SnAm}. (20)

From (20) it is seen that when there is more than
one d electron the usual exchange Hamiltonian,
which contains only products of the type S,Sy,, does
not describe the exchange completely. The addi-
tional terms of type AhAm and A,Sy, describe
processes in which the magnitude of the spin of the
d shells changes (and not only its projection) and,
consequently, in which their multiplicity changes.
Using (13), it is not difficult to prove that the
part of (20) that describes the exchange interaction
between different n-th and m-th ions has the form

\
Hex = - Z E Inhl; mMSnk\SmM : (21)
n=Em Ay, Ay

The right member of (21), as in (9), corresponds to
the Dirac result.’4] Hence Eq. (21) allows the gen-
eralization of the result obtained above to the case
of 2 < v < 2(2l +1) electrons, assuming that A; and
A, take on independently of each other not two, but
v values. Then, using the identity (10) twice, we
obtain

= 2 2 "Sml.

n¥£=m l,

== 2 tm

mSnSm + Z“ (In?»n'; mi, ’

m

ns=m - Ay, A, D <Ay A <Ay
— .y
1, . mh,,” Inl,n mh, " Tk, —
DY
X Anhnl ma, A" + ~ (I nA i mh,, Ink mh ’)
by b <

xS n mk A + 2 (I‘nln’;mhm _I‘uhn”;mk )

m m

m

nh A" Tin

nn

XA S };

Sp=NS., A ,,=S

nnn

(22)

n

5)This situation was not considered properly by Wolf, [7]
who obtained the dispersion law for the para- and orthowaves
in a ferromagnetic which result from our expressions for Eks
and EkT if one puts

lag; ma =0, Ing; mp = Inp; ma = Jy, Ing; me =71, Ina;nfi:]-
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From (22) it is also seen that for a direct ex-
change interaction the ‘‘rigidity’’ of the spin Sy
depends on the magnitudes of the differences
Iml;mxz—lnxg;mh for all possible values Ay, Ay,

A3, A4, so that only when these differences are
small is the principal role played by terms of type
SnSm, and the remaining ones can be considered
as perturbations.

4. We consider now some applications of the
generalized s-d exchange model. We begin by ex-
plaining how H; of (6) affects the establishment of
the superconducting state. In this we shall assume,
in accordance with Hund’s rule, that the ground
states of the transition ions are triplets and the
intermediate states singlets. Then in second order
of perturbation theory, ﬁI induces an interaction of
the Bardeen-Cooper-Schrieffer (BCS) electron
pairs,[gj which is described by the Hamiltonian
Hp = N2AT D)

Kk, k;,

{‘71(, k, 2(An7')2

+ 7k, —k,(An+An— _}" An_An+)} bk,+bk7 (23)
where A is a positive excitation energy, equal to
the energy difference of the singlet and triplet
states and compared to which we have neglected
the difference in the energies Ex — Ek, of the con-
duction electrons; by =agy*a_ ) * and by = a_y 3,
are the creation and annihilation operators respec-
tively oNf a BCS pair, and Jgg = Ig, k, I-k, —k,’
where I K, is an s-d exchange integral antisym-
metric with respect to the states o and 3, equal to
11/2) (IOZN’ k., k;, n—1g, k,k,,n). Considering that
I, k, = I(|k —k4|), this can also be written in the
form Jgk, = T?(Jk — k).

Transforming from BCS pairs to singlet and

triplet pairs of conduction electrons with SZ =0
according to the relations ¥

By8 = 27" (bx+ b.x), B¥T — 2= (bx— b_x), (24)
we obtain from (23)

Heom N0 3 S (P [Aa Ar + A7 A + 2 (4,7)7)

k, Kk, n

X B *SBS — By 1A Ay + A A — 2 (4,9

X BL*B Y (25)
Fre =T 6 + Tk, 0 + T, -k, + Tk, ko (26)
R =T+ T, ke — Tk, — Tk, ko0 (27)

where the prime on the summation indicates that
the sum is carried out over the half-space kz > 0.
Using the obvious relation

AntAn= 4 Ap=A,+ +2(4,7)2 =2(4,)2,  (28)
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the right part of which in the S = 1 case we are
considering equals S (S + 1), we obtain from (25)
the Hamiltonian for the interaction of the singlet
pairs of conduction electrons:

g s_25& SES+1) 2 Fu, B SBS,

ee —Jv A I (29)

where ¢ is the concentration of transition ions. It
follows from (29) and (26) that for Jyk, and A >0,
the exchange of the d shells with the conduction
electrons induces a repulsion of the singlet pairs
of the latter at the Fermi surface and therefore
precludes the establishment of superconductivity.

In the case of the triplet pairs of conduction
electrons it is necessary, according to (25) and
for S =1 to use the relation

At An + A Ayt — 2 (447)?

. SIS+

T =SS+
Therefore the Hamiltonian of the interaction of the
triplet pairs of the conduction electrons is

SF=4+1
SSE=0 °

for

for (30)

- S (S 1 o *
H“T::FALL)Z Ry, By, B,

N A Yk, (31)

where the upper sign corresponds to the cases of
shells with SIZl =+ 1, and the lower sign to shells
with 8Z = 0. It follows from this, that for Rk, > 0,
the ‘‘left’”’ or “‘right’’ triplet states of the d shells
(with SIZ1 =+ 1) are energetically more favorable,
and for Rgk, < 0, the ‘‘zero’’ triplet states (with
Si = 0) are.

Thus, the Hamiltonian ﬁ1 can induce (in addition
to the phonon attraction) an attraction of the triplet
electron pairs and facilitate the establishment of a
superconducting state. This is of interest in con-
nection with explaining the experiments of Matthias
and others, (1% in which there was found an increase
in the critical superconducting transition tempera-
ture T, for titanium when traces of Cr, Mn, Fe,
Co, and Ni were added to it. The Akhiezers!!]
have expressed the opinion that this increase in T
is caused by an addition to the phonon attraction
of triplet pairs of conduction electrons, of an at-
traction induced by their interaction with virtual
ferromagnons. It is known, however, that in the
case of impurity ferromagnetism, [1214] the Curie
point is directly proportional to the concentration.
Meanwhile, in the experiment of Matthias et al.[10]
the growth of T was observed even at low initial
concentrations of impurity and at a temperature of
about 1°K, which for such concentrations can per-
fectly well turn out to be above the Curie point,
i.e., in the paramagnetic region. Besides, there is
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no experimental information about the presence of
ferro- or antiferromagnetism in the samples in-
vestigated inl103, Hence, in order to explain the
results obtained in[107 it is necessary to find a
supplementary mechanism that does not depend on
the presence of ferro- or antiferromagnetic order-
ing. Such a mechanism can be, as is clear from
(31), the interaction of triplet pairs of conduction

electrons induced by virtual multiplicity excitations.

In this, according to (31), the superconducting state
can lift the degeneracy of the triplet states of the
transition ions and so regulate these states by es-
tablishing a unique ordering in the sense of a
preference for states with SIZl = +1 or with SIZ1 =0.
In both cases the total projection of the spin of all
the d shells of the crystal is still equal to zero,
obviously, because of the equality of states with
Sp =1 and SIZ1 = —1 when there is no ferromagnetic
ordering.
_ 5. We now consider the effect of the Hamiltonian
H, of (6) on the ordering of the spins of the electron
system. In the first order of perturbation theory
H,, unlike H;, does not lead to a ‘‘magnetization’’
of the conduction electrons due to a ferromagnetic
orientation of the spins of the d shells. This is be-
cause the operator SZ has diagonal elements +1
and —1 in the states \Ili and ¥_;, whereas the
operator A_n (and also A}, and A7) has them equal
to zero for all four states of the table. However,
the operator A% has non-zero diagonal elements
+1 and -1 respectwel for the states
22wy + wl) and 2172 (w5 ~ ¥), which are
superpositions of the states with S = 0 and S = 1.
Here the wave function 271/2 (\IIOS + \II;)T) corresponds
to the case when the state o has only the spin pro-
jection t and the state 8 only the spin projection |,
whereas 2'1 2(\1; - \I/T) corresponds to the state
when the state o has only the projection + and the
state g only the projection t. In these states the
diagonal terms of the Hamiltonian H’ of (5) are
equal to
H = ’—Z([a,k,knkc + 1, x, Mk—c), (32)

where ¢ = t for the state 271/2 (\IfS + \I/0 )y and ¢ = +
for the state 2712 (¥§ — g ), and ny, is the occupa-
tion number of the electron state (k, o).

It follows from (32) that in the case Iy k, k
= IB, Kk, k2 polarization (‘‘magnetization’’) of the
conduction electron spins can arise in spite of the
absence of ferromagnetic ordering of the spins of
the d shells. Then the preferred orientation of the
projection of the spins of the conduction electrons
coincides with the orientation of the projection of
the spin of that state o or 8 whose exchange inte-
gral with the conduction electrons has the pre-
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dominant value (i.e., if, for example, a has projec-
tion t and B projection +, then the conduction elec-
trons with projection t predominate in the case
Io,k, k > I8,k k- and the conduction electrons
with spin projection + predominate in case Iy g k
< IB k, k) In order to reconcile this rather un-
usual result with the common notion that the

““magnetization’’ of the conduction electrons arises
only in the presence of ferromagnetic ordering of
the d shell spins, one can say that in the case con-
sidered it is as if there were two antiparallel mag-
netic sublattices respectively in states o« and 3,
each of which ‘‘magnetizes’’ the conduction elec-
trons in its own direction, with the result that that
‘““magnetization’’ predominates that brings about
the greater exchange interaction. In this connection
one can speak of a unique ‘‘subantiferromagnetism,’’
understanding, however, that here the sites of the
oriented antiparallel magnetic ‘‘sublattices’’ are
not situated on neighboring, but on the very same
sites of the crystal lattice.

Since the polarization of the spins of the conduc-
tion electrons is accompanied by a lowering of the
energy of the system, it is natural to inquire which
ordering of the spins of the shells is energetically
more favorable—the ferromagnetic or ‘‘subanti-
ferromagnetic.’”” To answer this question, we note
that the average value of H' of (5) over the ferro-
magnetic state, when, for example, all sites of the
lattice have the same spin projection Srzl =+1, is
determined by the expression

H = — S a,x, x+1p, x, )0xt- (33)
k

Correspondingly, in first order the energy of the

““magnetized’’ conduction electrons in the ferro-

magnetic state is given by the equality

E =Eo—*uV (0) (La, x, x + L5, 1) (34)

where E; is the energy of the conduction electrons
in the absence of ‘‘magnetization,’’ and N(0) is the
density of states near the Fermi surface on one
spin projection. On the other hand, the energy of
the conduction electrons in the case of a ‘‘subanti-
ferromagnetic’’ state has in the same order of per-
turbation theory, in correspondence with (32), the
form

E=Ey—uN (0) (1a, 1, — 5,110 (35)
A comparison of (34) and (35) shows that ‘‘subanti-
ferromagnetic’’ ordering is energetically more
favorable than ferromagnetic ordering when the
condition

Ua, i, 6 — 13,1, 1) > (Lo, x + I, x, )2 + 4Eu/N (0), (36)
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is satisfied, where Ey is the change in the ‘‘Hund
energy’’ in the transition from the triplet states of
the d shells to the states 271/2 (\I'S + \IIT)

The criterion (36) is of some 1nterest for the
problem %13 of the realization of an antiferromag-
netic state as a result of indirect exchange via the
conduction electrons. Actually, in calculating only
the usual s-d exchange Hamiltonian Hy, first-order
perturbation theory leads to an energy advantage
(at 0°K) for the ‘‘“magnetization’’ of the conduction
electrons with corresponding ferromagnetic orien-
tation of the d-shell spins. But a calculation of the
Hamiltonian ﬁ1 shows, according to (36), the funda-
mental possibility of realizing, in this approxima-
tion, a state that is energetically more favorable
than that of ferromagnetic ordering.

In the second approximation, the Hamiltonian
ﬁ1 leads to an interaction the reduced® ‘‘z part”’
of which has the form
Hy=2N"2 D |TxwPexpli(k—k)(Rn— R,)]

kK k',n,m
o Hh(1—1)
Ek—— Ek' -+ An

where fi is the Fermi distribution function for
electrons with one projection of spin, which can
here be taken as the same for both possible spin
projections of the conduction electron, just as in
the analogous relation used by Yosida, (3] and
Ag =+ A, — A, 0, respectively for singlet and trip-
let states and the superpositions 2712 (¥5 + ¢{).

There is no contribution from ﬁz to the energy
of the state with ferromagnetic ordering of the
d-shell spins, but it contains an additional inter-
action for the state with a non-ferromagnetic ar-
rangement of the spins of the d-shell electrons.
That is to say, setting lIkk’| =~ T = const for the
states 27! 2(\110 * \I,(')I‘) close to the Fermi surface,
(37) can be brought into the form

Eiz - (3ne>22:rt T z

n,m

A" Ayt (37

2kFan nZAmZv (38)
where ne is the concentration of conduction elec-
trons, Ex and kg are the energy and wave vector,
respectively, of the Fermi surface, and the func-
tion F has the form F(x) = (x cos x — sin x) X, as
in [3] .
The appearance in (38) of the function F(x) is

associated with the oscillation of the density of the

conduction electrons. Namely, from (6) we obtain

%)The complete expression for indirect exchange contains,
just as does (20), products of the type S;,Sm, ApAm, ApSp, and
SnAm- Equation (37) includes only that part of the interaction
that is of interest to us at this point.
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an oscillating correction in first order for the den-
sity of the conduction electrons:

dp, = F2N1 X

K K'(#k)

Ek———EZAn cos [(k — k') (R, — )],

(39)
where the upper sign belongs to the case ¢ = 1, and
the lower sign to ¢ = —1. Clearly, these oscilla-
tions caused by the ‘‘unusual’’ Hamiltonian do not
occur when the states \I/OS, \Il;r, \Itrf or \Ir:‘[l‘ in which
the diagonal elements of the operator A% are zero,
are filled in the d shells. However, these oscilla-
tions can occur in the realization in the d shells of
a ‘‘subantiferromagnetic’’ state, since the super-
positions o-1/2 (\IIOS + \I/;)I‘) are eigenfunctions of the
operator Arz1 corresponding to the eigenvalues +1.

6. In conclusion we remark that the expansion
used in this paper for the exchange interaction, a
sum of terms of the form

1o (Io + Ig) (Su + Sg) + Y2(la — Ig) (Sa — Sp)

is formally analogous to the representation of the
spin part of the magnetic moment of the deuteron
in the form{1%

2(un = 1p) (Sn + Sp) + a2(pn — pp) (Sn — Sp),

where pp, Sy, and Bps Sp are the magnetic moments
and spin operators of the neutron and proton, re-
spectively. The A operator of the given paper that
is contained in the last term has, as is well known,
significant value for the elucidation of the triplet-
singlet transitions of the deutron (due to radiation
processes, e.g., in the radiation trapping of a neu-
tron by a }Eroton) the ortho and para molecules of
hydrogen, etc. This analogy, as well as other
considerations, suggests that the results set forth
above might be generalized to questions of the
structure, superflow, and spin ordering of a nu-
clear material.

(40)

APPENDIX

The creation operators for the singlet and trip-
let states are defined via the second quantization
operators in the following way:

BiS = 2""’(ana t*ng ) * — Gnay Fangt ™),
B:T — 2-1/2 (ana‘r*anﬁ,],* _I‘ ana¢*anﬁf*), Sz — 0,
Byps* SZ=:|Z17 G=T1 \l/

Using (A-1), it is not difficult to establish the
following connection between these operators and
the operators that appear in developing the sums
over gy, 0y and A in the Hamiltonian (3):

anlc*an)\a — + 1/2 (Bn*anT + Bn*TBnS) + [1/2 (Bn*ans

(A-1)

_ * %
= Qnac AnBo »
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+ Bn"TB,T) 4+ Bpo"Bral,
Gy amy — £ 27" (B *Bn® — B"®Byy)

+2_x/. (BM*BnT + B,.*TBM), (A-2)

where the upper sign before the first parenthesis
in each expression is used for A = @, and the lower
for A = B (the upper formula is written for o = t;
in case o =t the signs before the first parenthesis
change places). From (A-2) and (3) follows:

H =—N7 3 i([z,k,k’,n—lﬂ,k,k’,n)

k, k', n
X {(Bn.anT+ Bn*TBnS) (a;;'falq —_ a;'la,”) -+ VE
X (Bnl*B'nS — Bn*anf) a;”akl
+ V2 (B2**B,, — But*B,®) axey axy )
=N 3 % Ta,k, 0n 4+ I, %, 0, n)

kK, k', n
X {(Bo*5B,S 4 B,*TB,T 2B, But) aiey x4
+ (Ba"B,® + B,*"B,T 4 2B, *By,) aw j axy
+ V—?: (BHJ *Bj,; + Bn*TBn?)‘.Zk’T *alq

4V 2(Bn1*B." + B,*"B,,,) axy axy)- (A-3)
It is not difficult to see that
B.” B, + B, "B,” + 2B,{B.; =1+ 8.,
B.B,® + B, Bl +2Bn,*B,, =1—S5.7,
V2 (Ba,*By" + Ba*TBny) = Sa7,
V2 (BnyBu" 4 By Bny) = Sat, (A-4)

where Sp = Spg + Sppg. Introducing now the symbols
B.®B,” + B, "B, = 4.7,

V' 2(Bn*B,° — By "®Bny) = 447,

V' 2(Bn®Bny — Bnt*B.°) = Aa",

we obtain Eq. (6) from (A-3), (A-4), and (A-5). It
is not difficult to show that the operators defined

(A-5)
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in (A-5) act on the wave functions of the singlet and
triplet states in the manner indicated in the table.
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