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For the process of photoproduction of an electron-positron pair in the Coulomb field of a
nucleus, the S-matrix method is used to calculate radiative corrections to the effective cross
section, which are of relative magnitude (compared with the Bethe-Heitler formula) propor-
tional to the first power of the fine-structure constant «. It is shown that in the ultrarelativ-
istic region w » m, for a pair emerging symmetrically relative to the momentum of the
photon and making with it small angles 6, = §_ = m/w, the fractional correction is propor -
tional to (w/m )% The energetic and angular widths of this region of anomalously large ra-

diative corrections are investigated.
INTRODUCTION

THE usual assumption is that radiative correc-
tions to scattering processes are insignificant,
with a relative weight of the order of o/7 = 0.25
percent, where o is the fine-structure constant.
Generally speaking this is true, but in some cases
the probability of the main process can have a sin-
gularity, and then the radiative corrections can be
important. In particular, under definite conditions
(to be discussed later) this situation can occur for
the process of production of an electron-positron
pair by a photon in the Coulomb field of an atomic
nucleus.

As is well known, [1] the use of only the basic
fourth-order process represented by the Feynman
diagrams of Fig. 1 leads to the Bethe -Heitler for-
mula for the effective cross section,
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where k, ps, and p. are the four-momenta of the
photon, positron, and electron, q = k— (ps +p-) is
the recoil momentum of the nucleus (q, = 0), and

ky and Kk, are defined by the equations

miuy = fi + m? = —2kpy, mhxe =[P+ m?= —2kp_.

()

The remaining notations are the same as in (1]
(c=h=1).

In the ultrarelativistic case (w > m) the largest
effect is found at small angles (0, =~ m/w) between
the momenta of the photon and electron (positron).
Then the main terms in the Bethe-Heitler formula
(1) are the first two, and the third is small, of or-
der (m/w)! (relative to the first two terms). If
furthermore the particles of the pair emerge sym-
metrically relative to the momentum of the pho-
ton (Fig. 2), with momenta equal in magnitude (and
energies €, = €. = w/2) and at the same angle (9,
= 6_), then the main terms in the Bethe-Heitler
formula vanish and the cross section is anoma-

, lously small. In this case the radiative corrections
can be relatively large. Therefore it is interesting
to calculate these radiative corrections.

CALCULATION OF THE RADIATIVE CORREC-
TIONS

The lowest-order radiative corrections come
from the following fourth-order processes, which
are represented by the Feynman diagrams shown
in Fig. 3.

To the processes represented by diagrams a
and b there corresponds the matrix element
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FIG. 2
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where the Fourier transform of the Coulomb poten-
tial of the nucleus is

0u(0) =2 % 8(q)i alg) =0

. . Ze
d(g) = 2miva -3 8 (g4),
)
and the electron self-energy part is
@ e i(f—r)—m d'r
z (f) 2.’“)4 3 i (]t ,.)z + mz T}* 72+ }"2’ (5)

where A is a ‘‘photon mass’’ introduced to remove
the so-called ‘‘infrared divergence.’’

The matrix element corresponding to the proc-
esses represented by diagrams c—f is

Voe Y
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S areri l}ezm { (Q)f + " 6 (pifs3 )
A (fapas K) e, f'f i ()
A aps oy (@) TG
+e ;f i T Ap® (pifa; q) a, (q)} v, (6)

where the vertex part is

Ap® (p1pa; k)
et
= @a) S*

The matrix element for the processes of dia-
grams g and h is

i(pp—r)—m  i(pp—r)—m _ dir
‘(s —r)2+m”**< R m
=p+k (7)

S;J)rh~V— a4 (q) 1Y (g )”'{T ;f1;$2£+“;f2+ sz}

(8)

where the photon self-energy part is
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Finally, the matrix element for the processes
of diagrams j and k is

4
(4) € -

S. = — — U
Ik 2t 20
L(/‘1 ) m a Ai(f;—rj—m
{a @) (fi—r)*+m? ¢ (fa—r1)2 + m?
i(py—7r)— mdir
= me 7
When we include these fourth-order processes,

the complete matrix element for photoproduction
of a pair is

i(PAr‘rA)—m
Y(pe— 1)t + m?

a (q)}

(10)

Siny = Setpt+ Sohpt SH qretet S¥n+ Smk— uQud (q4);
(11)
5 i hmrms s iher sl o)
atb™ V— a(q f + m2 f22+ m2 q

is the matrix element corresponding to the basic
second-order process (Fig. 1).

Knowing the matrix Q defined by Eq. (11), one
can calculate the effective differential cross sec-
tion of the process from the formula (1]

ds 8(2n)7 p.|Ip_|de dQ.dQ.

(13)
X Sp{Q’ (ipy—m) Q" (ips— m)},

where the prime means that € is to be replaced

by the matrix Yu and then there is a summation

over the four values of the index u. It follows

from (11) that the matrix Q can be put in the form

of a sum

Q Q(2)+ 20(4)

in which the individual terms correspond to indi-
vidual processes we have considered. We have
Q® ~ o and QY ~ o2, so that, neglecting
corrections that are proportional to higher powers
of o =e?/4m and using the fact that

Sp{Q® (ipy — m) Q¥ (ips — m)}

= Sp{Q®(ips — m) Q¥ (ip, — m)},

(14)

we finally get from (13)
ds = ds@ 4 D\ da, (15)

where

do® — 8(21 o7 (P 1P |de 0,40
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X Sp {Q™" (ipy — m) Q¥ (ipr — m)) (16a)
is the Bethe-Heitler cross section, and
1
4o = gmyr | P | 1P| de.dQ,d0.
X SP {Qﬁl)’ (lpAl — m) 6(2)’ (ipAz — m)} (16)

is the desired radiative correction corresponding
to any of the fourth-order processes we have been
considering.

In the calculation of the radiative corrections
from (16) we must allow for the fact that the mat-
rices Q" contain divergences, which must be re-
placed by their regularized values. The following
results have been obtained in this way:

1. The radiative correction caused by the elec-
tron self-energy part. Using the fact that the reg-
ularized value of the electron self-energy part is
of the form

28 (f) = o= (4] — imB), (17)
® %®—2 A2
A= 2(1—%)( lnx—{—l)—i—lnw,
2
B 2 1nx—1_1n7‘— (18)
1 —x m?2

we find from (3), (4) and (11) that

@ _ _ 0ZE L iF—m) ((AS L mBY (] — m) 6
Qa WV ans Ta (ih ) ((A1fi+ mBy) (ify — m)
(19)
From (11) and (12) we have
) 2nZe? {1 aLa 1 A A}
@ _  snle” [ 1 _ 1 .
Q™ = gtV 26 e (ify—m) T4+u2 Ta(ife—m)er.
(20)
Substitution in (16) gives
VA
do) = WIPJ |p_|de,dQ,dQ_SpF,,  (21)

Fo = w2y (ifs — m) (iAsfy + mBy) (ify — m)yu(ips —m)
X [#s~tyu (ifs — m) v + %e~tyi (ife — m) y] (ip2 — m).

22
Calculating Sp F4 by the usual methods, we get( )
Z2at €
Ao = oos i 1P, 1P| de,d@.d0. {2m? ( - M)[QAI
+ 23— B) — 5 (4 — BY | — it Gt )
X%—ﬁ+m4“2 A, + ¢ {—(3141—31)
1
m? 2( 1 1
_2(5141-‘331)—‘”7' Z"i—g)
2 2 _
><(4A1 +A> e’t+e? (2A1——4A1 Bl)]
Hi1Ke Ay
¢ A B A }} 23)
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do-{)‘“ can be obtained from (23) if in the curly
brackets we make the replacements

p1— Dz Pe—>p1; k——k (24)

(and consequently, w — —w; €, — —€_; €.~ —¢€,;
fl _’fz; fz ‘—’f1; K{ ™™ Kog; K2 _’Ki; q— —q; A1 *"Az.
By — B,). For the special case in which we are
interested (see Fig. 2),

_=m/o<<l,

e =¢t_=w/2 0;=

AN
(p+, p-) =2m/ o,

2 4
xl:%2:275<1*23m 25 m (

) - 23m2)
60w )0 T T4 et

+ 3507

(25)
From (18) we then find (omitting terms containing
the ‘‘photon mass’’)

Ay = Ay = —2.09—0.15 m2 | @2
By = By; = —4.05—0.5 m? [ @2
Substitution in (23) then gives

1.83Z%a4m?
do® = do) = W(i‘g_m Ip,||p.|de,dQdQ,  (26)
and from the Bethe-Heitler formula (1) we find
dot® — f;{;: 0,11 p_|de,dQ,dQ._. 27)

From this we see that the fractional radiative cor-
rection is

dca +b__
“do@)
2. The radiative correction caused by vertex
parts. When the photon line at a vertex part corre-
sponds to a free photon (k%2 = 0) and one of the elec-
tron lines to a free electron (p? = —m?) (see dia-
grams c¢ and d of Fig. 3), the regularized value
of the vertex part is of the form !’

366——085% (28)

APk (p, p+ k; k)

a i . n i 1
= 2 ((Cr, + - Dby, + L Ep, + G, )

®—2 A 1
C:é—(x—_T)lnx——Z — an—l-?[F(u—i)—-F(—D],
(29)
1 3 — 2 1
D:x__llnx, =mlnu— 1
G—E— 1 (n—2)(2x —1)
T % w—1 x(—1)?
Xlnx——;z—[F(u—i)—F(—i)]1
Din [*] this formula is given incorrectly, with an extra
factor m?, see Eq. (47.56).

7244
ds@® = drPomiqg?t [p.||p-| de, dQ,dQ_ {m2 (%——_‘t)
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(lnjtl4ul =
F(x):§—u—du, F(—1)=—Tc. (0
From (6), (4), (16) and (20) we find
VALK
450 = (57 g | P+ | [ P-1d8,42,d0_Sp Fo,

Fe= i Ta(ify — m) Ak (pafss B) (ipr — m)
X [%— Ty (ify —my7e + ;32*"(4 (ifs — m) Tp] (ips — m).

On calculating Sp F, we get

e

1 1421

x [20) (cl D, .2_E1> 426G, (6. —s,)

+ 2e_ (El -+ 401 El) -+ ”1G18+]

+m4[§j—(Dl_Cl+ >+D1+1K1

—(ﬁ%—%] ro (i)

><(2E1 +Cl—&—G1)
1 % E1
+ m? (Gl‘!“—_lal—z)
E, s 2w
T aan, (e, — &) (5 _3) Gl—ml)l
2C, 2] —C Gy
+K Ao ( + & ) (\ HiXo _E/)}. (31)

We can get da((f) from this by the substitutions
(24). For our special case (25) we find from (30)

2 2
C, = *0'74+0'07(’%; Dy = 0.61 _0.13’0?_2;

m? m*
E, =157 — 0.32(17, G, = —1.08—]—0.230)—2.

Substitution of these values in (31) gives

VALY
do ¥ = do® = 0.27W]p+| [p_|de,dQ.dQ_. (32)

From (32) and (27) we find the fractional radiative
correction

ds® o ®2

Octa_ =054 ;3.

6c+d“‘ d (@) (33)

Thus for a photon energy w = 30m = 15 MeV the
fractional radiative correction becomes equal to
unity, and it increases without limit with further
increase of the photon energy.

To investigate the widths in energy and angle
of the region of anomalously large radiative cor-
rection, we have used instead of (25) the values

er= 5 (1EB; b=""(1+p,) =0, @ =a+4,
(34)
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taking B, py, and ¥ << 1; here 6, and ¢, are the
polar angles of the directions of the momenta p,
of the positron and electron (the direction of the
photon momentum k is taken as polar axis). Then
ny = 2.5 (1 0.63 4 0.4p +23”‘2)
60 w?

23 m?
2~25(1+063+04p_+60 )

p=m{(p+ ) L 2.

Substitution of these values in (1) and (31) gives

do® = nwﬁ: |p, || p_|de,dQ,dQ_
p+ - 9
™ p026(p 2 poosy},  @ra)
VAL R )
A58y = gt |P+| [P-|de, 2, dQ.
X {0.542—1? — (2B +p,—p.)
% [0.68 + 0.7 (p, — p_)] — 0.08y?} . (32a)
From this it can be seen that if
IBl, lo+land [p| <Va/am/ o, (35)

we have for the fractional radiative correction
8c+d R 1. If, on the other hand, |8/, |px|, or |9
is 2 m/w, then the radiative correction takes its
“normal’’ value (6g.q =~ a/7).

For the case in which the photon line at the ver-
tex part corresponds to the external field, and one
of the electron lines to a free electron (p? = —m?),
we have calculated the regularized value of the
vertex part. The result found by the usual methods
is that

AR (p1, 1+ 45 9)

o L M. R
=%(2?8++2l—m—is+q+NT4+l—rzT4q>; (36)

7

)

M:mz(Jl_Jx—J:xy-l_Jx‘y),
2

N = ZIBL M o (20— J) + ¢ (e — ) + o — 1,

R=m(J.— 1),

(1, z, zy, 2%, xzy 22y?) dz dy
m*kay — (pr+ qy)*x

11

le x, xy, x*, xty, Yt = % \ ’
00

miz

m*xoy — (p1+ qy)*x T

11
=SSxdxdyln
00

From (6), (11), (16) and (20) we have
Z2a3

dot = WIPJIP_

|de, dQ, dQ_Sp Fe,
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Fe = 3"y (ifs — m) AR (pafa; @) (ip1 — m) [%1 "1 (ifs — m) 14
+ %77 (ifz — m) 1yl (ilgz —m).
Calculating Sp Fe, we get

Z%a
Wlp+”p—lde+dg+dg_

ol 2 )
Ko %1 Ho

+(%1+%2+4)M8+—(DN—4N-:—+]
2

d 4) __

m? ”1 e (N + B)—m'R + ¢
X [——————4(‘ +)L 2m<—1———1—)M8+
H1¥Ko 1 Heo
1 1 2N 4R
—_— m2 — - - i
m(”1+xz)("2 N+ Ao R)
e, —I—e s R R 0 _ N+ 2R
toN KK + 2m %y +W1“2 Re_] 1% }
(38)

By means of the substitution (24) we can get from
this the expression for do%“. For the case con-

sidered in (25) we get from (37)
L=1179, M=054 N=0.76, R= —0.61,

and substitution in (38) gives

do® — ds® — — 0.23 2™ “4”’3 Ip. || p_|de,d2,dQ_. (39)
From (39) and (27) we find the fractional radiative

correction

a
=—0.46— = —0.11%. 40)

3. The radiative correction caused by the photon
self-energy part. The regularized value of the pho-
ton self-energy part is

1 4mr—2g?
TGk (9) ——{§+————maq2 g (1—¢)cth(D)} B,

qz
sh?@ = W .

From (8), (4), and (12) it follows that

@1)*

S(4) i{ 1 + 4m? —2q

gth = T q 3q

; (1 — ®cth (D)} s@),

From this and Eqs. (11), (16) and (16a) we find the
fractional radiative correction

dcg’ﬂ,_z;«{1 4m —2q

5+ (1 —(I)cth(D)}. 42)

For our case (25) we find from Eq. (41)

*cth = coth, sh = sinh.
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5 m 103 m?
®=?Ko+mmﬁ)
and substitution in (42) gives
o 65 m?
6g+h= ‘; TOSF . (43)

4. The radiative correction corresponding to the
matrix element S;i)k From (4), (10), (11), (16) and

(20) we find

2iZ%a4
45, = o Siamigt| P+ || P de, 40, dQ_

Sp Fyd*r

X F =T T — P G A T

Fi =1,[i (ps— 1) — mlveli (h— 7) — m] 7,
X[i(pr—7) — ml 1 (ipr — m)
1 .2 1 A A
X [7 T G —m)va+ x—'h(lfz— m) TpJ (Eps — m).
1 2
(44)
On calculating Sp Fj we can put (44) in the form

2720
= @W‘;zq‘x P, 1| p_|de, dQ, dQ_{aI® + a1

(@)
ddj
0) 7(0) 2
+ 0(54)134 + a(1)1(1) < ac(l)]cu) + agf I&) +a( )1(2)
+ 0L + a1 + a1

+ aa(S)I 0(8) + af,i)l v(si) 4 al 4 agd s+ agel s}, (45)

1,5,04
(11 Tay 7‘57'4)(147'

- S rPlpr—r)+ m [P — 1)+ m] [(fi—71)*+m?] ~
(46)

The upper indexon I indicates thatin the denomi-
nator of the integrand one of the factors is omitted,
according to the scheme

(0) -2,

(1) = (p1 — )% + m? = r2 — 2rpy,

(2) > (p2 — 1)? + m? =12 — 2rpy,

(3) = (fr —r)2 + m? =r* —2rfy + mP.

In the general case the calculation of the integrals
(46) and their coefficients (a) is a very cumber-
some operation. Therefore we have confined our-
selves to the special case (25) in which we are in-
terested. The matter of primary interest is whether
or not this matrix element gives a fractional radi-
ative correction proportional to (w/m)%. For this
it is enough to use only the main terms in the curly
brackets in (45), which are proportional to w?. In
this approximation the integrals (46) have been cal-
culated by well known methods.J The following
are the values obtained for their coefficients:
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a® =0, a = — 6.4i0%, 4 16m2wd,s,
a%) = 6.40 (0" — ps® + 2k5) + 32im20qy;
av — 0, aa(l) — 3.2i02 (Pc(l) 4 pc(2) + kc) _ 8m2(1)545,
af) = — 6.40 (0 + ko) — 16imBoy; 0 = 3,2im?a?,
a,® = — 6,402 (0P — k;) — 22.4m20d,,
a® =6.40(p® — k) — 16im?day;
P A —— 3.2im*e%, a® = 6.4m*wd,q,
a) =0, a=8imta?
ay = — 32mio, ay = — 32iml. @)

Substitution of these values in (45) gave the re-
sult that all of the terms in the curly brackets ex-
actly cancelled. Thus the matrix element S](i)k
does not give a fractional correction proportional
to (a/7)(w/m)t. It can give only a correction
proportional to (a/7)(w/m)? (of the type of &¢ ),
or else a correction independent of the photon en-
ergy (proportional to «/7). A more precise treat-
ment of this question would involve cumbersome
calculations and is of no importance in principle,
because the corrections 6, and 6; are independ-
ent quantities which cannot cancel each other com-
pletely.

CONCLUSION

In deriving (15) from (13) we have neglected
terms proportional to «?. It cannot be excluded
that the terms we have not taken into account may
give a fractional radiative correction propor-
tional to (a/7)% (w/m)*, which at sufficiently high
energy exceeds the correction (33). Independently
of this, however, and independently of the results
of any improved accuracy in the correction Oj+ ks
we can make the following assertion with complete
confidence.

In the ultrarelativistic region (for photons with
energies 10 MeV and more) the differential cross
section for photoproduction of an electron-positron
pair emerging symmetrically relative to the mo-
mentum of the photon (Fig. 2) and making very
small angles with it (0, = 0_ = m/w) differs con-
siderably from the Bethe-Heitler cross section
of Eq. (1).

The widths in energy and angle of this region
of anomalously large radiative cross sections are
given by the inequalities (35). In particularly, such
effects occur when the energy of the electron (or
positron) is in the range between the values
1/z[o.: + m(a/w)i/zl. This result can be subjected
to experimental test already at comparatively
moderate energies.

It must be noted that Guzenko and Fomin[2:3]
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have calculated the radiative corrections to the TA. I. Akhiezer and V. B. Berestetskii, Kvanto-
photoproduction of an electron-positron pair by a vaya elektrodinamika (Quantum Electrodynamics),
different method. Application of their general for- 2d Ed. Fizmatgiz, 1959.

mulas to our special case (25) does not give our 2S. Ya. Guzenko and P. I. Fomin, JETP 38, 513
result (33); one finds a normal fractional correc- (1960), Soviet Phys. JETP 11, 372 (1960).

tion of the order «/m. Owing to this there have Sp. L Fomin, JETP 35, 707 (1958), Soviet Phys.
been careful and repeated checks of our calcu- JETP 8, 491 (1959).

lations, including one by P. I. Fomin, and these
have confirmed the correctness of (33). Therefore

it can be supposed that our calculations are not in Translated by W. H. Furry
error. 97



