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It is shown that in the case of unstable particles the conditions for the anomalous singularity
of a triangular diagram have a simple kinematical meaning. An expression for the amplitude
of a triangular diagram is obtained, from which it is simple to single out the part containing
the singularity. Under certain conditions the singularity occurs in the physical region of the
variables. It is pointed out that an experimental study of this singularity in reactions involv-
ing the formation of resonances may permit the determination of the amplitudes of such proc-
esses as nm — 7w, TA — mA, etc. Moreover, the anomalous singularity may result in the ap-
pearance of ‘‘humps,’’ which imitate weak resonances, in the effective-mass distributions.
(Examples are the hump in the KJK{ pair effective-mass distribution near 1 BeV and the so-
called ABC-resonance, which indicates the possible existence of an excited nucleus with one
nucleon replaced by the isobar N* — 1238 MeV.)

1. INTRODUCTORY REMARKS

“fE investigate here the anomalous (1] or, using
Landau’s terminology [2], the proper singularity of
a triangular diagram, in the case when the particle
masses may not satisfy the stability conditions. For
the amplitudes of the production of several par-
ticles, the anomalous singularity was considered
relatively recently in several papers 3-51 put at-
tention was paid only to a root-type singularity.
The purpose of the present work was to carry out
the investigation in somewhat greater detail, to ex-
plain the meaning of the anomalous singularity in
the case of unstable particles, especially to show
that the anomalous singularity can be used to de-
termine the amplitudes of such processes as ww

— mm, TA — TA, etc., and also to interpret the ir-
regularity in the effective -mass distributions ob-
served in some reactions.

As will be shown below, it is essential that one
of the particles corresponding to the internal dia-
gram lines be unstable. To describe the unstable
particle we propose that in first approximation it

"is sufficient to assume that the mass m in the
corresponding propagation function has a constant
negative imaginary increment -iI'/2, where I' —
total width. Generally speaking, I" is a function
of q* (g —4-momentum of the particle) and of the
particle masses. However, if we consider the am-
plitude near the proper singularity, for which g2
= mz, then I' can be assumed constant if we deal

with unstable particles for which the width is small
compared with the energy released during the de-
cay. This condition will henceforth be assumed
satisfied.

We note that the amplitude has no singularities
when I' # 0 and for real values of the external
variables. If the vertices are regarded as constant
and independent of I', then as I' — 0 the amplitude
corresponding to the triangular diagram has, gen-
erally speaking, a singularity of the form InT.
However, the decay vertex is in fact proportional
to VT . We can therefore speak of the singularity
only in some arbitrary sense, taking it to mean the
singularity of the amplitude when the vertices are
assumed independent of I', and I — 0. With such
an approach, the role of the width does not differ
in fact from the role played by the increment € in
the rules for going around the singularity, when m
is replaced by m? —ie. Therefore, when the stabil-
ity conditions are satisfied, an amplitude with un-
stable particles can be regarded as an analytic
continuation of the amplitude in the usual sense.
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2. MEANING OF ANOMALOUS SINGULARITY IN
THE CASE OF UNSTABLE PARTICLES

Let us consider the diagram shown in Fig. 1.
For symmetry, the external 4-momenta p; are
assumed directed inward (p; +p; + p3 = 0), and the
4-momenta of the virtual particles q; are assumed
to be directed clockwise. The vertex parts gj are
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FIG. 1

assumed constant, and all the particles are as-
sumed for simplicity to be scalar with nonzero
masses. The necessary conditions for the proper
singularity are, as is well known[2:8] of the form

Saiq; =0, i=1, 2, 3. 1)

Qiz = mi27
It follows from these conditions that 1 + 2y,y,y3
~yi-yi-yi=0, ie

yi=yiyrx [(47—1) > — D", 2)

where
. (2;9:) _mP4mlt—z
y‘ - yjk - m;mp - 2m,~mk
zi=pd  P*=p’—p*

The indices i, j, and k are cyclic permutations
of 1, 2, and 3. We are interested only in the singu-
larities for real values of the variables y. Then,
as can be seen from (2), the singularity in question
can appear either when all the y1 <1 or when all
yl > 1. We recall that the condition y1 > 1 signi-
fies that the stability condition is not satisfied in
the i-th vertex: when y; > 1 one of the internal
particles (j-th or k-th) is unstable, and yj < -1
corresponds to instability of the external line.

In order for the singularity to appear on the
‘‘physical’’ sheet of the amplitude, it is necessary
that the @j obtained from (1) be positive (6], This
leads to the inequalities

¥ <A,
2> 1.

yi < Yiyr
Yi > Yiyr

for
for

(3)

From these inequalities it follows that it is neces-
sary to take the minus sign in front of the root in
(2) in the former case and the plus sign in the lat-
ter. In addition, it is easy to show that when y2< 1
the anomalous singularity can appear either when
all the yj are negative, or when one of the y; is
positive and the two other are negative. For y? > 1
the singularity can appear only when one of the y;
is positive and the two others are negative b,

DWhen y? < 1 the conditions for the anomalous singularity
can be formulated with the aid of a dual diagram (see[Z]). In the
the case of y?>> 1 it is impossible to construct a correspond-
ing diagram in Euclidean space, and it is therefore convenient
to formulate these conditions algebraically.
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Let us consider the case y? > 1, and let for
concreteness y, > 1 and y;,y3 < —1. We change
over to new variables putting q, = —q3, q; = qj,
and q3 = q3 (or g; = g3, g1 = —qf, and g3 = —q3).
Then all the y{ = (qj qk)/m]mk will be larger than
+1, and q'2/m2 =1, i.e., we obtain the relations
characterizing the four-velocities of the free par-
ticles are obtained. Consequently, the anomalous
singularity can occur when the particles are real
in the intermediate state. We then have two pos-
sibilities, which differ only in the signs of qj and
correspond to mutually reversible reactions.

Let us consider the case when particles 1 and 2
emerge from vertex 3 and, making the diagram
more concrete (see Fig. 2), let us assume that
one line corresponding to a particle with mass mj
emerges from vertex 2, and two lines with masses
m; and mj emerge from vertex 1. Particle 1’
should emerge from vertex 2 if m; > my and go
into this vertex if my < my. Inasmuch as the latter
possibility corresponds to a reaction in which three
particles are converted into two, we shall assume
that m; > m;3, i.e., we shall consider a reaction in
which two particles are converted into three.

’
m,

m, M3 .
My

m
2 m£

FIG. 2

Let us discuss the meaning of the conditions (2)
which connect the relative particle velocities and
are therefore purely kinematic. We introduce var-
iables ¢jk, defined by the formula cosh ¢ = yik,
and compare relations (2) with the expression for
the law of velocity addition in relativistic kine-
matics (see, for example (7,87 )%

ch ¥ = ch ‘()ij ch ﬁjh — sh ’ﬁij sh ﬁjh COS Qip,

where «ji —angle between velocities of particles

i and k in a system where particle j is at rest.
Taking into account the choice of the signs preced-
ing the root in (2), we obtain cos ay; = cos ayy =1
and cos a3 = —1. Thus, if in the general case the
three free particles correspond to a triangle on a
sphere with imaginary radius, then the conditions
for anomalous singularity stipulate that this tri-
angle degenerate into a ‘‘straight line.’” The equal-
ity &3 = 449 + J93 must also be satisfied. The intui-
tive physical meaning of these conditions is readily
understood: particle 3 should be emitted in the

*ch = cosh, sh = sinh.
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center-of-mass system of the reaction, in a direc-
tion opposite to that of the velocity of particle 1,
and its velocity must be sufficiently high to ‘‘over-
take’’ particle 2.

Thus, the anomalous singularity arises when
the momenta of the intermediate particles are such
that the triangle diagram describes a three-step
reaction with free particles: first particles 1 and 2
are produced, and then particle 1 breaks up into
particles 3 and 1/, where particle 3 moves back-
ward relative to the direction of the flight of 1
(in the c.m.s.), ‘“catches up’’ with particle 2, and
we obtain either scattering or a reaction. Such
multistage reactions were already considered be-
fore, but the role of the anomalous singularity was
not noticed. For example, in connection with an
analysis of the possibility of measuring the life-
time of the =° particle, the author discussed the
reaction K~ + nucleus Z — 2° + nucleus (Z —1 ),
when the produced £° particle breaks up into a A
particle and a y quantum, latter producm% with the
nucleus (Z — 1) an electron-positron pair ®’. This
process can be schematically described by a tri-
angular diagram, and its probability depends on the
velocity of the £° particle and on its lifetime. The
possibility of using three-step reactions for the de-
termination of the lifetime and the scattering cross
sections of unstable particles was investigated in
the non-relativistic case by Fox 107,

3. EXPRESSION FOR THE AMPLITUDE

We separate now that part of the amplitude which
corresponds to the diagram of Fig. 1, which con-
tains an anomalous singularity. The invariant am-
plitude U is of the form? U = gyg,gsm?A, where

A — S ddlddgddgé (1 —_ Zdi)
a @40y ~+ Aoy - A30l3 — 230Le0l3 — Zg0liOlg — Z30%10la
. K doydogdasd (1 — Zo)

J D
Here

)

N
a; = m;®,

D = Z_ociocjg,-j,
1,7
for i=£j, Lu = a.
We can obtain a more convenient integral rep-
resentation of A if we use the fact that Zj9A/daj

can be expressed in terms of elementary functions
({111 see also [12]);

Cij = Gk = mum;yi

DThe normalization is such that the matrix element
Toa = H(2Eg) _1/2Uba6(4)(l7b _Pa)v

where iT =
initial and final particles, and the constants g; —
amplitudes located at the vertices of the diagrams.

S — 1, S — scattering matrix, E; — energies of
invariant
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i=1

Ly Py, (L—I—VR)

4D T VR VR
® = det|Li;| = aazas (1 + 2y1ysys — yi2 — Y2t — ys?),
P; = 0® | da; = ajan — G + Ci(G + &) — a;l; — anln,
R; = §? — ajar = ajar(ys2 — 1).

Ba;

(5)

We shall also make use of the quantity

Azgpi_——<24 —22 zz)_

i<j

These quantities are related by

Piz + ;,Ri + Zi(D = 0 (6)

The anomalous singularity corresponds to the
vanishing of &. It is easy to see that when y% >1
and when conditions (2) and (3) are satisfied, all
Pi<0(A<0), i.e., Pi= —V —-AVR;.

If ¢4 >0(i=1,2,3), then A has no singulari-
ties. We introduce the function

4 doty dotg dotgd (1 — Zat;)

'a—»u-H = S J .

For ¢ >0 and t = 0, it has likewise no singulari-
ties. Since

EaA(a—i—t)__dA(a—{—t)
i 6ai - dt !
we have
04 (a+t)
- _S dtz 6(11

If all aj—aj +t, then ¢ — & +t, @ — & +At,

Ri — Rj —zjt, and Pj — Pj. We also take account
of the fact that in order to go around the singulari-
ties in the analytic continuation in ¢ it is necessary
to replace aj by aj —ie (€ >0). As a result we

obtain
1 +oo'—iz dt Pi
A= ,
4 O—Sis ) + At 2(31 — Zit) /x

Ltt+ (B

— zit)" 7
Ci4t— (R — zit) " ) @

<
The ‘‘physical’’ branches of the multiply-valued
functions in the right sides of (5) and (7) are deter-
mined by the requirement that when ¢j > 0 the
function A must have no singularities, as can be
seen from (4). The functions A and Zj8A/0aj have
singularities at identical points. Therefore A has
only singularities that correspond to singularities
of the integral in (7) at t = 0. [ No singularities
arise in connection with the pinching of the inte-
gration contour in the representation (7)]. It can
be shown (see [11]) that
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~ In1.

S (B

Therefore for ¢; > 0 it is necessary to take the
branch of the logarithm for which In (1 +i€) =0
as € — 0. In the analytic continuation in ¢;, from
¢i > mjmg to ¢j < —mjmg, the argument of the
logarithm in (7) receives an increment 2mi when
0 <t < Rj/zj. Therefore the ‘‘normal’’ imaginary
part of A for yj < -1 and yj,yk > 0 is equal to

Rj/z;
1 e dt 2nP;
mAl =7 \ $r (Ri— zit) "

Assume now that y; and y3 < —1, while y, > 1.
Then

Ri/zy

P, S dt
2 ) (D4 M) (R —zit)”

A=

—{ I[ips Rsila dt +A
I~ 1 0>
2 (@ M) (Ry— zet) "

1¢ P;
—4—§ @ + M 2(R, —_ Zit)l/2

. o\
X 111 ( C‘z + t + (Rl zlt)l ) . (8)
Lidt—(Ri—zt)" /],

The subscript (0) denotes that it is necessary to
take the branch for which In (1 +ie) = 0. The term
A, is real and has no singularity at & = 0 and if
conditions (3) are satisfied.

We assume that particle 1 is unstable, and take
into account the width I'y only in the terms with

the singularity, replacing a; by a; —iyy (y; = mT'y,
® —& —iy,P;). Then
A= ———— V—— (In M 4+ ig) + Ao,
M = [ (@ 4 11*P1%)2125 :l,h .
(= PrtV =2V R (— Py + V=1V Ry)?

9)
¢ =arg(-® +iy;Py), -7 <@ <0, since P; <0 in
the region of interest to us. We see that the singu-
larity at & — 0, I'y — 0 is logarithmic and is the
more sharply pronounced the smaller I'y. How-
ever, the amplitude U itself is proportional to
VT,

For the reaction with three particles in the final
state (Fig. 2) it is convenient to fix the energy of
the incident particle (i.e., y3) and to consider the
distribution with respect to y,(z;). The value of
¥, for this diagram is fixed in the case of two-
particle decay of particle 1. In this case the
anomalous singularity should be observed for

Y = yoys + [(y22 — 1) (ys* — 1)]".
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Using this formula, we can easily find the positions
of the singularities for concrete reactions (see the
examples below). If y{” = —1 (the anomalous and
threshold singularities coincide ), then the singu-
larity remains logarithmic. When y, = 1 coinci-
dence is possible only with one of the threshold
singularities. On the other hand, if y, = 1, then
the singularity for y; = -1 and y3 = —1 is of the
form 1/ —A, A— 0. This interesting case was
already considered in several papers [3-5]. To ob-
serve a root singularity it is necessary, generally
speaking, to investigate reactions with four par-
ticles in the final state, since it is necessary to
satisfy the requirements y; = -1, y, = +1, and

y3 = —1 simultaneously, which is difficult for re-
actions with three particles in the final state, for
usually y, differs from +1. An exception is the

¢ meson (y, = +1.03).

4. DETERMINATION OF THE AMPLITUDES
FROM THE ANOMALOUS SINGULARITY

The amplitudes g; depend in the general case
on gqj. However, if they have no singular points
near values of qj satisfying the conditions (1) with
aj > 0, then they can be regarded as constant near
these values, and the contribution of the singularity
will be given as before by formula (9). Inasmuch
as the virtual particles become real near the sin-
gularities, the expression for the singular part of
the amplitude will contain g; for physical values
of the variables. It is thus necessary to replace
gy by the corresponding scattering amplitude. Sep-
aration of the contribution of the anomalous singu-
larity actually corresponds to the realization, for
example, of such a process as scattering of a free
pion by a free pion. We note that nothing is changed
in the preceding arguments if the g; are regarded
as functions of the form gj(zj). Then formula (9)
is valid also away from the singularity, and we
can use for the amplitude g; the formula from the
theory with effective radius.

In order to determine g; from experiment, it is
necessary to have definite information concerning
g, and g3. Let us consider the simplest case, when
the gj can be regarded as constants and the reac-
tion is described only by the diagrams of Figs. 2
and 3. This assumption may not be very far from
reality, for there are cases when the reaction is
well described by the diagram of Fig. 3 (see [13,147)
If the mass of the resonance is set equal to m;
—1il'y /2, then this diagram gives the Breit-Wigner
formula, with which the effective-mass distribu-
tions of particles 1’ and 3 were indeed compared.
The diagram of Fig. 2 then plays the role of a cor-
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FIG. 3

rection that takes into account the interaction of
particles 2 and 3 and can be quite appreciable near
the threshold of production of particles 1 and 2.
Let us assume that the vertex 1 corresponds to
elastic scattering. Then, taking into account dia-
grams of Figs. 2 and 3, the differential cross sec-
tion for the formation of particles 1/, 2, and 3 can
be represented in the form

ds ~ | R (D 5; — 5 — Nby) Wrdadss

So

(10)
where
sy = (k2 + ks)gy 59 = (ky + k3)2,

kj —4-momenta of the particles in the final state,
b; = k! —squares of the masses of these particles,
and sy, —square of total energy in the c.m.s.,

S = (kl -+ k2)2,

1
m=g2g3[—mﬁ;
g1 mlnM TP 11
T (4t )] )

The values of M, ¢, A, and A, for a given total
energy depend only on the variable s;. The vari-
ables si vary inside the Dalitz-diagram region
bounded by the curve

815983 — 2 i (biso -+ bjby)
+ 289 (b1ba + bobg + bybs) 4+ 2b1b5 b3 = 0,
s14 52+ 53 =80 + D\ bi.

In this case it is convenient to consider a Dalitz
diagram in the variables s; and s, (Fig. 4). An
anomalous singularity appears on the line s = sy,
and passes through the left point of intersection of
the line s, = a; with the boundary (12). To demon-
strate this, it is convenient to write the equation of
the boundary in terms of the variables

batby—s o Stbi—b
2V b, " 2Vsaby '

Then Eq. (12) assumes the form

(12)

"= 2V sibs

1+ 2nmens —n? — N2 —ng? = 0,

i.e., it coincides with (2) when b, = a,, b = a3,
by = zy, 53 = a4, and s; = z3.

A general expression for | |* can be obtained
from (11). A readily-analyzed formula is obtained
if the amplitude gy is small and real. Then, neg-

Sy 4 by — 8o
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FIG. 4. Dalitz diagram and position of singularities
for the reaction K'p ~Antn at pg.1ap = 520 MeV/c (see
the text).

lecting the terms with g?, we have

2 _ | gags |* 1— ngllnM_
|| —(32'—01)2-1—’)’12{ 8V —h
-+ Sg_nlz(al (Ao + V——— )} (13)

If we select only the events that fall in a region
that is symmetrical about the line s, = a; (shaded
in Fig. 4), then the last term in (13) makes no con-
tribution to the distribution of the number of events
as a function of sy, while the second term contains
only one unknown quantity g;. Thus, if the reaction
can be described by the diagrams of Figs. 2 and 3,
then the amplitude g; can in principle be readily
determined. We note that in this case the sign of
the amplitude is also determined. Thus, for g; >0
(attraction forces) the contribution of the second
term in (13) is positive (In M < 0 near the singu-
larity if the width I'; is not very large.)

The Dalitz diagram on Fig. 4 is drawn for the
reaction K'p — Ar'n~ for a total energy 570 MeV
(PK.lab = 520 MeV/c). It is assumed that this re-
action proceeds principally via formation of the
resonance Y{—1385 MeV. (For simplicity the
diagram of Fig. 4 shows only the contribution of
resonance with a charge of one polarity.) The dia-
gram of Fig. 2, corresponding to mr scattering,
has in this case a singularity at s; = 4.14m2.

If the 7 scattering length is 1/my, then

(_ gimln M) 1

g — for T’y = 35 MeV,
o Vgy 2 ! ¢
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FIG. 5

i.e., the contribution of the triangular diagram is
appreciable (g; = 8 (m, + my)c, ¢ —scattering
length). The dependence of the terms
~(=A)"21n M on ¢ and s; is shown in Fig. 4.

Examples of processes from which information
on mA scattering can be obtained are given in
Fig. 5.

5. “FALSE”’ RESONANCES

As can be seen from Fig. 4, an anomalous sin-
gularity can lead to the appearance of a ‘‘hump”’
in the distribution relative to the effective-mass
of the two particles. The position and the very
existence of this hump depend on the total energy
(or y3). Inasmuch as y, & 2 for most resonances,
the singularity appears as a rule, by virtue of in-
equalities (3), near y; = -1, i.e., at an effective
mass ~ (my + mg). If the information on the re-
action is insufficient, such singularities can be
interpreted as weak resonances. We present ex-
amples of reactions in which the role of the anom-
alous singularity is appreciable.

1. In the reaction m p — KKN at p; jap ~ 1.95
BeV/c, arelatively large number was observed of
cases of KJK{ pairs with effective mass near 1
Bev[15], Inasmuch as a noticeable role in the pro-
duction of KK pairs at this energy is played by the
resonance Y — 1520 MeV, the diagram of Fig. 6a,
which has a singularity at an KK effective mass
equal to 1 BeV (for prap = 1.95 BeV/c), should
be significant. The maximum value of
—2('ylmkc/m) InM at 'y =16 MeV is in this
case cmpg /4, i.e., when the scattering length is
Cc~ l/m,T the contribution of the triangular dia-
gram is comparable with the contribution of the
pole diagram of Fig. 3 (mg —mass of K meson).
At higher energy, the contribution of the diagram

-

s“
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with emission of one or several pions may be ap-
preciable (Fig. 6b).

The diagram with ¢ -meson production (Fig. 6¢)
is interesting because a root singularity of the
form 1/V—A is important in it. The contribution
of this diagram is maximal when K, K, and n have
a low c.m.s. kinetic energy, i.e., the effective mass
of the K mesons is close to the mass of the ¢
meson. However, unlike the ¢ meson, the appear-
ance of KJK) is possible here as a result of the
Kn scattering.

Thus, the experimentally observed increase in
the number of K}-meson pairs with effective mass
near 1 BeV can be partially due to the diagrams
considered here.

2. In the reaction p +d — He® + 27 a hump is
observed in the He? momentum distribution cor-
responding to an effective pion mass ~ 300—310
MeVI16]. If we assume that the production of nu-
clei of the type NNN* (N —nucleon, N* —1238-
MeV isobar), which decay into Hed(H%) + 7 (Fig.
7a), is important in this reaction, then the experi-
mentally observed anomaly (the so-called ABC
resonance ) can be due to the singularity of the tri-
angular diagram which takes into account the wr
scattering (Fig. 7b). At an NNN* nucleus mass of
mpye3 +300 MeV and at an initial proton kinetic
energy of 743 MeV, the singularity appears at sy
=4.8m? i.e., at my; ~ 310 MeV. At lower pro-
ton energies the singularity already corresponds
to complex values of s;, amounting physically to
a ‘“‘smearing’’ of the hump. This agrees with the
data of Abashian et al.[1¥] A similar interpreta-
tion of the ABC anomaly was proposed recently by
Anisovich and Dakhno [”3, and reactions with nuclei
containing resonances, which are of independent in-
terest, were considered by Grishin and Podgoret-
skii (18],

Figure 8 shows the results of calculations by
formula (13) without account of the term A, which
contains no singularities, for a proton kinetic en-
ergy 743 MeV. The width I'y is set equal to 100
MeV, and the rr-scattering length is 1/m; . The
same figure shows the contribution of the terms
quadratic in gy with a singularity. The terms with
A, plus possible constants, which are not taken into

‘b\
x

e
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FIG. 7

account by the diagrams of Figs. 7a and b, add to
the distribution over s; a contribution that behaves
in analogy with the phase-volume curve.

The foregoing examples show how important it
is to take into account triangular diagrams in re-
actions with resonance production. It is of inter-
est to consider also reactions in which two reso-
nances can be produced. In this case the square
diagram describing the scattering of the decay
products has a singularity of the form 1/Vs —s; .

The author is sincerely grateful to M. A. Mar-
kov, V. I. Ogievetskil, I. V. Polubarinov, and M. L.
Podgoretskil for a discussion and useful remarks,
and to S. A. Bunyatov, S. S. Gershtein, and L. 1.
Lapidus for a discussion of questions connected
with ABC resonance.
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