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It is shown that 3n — 10 double invariants can be chosen in a simple manner as independent
variables in the amplitude for the transition of two particles into (n — 2) particles in such
a way that all other invariants can be expressed in terms of chosen ones by second-order

equations.

LET us consider an interaction in which n par-
ticles with specified masses my, ..., my partici-
pate. We can construct from the energy-momen-
tum four-vectors py, ...,pp @ total of C}

=n(n — 1)/2 double invariants, but only 3n — 10
of them will be independent. The vectors are re-
lated as follows: first, in four-dimensional space
there exists between any five vectors ky, ...,k;s
a geometrical connection which leads to the
vanishing of the determinant det krk]- (i,j=1,
...,5); second, the energy and momentum con-
servation law imposes on the vectors the

‘kinematic’’ constraint i pi = 0.
i=1

Unlike the method proposed by Asribekov [1],
we first choose 3n — 6 geometrically-independent
invariants, expressing all the remaining ones in
terms of those chosen with the aid of geometrical
optics. We next impose the kinematic constraint
on the vectors. Then the number of independent
invariants reduces to 3n — 10, and all the de-
pendent invariants are expressed in terms of the
independent ones. We deal in this case only with
a second-order equation, and the choice of the
independent 3n — 10 double invariants is carried
out by a simple method which does not call for the
diagram technique proposed by Asribekov.

We choose the 3n — 6 geometrically independ-
ent invariants in the following manner:

P1D2, P1P3, DiD4y - - « 5 PtDPn—t, P1Dn, n—1
P2P3, P2Psy - - - 3 P2Dn—1, P2Pn, n—2
PsPa; - - -y P3Pn-1, P3Pn, n—3

3n—6"

We have chosen here all the double invariants
PiPk, in which at least one of the indices i or
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k = 3. We regard as dependent all the invariants
in which both indices i, k > 3. We can readily see
that such a choice is possible. Indeed, no internal
geometrical constraint arises between the chosen
3n — 6 invariants, so that any fifth-order deter-
minant det pjpk contains at least one unchosen
invariant (with indices i, k > 3). On the other
hand, our choice is convenient because any in-
variant pjpk which was not chosen as independent
(i, k > 3) is expressed in simple fashion in terms
of those chosen with the aid of the determinant
constructed from the vectors py, ps, P3s Pis Pk

m® pipa PiPs Pip; Papy,
PeP1 Mg®  papy Pap;  papy
PsP1 D3Pz Mg’ Psp; PsPy|=0;
PPy PPz PiPs M pp,
PpP1 PP2 PyPs PRP; M
We have obtained a second-order equation for

pkpi with coefficients that contain only independent
invariants and masses. With the aid of the kine-

i, k>3

matic constraint f}pi = 0 the three invariants
i=1

P1Pn, PaPps and pgpp are expressed in terms of

the remaining ones in linear fashion:

PiPn = —(pip1 + ... + piPn-1), i=1,2, 3.

To exclude the last dependent invariant, we
make use of the constraint

pR2=mp? = (p + ...+ pna)> (1)

Let us show that pspp.y is expressed in terms of
the remaining 3n — 10 independent invariants
with the aid of a second-order equation. We
write (1) in the form

n-1
ma* = N'mi® + 2(pip,_, + pep,_,) + 2PsP,

i=1
n-2

F+2(pat ot Puy) Py +2 D PPy
i, k=1

ixk
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The last sum contains in addition to the independ-
ent invariants also those which are expressed in
terms of determinants that do not contain the in-
variant pspp_, since the vector pp-; is not in-
volved in the sum. The invariant psp,_; appears
only in the determinant set up for the expression
for the invariant (py +...+Pp-2)Pn-1 = PPn-1:

m®  pips pips PP Pib,,
P2P1 my? PaPs3 PP Do,
P3P PsPa ms? psp PsP,,
221 Pp2 PPs P PP,
0, 1Pt Pp P2 Pn,Ps P, P  Mni
= A(pp,_,)* +B(pp,_)+ C =0. (2)

From the structure of the determinant we can
readily see that A does not depend on psppn-y, B
depends on it linearly, and C quadratically. We
note also that the invariant p® = (Pg+...+Pp-s )2
is expressed in turn with the aid of determinants
that do not contain the invariant pspp_i.

Eliminating the invariant ppp_; from (1) with
the aid of (2) we obtain after simple transforma-
tions the expression

n n-2 2
{[ Ma®— 3 MiP—2(py+pytps)p, , —2 N piplc} A+ B}

i=1 i,,kil
i
= B2 —4AC.

Taking into consideration the properties estab-
lished above for the coefficients A, B, and C and
for the sum Zpipk contained here, we note that
we have a second-order equation in p3pp-4, the
coefficients of which contain only 3n — 10 inde-
pendent invariants:

P1P2, P1p31 p1p47 e ey Pan_ly n — 2
P2P3s P2P4s - - «» P2Pn_17 n—3
DP3Das -+ - +s P3Py _y n—>5
3n —10"

In conclusion we note that our choice is sym-
metrical with respect to the vectors in the follow-
ing sense: we can choose as py, py, and p; any
three of the n vectors py,...,pp. With the aid of

the relation Zn; pi = 0 we can eliminate any of the
i=t

vectors py,...,Pp, and instead of pspy_; We can

express any of the remaining invariants with in-
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dices i < 4, k > 3 in terms of the remaining
ones.

The proposed set of independent invariants,
made up of only the double invariants pjpk, can
be useful in the study of analytic properties of the
scattering amplitudes in which n particles parti-
cipate based on the unitarity of the S matrix.
This was already pointed out by Chan Hong-mo [2],
who considered the possible extension of the
Chew-Mandelstam method ¥ to processes with
n > 4; in that paper there is also constructed a
set of independent double invariants for n = 6, but
no systematic method for obtaining such a set for
an arbitrary number of particles is indicated.
The simplicity of the method of constructing our
set does not mean at all that it can replace in all
cases successfully the set proposed in [1]’ which
is more complicated to construct. Indeed, as
shown by Asribekov [4], his system of independent
double, triple, etc. invariant variables is used
successfully in the investigation of the analytic
properties of a definite class of Feynman ampli-
tudes by the Landau method. Although a transi-
tion is possible in principle from one set to the
other, such a transformation is much more diffi-
cult in practice than the construction of the re-
quired set of invariants from the vectors
Py ...,p, themselves. Since the method of
choosing the independent invariants greatly in-
fluences the possibility of a concrete improve-
ment of the analytic properties of the scattering
amplitude, an investigation of systematic methods
for constructing different sets of this type is ap-
parently of definite interest.
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