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A general relationship is established between the cross section for resonance charge ex-
change in a slow collision of an ion with its parent atom and the asymptotic form of the
radial wave function of an electron in the atom. The velocity dependence of the resonance
charge-exchange cross section for alkali metal atoms is compared with experiment.

l. The cross section for resonance charge ex-
change between a slow ion and its parent atom is
o =TR3/2, where R, is given by the relation-
ship [1,2]
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vV R* — R?
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Here €y —€g is the splitting of the energy level of
an atomic electron under the action of the ion, v
is the relative velocity of the colliding nuclei, and
R is the distance between the nuclei. We shall use
the system of atomic units with h = mg] = €% = 1.
Since, for slow collisions, the resonance charge-
exchange cross section is large, to determine it
it is sufficient to know the asymptotic form of ¢
—€g for large distances between the nuclei. How-
ever, for large values of R, this quantity is expo-
nentially small, so that the usual methods of the
perturbation theory involving the expansion of €y
and €g in powers of R~ cannot be used. In an
earlier paper [23, the present author proposed a
method which makes it possible to determine
asymptotically the exact value of €, —€, for a
system similar to the molecular hydrogen ion.
Such a method is used in the present work to es-
tablish a relationship between the asymptotic form
of €, —€g and the asymptote to the radial atomic
wave function.

Thus, knowing the properties of the atom, it is
possible to determine the resonance charge-ex-
change cross section for the case when the value
of this cross section is considerably larger than
the corresponding atomic cross section. Since the
assumption of a large value of the cross section
is satisfied in all real cases of one-electron res-
onance charge exchange of ions and atoms, the
proposed method makes it possible to calculate
the resonance charge-exchange cross section
without assuming any models.

2. For large distances between the nuclei

e — ¢ = § (9Vbu — BuVby) ds, (2)
S

where yg and ¢y are the wave functions of the
even and odd states of the quasimolecule, and S

is a symmetry plane. Since, at large distances
between the nuclei, €, and €g are equal within
exponential accuracy, the corresponding eigenfunc-
tions are described by identical equations

[—1/2A + U(ri) ‘I‘ U(rZ)]wu, g = S‘Du, g (3)

Here, ry , is the distance from an electron to the
correSpo’nding ion; U is the potential of the eléc-
tron-ion interaction, so that U(r) — —Z/r, where
7 is the ion charge; | €| is the binding energy of
the electron in the atom. It follows from Eq. (3)
that, with exponential accuracy

Pe, w = 2% [P(r1) £ P(r2)], 4)

where y(ry), ¥(r,) also satisfy Eq. (3). The func-
tion y(ry;) decays exponentially when the electron
moves away from the first nucleus; the function
p(ry) behaves in the same way for the second nu-
cleus. On reflection of the electron by the symme-
try plane, #(r;) becomes (r,) and ¥(r,) be-
comes P(ry).

If ry, » rq, the potential is U(ry) ~ —Z/R, and
Eq. (3) for the function #¥(r;) becomes

(=Y A+ U(ry) —Z | R)Y = & (5)

This is identical with the equation for the wave
function of an atomic electron when the atom is in
a constant field —Z/R. We shall assume that the
atomic field U(r) is spherically symmetrical so
that the variables in Eq. (5) can be separated:

\p(ri) - x(ri)le(COS 91) eii'nup,

where ry, 6;, ¢ are the spherical coordinates near
the first nucleus and m > 0. Such a separation of
the variables in Eq. (3) is possible also for the
function ¥(r;) close to the axis which joins the
two nuclei:
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(ry/ re)sin << 1, (6)

where o, is the angle between r; and R. In this
region between the nuclei, ry ~ R—r; and the in-
teraction potential U(ry) = -Z/(R -ry) is inde-
pendent of the angle.

We shall assume that the integral in Eq. (2)
converges near the axis at distances at which
Eq. (6) is satisfied and the angular function is not
yet affected. This is true provided

YR> 8, (M)

where y =+ — | €| is the binding energy of the
electron in the atom. With this assumption, aver-
aging the values of the angular function Prln(cos 0)
along the axis, we obtain
9n
&y — &g = §1 2%[ eimeg-imedep
b
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where p, ¢, z are the cylindrical coordinates in
which the z-axis is directed along the axis of the

quasimolecule and the origin is at the midpoint of
the axis. Using the relationship

[le (cos 0)]? sin b

Se_~—"d

y, | 0z]2=0 = RAY | 0p*| =0,
we obtain

cw =1 () - ®)

This result was obtained by Firsov for the s-
state. [1]

3. It follows from Eq. (3) that when the condi-
tion (6) is satisfied, i.e., ry ® R—ry, the radial
wave function x(r;) satisfies the equation

2 2
——21715%(r1x)+U(r1)x—Rf % +l(l+ 1)x= -1

a1 ry®

At high values of ry [U(ry) = —Z/r{], this equa-
tion has the quasiclassical solution r;x = e®;

o[ e g2, ]

r
.z z_ L+,
~r+ r17+ (R—r)y 2qri®
Z/x
”che_r”(]zr—lrl) o>+, 1.

If ry < R the above equation transforms into an
equation for the radial wave function of an electron
whose ionization potential is ¥2/2 + Z/R:

riy = Ce™™(ry [ R) 21V,

The asymptotic form of the wave function of the
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electron in the atom is then obtained by replacing
the binding energy y*/2 + Z/R with y%/2:

( r1>zﬂ/‘Y —2Z/R

r1%at(r1) = C exp {'— ry V’Y - ZZ/R}

~C exp {— riy — rnZ/Ry} (7?1—>Z/ . 9

Comparing the derived expressions, we shall re-
late the function x(r) with the asymptote of the
atomic wave function x4¢(r):

% (r1) = Yat (r1) exp {— r1Z/Ry} (R R )Z/Y.

Using this relationship, we obtain for the asym-
ptotic form of the difference given by Eq. (8):
(4 \2¥ R R
&y — &g = (—) % x2at (7) .

e
For a system consisting of a proton and a hydrogen
atom [xat(r) = 2e~Y] this gives the well-known

(10)

result[27¢]

gy — g = 4Re R,

We shall now find the criterion of the applica-
bility of the relationship (10). It is valid if [in ad-
dition to condition (7)] the radial wave function of
the atom yx4¢(ry) is identical with its asymptotic
value for ry < R/2. Then, near the middle of the
axis joining the nuclei, the quasiclassical solution
of the equation for x, which may be related to the
asymptote of the atomic wave function, is correct.
The relationship (10) is valid provided (&% «< 1)

RV /2>Z, Ry>20(l+1).

4. We shall now calculate the resonance charge-
exchange cross section assuming that this value is
much greater than the characteristic parameters
of an atom. For YR, >» 1/v:

11)

so that the resonance charge-exchange cross sec-
tion of Eq. (1), is o = 7R3/2, where R, is given
by the relationship

Ro"[eu (Ro) — £g(Ro)] = 0.22 vy,

The asymptotic form of the atomic wave function
is given by the expression (9):

x(r) = Ar#i-te=m, (12)

Using the expressions obtained here, we can es-
tablish a relationship between the resonance
charge-exchange cross section o = WR% /2 and the
relative collision velocity of the nuclei v:
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v
Rozz/Y—'/ze-RnY = 022 Iz Tl/zez/\‘,

Ry 23>1, Ryy>>21(1+1). (13)

5. The problem of determining the resonance
charge-exchange cross section for an ion and its
parent atom in slow collisions reduces to finding
the coefficient A, whose magnitude is governed by
the properties of the atom. The most accurate
method of determining the constant A is based on
the joining of the wave function obtained by the
Hartree-Fock method with the wave function (12)
at the boundary of the atom. The Hartree-Fock
method gives sufficiently accurately the self-con-
sistent field potential of the atomic core U(r) and
the one-electron wave function x(r) in the main
part of the electron distribution. Therefore, if we
expand this function as a system of one-electron
eigenfunctions of the Hamiltonian in the self-con-
sistent field approximation, x = Zxckxk, then it is
found that 1 —c} = 2k¢ocf{ « 1. However, since
the ground-state wave function y, decays more
rapidly than the wave functions of the excited
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states x|, the wave function x far from the atom
is determined by an admixture of excited states
and does not give the asymptotically correct value.

The asymptotic behavior of the ground-state
wave function x, is given by Eq. (9) to within a
constant factor. We shall use the fact that there
is a range of distances from the nucleus where
(Ix 1% = Ixo1®)/Ixo|* < 1 still, but ¥, is the asym-
ptotic value of Eq. (12). We find the value of A by
joining in this region of space the wave function y,
obtained by the Hartree-Fock method, and the
asymptotic value of the wave function of Eq. (12)
for an electron far from the nucleus but in the
Coulomb field of the atomic core.

6. In the case of excited atoms and alkali metal
atoms, the quantity A can be found sufficiently ac-
curately using the fact that the electrons are dis-
tributed mainly in the region of the Coulomb in-
teraction with the atomic core. In this region,
the electron wave function is described by the
equation (Z =1)

2

Ly 2y M, o
We shall now impose on the radial wave function of
the electron y a boundary condition at r — 0 which
gives the correct electron binding energy. Having
found the solution of Eq. (14) with the corresponding
boundary condition, which decreases at r — «, and
having normalized the resultant wave function, we
can determine the coefficient A.

In the case of integral values y™1=1+1, Eq.
(14) is identical with the equation for the wave
function of an electron in an excited hydrogen
atom. Then

A(y) = Ao(y)
= 2y HT (vt — TR (v + 1+ 1). (15)

For nonintegral values of y~!, we cannot normal-
ize the wave function which is the solution of Eq.
(14). However, since the normalization factor, and
consequently also A(y) [like Ay(y)], are mono-
tonic functions of y~! and for integral values of y?
the values of A(y) and A,(y) are identical, we
can expect that for nonintegral values of y~! the
coefficient A(y) does not differ greatly from
Ay(y). Using such an interpolation, we obtain on
the basis of Eq. (13) a dependence of the resonance
charge-exchange cross section o = WR% /2 on the
relative velocity of the colliding nuclei v (Z = 1):

(4fe) 0y (Roy)P/e-"he-Ror
T =D +1+0)

The result obtained is applicable to the case of
resonance charge-exchange in excited atoms and

= 0,220. (16)
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in alkali-metal atoms. A comparison of the de-
pendence of the resonance charge-exchange cross
section on the velocity given by Eq. (16) with the
experimental data for alkali metals[57%] js pre-
sented in the figure.

In conclusion, the author expresses his deep
gratitude to O. B. Firsov for valuable discussions.
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