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The dependence of a superconductor ‘‘energy gap’’ and the penetration depth of a constant
magnetic field on the field strength is investigated on the basis of a microscopic theory.
The investigation is carried out for arbitrary temperatures; the limiting cases of absolute
zero and of temperatures close to T¢ are examined in detail for Pippard and London

superconductors.

A linear electrodynamics of superconductors
within the framework of a microscopic theory was
first constructed in the article by Bardeen, Cooper,
and Schrieffer.[!] This enabled them to explain
the Meissner effect and to determine one of the
important characteristics of a superconductor —
the penetration depth of a weak magnetic field.
Later on, Gor’kov (2] succeeded in writing down
the equations for the electrodynamics of super-
conductors in an arbitrary magnetic field in gauge
invariant form. However, in view of the complex-
ity of these equations, aside from the weak field
case it has been possible to obtain concrete re-
sults for pure superconductors only in a compar-
atively small number of cases: the Ginzburg-
Landau equations, the supercooling field, and oth-
ers. Therefore, it is of definite interest to investi-
gate nonlinear effects related to the influence of an
external magnetic field on basic characteristics of
a superconductor, such as the energy gap, the
Meissner effect, and the penetration depth. These
problems are indeed the subject of the present
article. The field will be treated by perturbation
theory; the corresponding criteria will be evident
from the results obtained.

The problem is solved for an infinite supercon-
ducting half-space. It is obvious that the results
obtained can also be directly applied to bulk super-
conductors whose dimensions exceed the penetra-
tion depth. The presence of a boundary poses the
question of the nature of the reflection of electrons
from a superconductor surface. In the present ar-

ticle, we shall assume the reflection to be specular.

A separate article will be devoted to the case of
diffuse reflection.

1. GENERAL EQUATIONS

According to Gor’kov, 2] 5 superconductor in
an arbitrary (constant in time) magnetic field may

be described by a system of gauge-invariant equa-
tions for the thermodynamic functions:

(im—}—z—:n—(v — if—A)2 + p) &, (r, 1)
+A@) ' (r,r)=8(—1'),
(—i0+ 55 (V+ 5 A) + 1) 8 r)

— A*(r) B, (r,x') = 0, (1.1)

where w= mT(2n+1) (n is an integer). The quan-
tity A*(r) (the energy gap in the superconductor’s
spectrum in the absence of a field) is related to

§* by the equation

A*(r) = | M| T Q8" (r, 1), (1.2)

where A is the ‘‘superconducting’’ interaction cou-
pling constant. In what follows, we shall conven-
tionally call A*(r) the ‘‘energy gap.’’

It is possible to combine the system (1.1) to-
gether with its Hermitian conjugate into a single
matrix equation

1 .
ia)—}-—z-,;(V——%A)z'-{—p, A
—ar@) —io 4 5 (V2 A)
®m - %m
>< = 1' (1.3)
%‘mi- ®(n+
where
o (r, v') = Fo* (', 1), 8, (r, 1) = B_, (r', r).
Let us denote the solution of Eq. (1.3) by
N @w _%m
&, (r,x) = (% f @ +) . (1.4)
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It is possible to transform Eq. (1.4) into an in-
tegral equation with the aid of its solution in the
absence of a field, &,

@(., (r, ') = @,,,(0) (r, 1)

+ %S@wm (v, 11) o, (A (r1) 5(2—1) é, (ry,x")dry  (1.5)

_g 6.9 (r, 11) Ay (r1) &, (r1,x") drry,

where A; denotes the correction to the energy gap,
appearing due to the presence of a field

Ai(r) = A(r) —A. (1.6)

In Eq. (1.5), we have neglected terms of second
order in the field, since the radius of the electron’s
helical motion, ~cp,/eH, is considerably greater
than the penetration depth for the fields under con-
sideration [py > eA/c ~ eHé/c (p, is the Fermi
momentum )], and we used the gauge V+A = 0.

In Eq. (1.5), the coordinates r, ry, and r’ be-
long to the half-space occupied by the metal. It is
easy to show, similarly to what was done by Abri-
kosov and Fal’kovskii, 37 that the determination of
&, (r, r’) in the case of specular reflection can be
reduced to the solution of Eq. (1.5) for an unbounded
region of space, provided A(r) and A(r) are con-
tinued, as even functions of z, for negative values
of z:

A(wy Y, Z) =A($, Y, '—Z), A(xy Y, Z) =A(xv Y, —Z).

We have chosen the coordinate system so that the
xy plane coincides with the interface, and the z
axis is directed into the metal. Expanding the right
side of Eq. (1.5) in powers of A, and then going
over to the momentum representation, we arrive
at the two types of vertex parts shown in Fig. 1:
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FIG. 1

(@ is the unit antisymmetric matrix, o, is a

Pauli matrix). From the homogeneity of the prob-
lem in the xy plane, it is obvious that g has only
a z-component. In the absence of a field, the so-
lution §,(p) is given by the expression

s , L, fio+E@P —A
6, (p)——(m2+§(p)2+A2)l( A —uo+§(p))

1.7
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[£(p) = (p?/2m) — u ~ v(p—py), Vv is the velocity
at the Fermi surface].

Finally, we write down expressions for the
““gap’’ and the current density in terms of the
Green’s functions in the momentum representa-
tion:

A(q)=|7~lTES&(p,p—q)(—2%. (1.8)

d A 2
i@ =213 p@u(p,p—q)(%%——’,)’t—iz—z&(q),( |
@ 1.9

where N = pg/ 371? is the number of electrons per
unit volume.

2. LINEAR ELECTRODYNAMICS

In this section we present, in a form convenient
for us, the results [ of the BCS theory necessary
for the subsequent development, obtained to first
order in A. To this approximation, the relation
between the current and the vector potential is
linear:

. ¢
i@ =— 4 K(@)A(9), (2.1)
where the kernel K(q) is given by the following
expression:
BnZNe? ¢ (1 —p?)dp A?
K(9)=_'—2—T2 z 2 1] 2,202 1/ -3 13 "
mce m§w + A Y w?p? Yot - A?
(2.2)

The finite radius &y ~ v/T¢ of the correlation of
the electrons in the superconductor causes a de-
pendence of the kernel on the momentum g which
means in coordinate space a nonlocal relation be-
tween the current and the vector potential (£, has
the meaning of a nonlocality parameter).

The field is determined by Maxwell’s equation

AA(r) = —4nctj(r) (2.3)

with the boundary condition |V x A |;=, = H. One
can represent the result in the form

[A(g) | = 2HY (g),
Y(q) =1/[¢* + K(q)]

(2.4)
(2.5)

The field penetration depth is defined by the ex-
pression

©

5 = 715 H(5)ds = 2 & =0 2.6)
or, using Egs. (2.4) and (2.5), we find
5 — iio Y (gydg. (2.7)
P .

0

Depending on the temperature and the parameters
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of the metal, the ratio between the penetration
depth 6 and the coherence length may, in general,
be arbitrary. We present results for limiting
cases.

A. The London case (§ > £;). The kernel turns
out to be constant for the significant values of the
momentum, g ~ 671 << £

K(q) = 4nNee?| me? = §2, (2.8)

i.e., the electrodynamics has a local nature. In
this formula, Ng denotes the number of ‘‘super-
conducting’’ electrons at a given temperature:

No(T) | N = aA2T 3 (0? + A2) %, (2.9)

It is convenient to express results concerning the
behavior of superconductors in a magnetic field

in terms of the constant k of the Ginzburg-Landau
(GL) theory.“j According to Gor’kov, (2]

3nT ;me l/ ortm
e 723) po®’

and one can represent the result (2.8) in the form

b= 7—“—3) go‘/Ns~1o4u§o|/N, @.11)

where, following BCS, we assume

® = (2.10)

I S b
gy = 2T, ~0.18 T, " (2.12)
At absolute zero Ng = N and
8o = 1.04xE,, (2.127)
and near the transition temperature [ Ng /N
=2{1 - (T/Tg)}]
0.74%
0= ———— &, (2.13)
V1—1/T, %

Superconductors for which 6, > £, at absolute
zero will be called London superconductors. As
is evident from Eq. (2.12), ¥k >» 1 for London super-
conductors. It is clear that their electrodynamics
has a local nature for the entire range of tempera-
tures.

B. The Pippard case (6 << §;). Values q » §0'1
give the main contribution to the integral in Eq.

(2.7). For such values of q
K(q) = ¢/ q, (2.14)
therefore,
Y(g) = q/ (¢ + q¢®), (2.15)

where q, is the Pippard characteristic momentum

J‘l:po e?

q0° = Ath 5T (2.16)*

*th = tanh.
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which is related to the penetration depth by the fol -
lowing equation:

8 = 4/ 3V3q. (2.17)
Using expression (2.10) for k, we obtain
18¢? A A 5 g A A
qg:’ﬁfﬁ%ﬁ 8077 g th o = 2,287 S th g,
(2.18)
I SO RC A\
3V§( 187% ) 0( ZT)
, A \—Ys
~O59x/a§o(——th2T) . 2.19)
At absolute zero qg ~ 1.3 £5 k%% and 6, ~ 0.59

(U3
.
Superconductors, for which at T = 0 we have
6y < &g, i.e., k < 1, will be called Pippard super -
conductors. Near the critical temperature
(1 - (T/T¢) < 1] we have

7943 T ) LA —TT.
00° = e (1 — g ) w780 5,780 = e
A9 (3 T,
g2 ( )( ) ®? (2‘20)
4 A @)\, A =TT, \
“3v5 (") (s )
~ 0.43%, (L:%fi)’ @2.21)

The validity of the formulas given above for Pip-
pard metals is limited by the condition 1 — (T/T¢)
> k%, With further increase of the temperature,
up to critical, the penetration depth increases in-
definitely, and for 1 - (T/Tg) << x? the formulas
for the London case become applicable. The ex-
pressions for the penetration depth in the Pippard
(2.21) and London (2.13) cases become equal at
temperatures 1 —(T/Tg) ~ 27 k2, i.e., the limit-
ing formulas (2.21) and (2.13) are joined together
in a fairly broad temperature range. A numerical
calculation shows that the values given by these
limiting formulas differ in the region of the junc-
tion from the true values by roughly 10%.

3. DEPENDENCE OF THE ‘‘ENERGY GAP’’ A(r)
ON THE FIELD

As is well -known, [*] the change Ay(r) in the
gap can be made to vanish in the approximation
linear in the field, by appropriate choice of the
vector potential. In our case of a half-space oc-
cupied by a superconductor, it is sufficient for this
purpose to choose the gauge V<A = 0.

To second order in the field, the correction 2(2)
(p, p—4q) to the Green’s function has graphically
the form shown in Fig. 2.
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Calculating the upper right-hand element of the
matrix gg’ and substituting it into Eq. (1.8), we

find the equation for the correction to the ‘‘gap’’:

[l =1 2 @ oo @+ o
we) 72\

+00
% | (BuBuBo + Bu8u80 + 5u8uB0 — 6.5u6.)
X (pA(@:) (PA(2) 3 (g + qu + g2 0%,
Here, for brevity, the index (0) on the Green’s
functions is omitted. The order of the arguments
on the right side of this formula is the same as in
Fig. 2.

In the integrals over p in Eq. (3.1), let us go
over to spherical coordinates £, 6, and ¢, with
the z axis chosen as the polar axis (dp = mpjx
d¢du de, pu=cos ). The integral standing to the
left is logarithmically divergent for large values
of ¢; the divergence is eliminated, as usual, by a
cutoff at the Debye frequency wp. With account of
the relationship

8 (p) B (p + q))] A () =

(3.1)

mpo In 20p
A

after simple integrations over £ and ¢, one can
represent Eq. (3.1) in the form D

A= 3.2)

Lq ) A1 (q)
400 d
~\1 2200, 01, 4201 A @) 11A (02) 18 + gu + a0) 25222,
e (3.3)
where
A® 4 '/, (vgp)?
L al o [alogn)”
@=""23 Sz+1/4(vqu>2
—ars i1 2 .
_nTga[i 2 = arctg ~], (3.4)

0vg 20

Lz(‘I»‘h"Iz):%(e—) T}_‘, Si—}ﬁ)du

DExpression (3.3) for q = 0 was previously obtained by
Nambu and Tuan[®] at absolute zero; later Tsuzukil’] general-
ized their result to arbitrary temperatures.

*arctg = tan™’.
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1 A?
= = = 1— =
* [ ((21'(0 — ogqp) (2ie + vgap) ta lh) ( o? )
A? 1
—_——— — =0,
®? (2i0 +vq1p) (2i0 — vqu)] for g+ 01+
o=V o* LA (3.9)

Further calculations for arbitrary ratios of 6
to &, have not been successfully carried out;
therefore, we confine ourselves to limiting cases.

A. London case (0 > £;). Since, as is evident
from (3.5), L, varies considerably during a
change of the momenta by an amount ~ g 1, and
the potential A has a sharp peak at much smaller
values of q ~ 67! << £;1, one can set all momenta
in L, equal to zero in formula (3.3). Using ex-
pressions (2.4), (2.5), and (2.8) for A(q) and in-
tegrating over u and qj, q;, we obtain after simple
transformations

H \2
(72)"

A(g) _ o N S5(T) — (A/Ao)*S5(T) 0
(3.6)

A Ny L(q) 4+ (gop?
The functions S,(T) are determined in the Appen-
dix. We use here also the expression for the criti-
cal field at T=0,

Hzco = 2771p0A02 / J. (3.7)

With the aid of Eq. (3.4), it is easy to obtain an
expansion of L(q) for small values of q:

(s m(2)) e

In this formula the second term inside the paren-
theses, according to the condition q¢, < 1, is
small in comparison with unity, except for tem -
peratures near critical. In the latter case

1—T/T,
%2

(3.8)

L(g) =

L(g) = - (2 + (g0 V), T —T|<LTe, B3.9)

where 07, is the London penetration depth near T,
[see (2.13)]:

b
d — =~ 0.74 ———5,. 3.10
L= 5% T b (3.10)
Hence, near T, we find
Alg) 2% fi) (3.11)
A (4+(g9)) (2% + (¢8)%) ( H.
or, in the coordinate representation,
A@=a(1- 2V2(2 ( p{‘
® 2z 2
— = — 12
73~ )(H)) ©.12)

which, of course, agrees with the result of Ginz-
burg and Landau.[*] Therefore, for Pippard met-
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als (k < 1) it is evident that A varies over dis-
tances ~ 0/k, which considerably exceed the pene-
tration depth. This fact was first noticed in (4]
(see also [8]),

The correction to the ‘‘gap’’ decreases as the
temperature is lowered. For temperatures T
<« T, expression (3.6) vanishes exponentially
[~exp(—24y/T)] and the next term ~ (&,/6)% of
the expansion becomes significant. This term ge-
gins to play a noticeable role at temperatures T
~ T¢/ln k < Te. It is easy to show that at abso-
lute zero it is equal to

Ai(g) i( v >2 &, (i\
O AV R O AV A
) H \2
~ -2 % (T (3.13)
~0.6% @F L4 (Hco)
or in the coordinate representation
Afz) = A1 — 045w (H/Hy)),  x>1.  (3.14)

B. Pippard case (6 < ¢;). In this case large
values of the momenta?, q,q, » &', are impor-
tant in the integral (3.5). The expression for L,
can be considerably simplified for such values of
the momenta. Since small values of u ~ (q&,)~}
<« 1 give the major contribution upon integration
over u in (3.5), one can neglect the term [.l,2 in the
integrand in comparison with unity, and extend the
limits of integration to infinity. One can represent
the result in the form

Ly(g, q1, 92)

[g1l+]g:1—1¢q)

ntojev\? A 1 (A \2
-5 (%) 3, [(Sz“i(ro) 5:)
A AV L (g lq_zl)]
—7 (g ) sq (3+13))-
Substituting (2.4), (2.15), and (3.15) into (3.3),

and changing to dimensionless variables q/q,
and q,/q, for the integration, we find

q192
(3.15)

M) 1 [_A_}
A ng, LAth(A/2T)
X (282 — (A/Ao)? Sa) F1(q/g0) — (A/Ao)® SaF5 (9/40)
' L{(q)
X ~H£co)2; (3.16)
P _°° zdx (3.17)
l(y)—§(x3+1)((x—'r—y)3+1)’ .
' z(y —2z)dx
Fy(y) = 2_y§(x3+ 1)((y—x)3+ 1) (3.18)

for y > 0. For negative values of y, we have
F1,5(y) = Fy2(~y). These integrals are elemen-

2)The contribution of smaller values of the momenta, q,,
q, < &', turns out to be (§/£,)? times smaller.
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tary. In view of the cumbersome nature of the
final formulas, we shall not present them, and
we only consider the limiting cases:

2 (s(l—y), 0<y<<1

Fi(y) = 33 v g1 (3.19)
Yy, 0<y<<1
Fy(y) = {2n/3 Ve, g1 (3.20)

As far as L(q) is concerned, in the region of
large momenta q > ¢ ! we have for arbitrary
temperatures

L(q) =~ In g% (3.21)

correct to terms of order In g¢; (with logarithmic
accuracy).
At low temperatures, T < T, we obtain

A+ (9) 1 Fi(9/g90) — F2(q/q0) 1 ( H \?
kR £ — =], .22
A I L(q) Go (Hco) ( )
and near T in the Pippard region (x? < 1
‘(T/Tc) < 1)
Al 2 Fi(q/q0) 1 (y_T\(HY
A w Lg q0(1 TC)(HC)' (3.23)

As already noted, a Pippard metal goes over
into the London region at temperatures 1 —(T/Tg)
~ k%, Under this condition & ~ £y and qg ~ ;;0‘1 in
the region of momenta q < k/6, i.e., at distances
z R 6/k, and the formulas for the Pippard (3.23)
and London (3.11) cases are close in order of mag-
nitude. At smaller distances, the dependence of
the ‘‘gap’’ turns out to be different. In the coordi-
nate representation

oo

A(z) = & A(q)eiq’%.

—00

(3.24)

Far from T (for this, as we shall see below, the
condition 1 - (T/T,) > k%% must be satisfied) we
obtain with logarithmic accuracy [see (3.21)]

A (z) _ Ao
A T Ath(A)2T)
x (2852 — (A/Ao)* S4) @1 (290) — (A/A0)* Sa@2 (290) ( LAY
In gc&, Hy!
(3.25)

for z < £j,. We have introduced here the functions

+o

1 .
Dya(2) = 5= | Fra(y) e dy. (3.26)
Using the limiting values of these functions
o 47/27 — Yy 1Y’ (Ys) =~ 0.108, z=0
1(2) = {21,5/2722’ i1 8.2
57/216 ~0.073, z=0
(D2 (Z) = { 4728, 23>1 ’ (3.28)
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one can write the following expressions for the cor-

rection to the ‘‘gap’’

Al (O)__ _ 021682—(A/A0)2'0.181S4 Ao (£)2
A In ¢o&o Ath (A/2T)\H,) ’
(3.29)
A 2
81 () _ n v S(g)s
A T Ath(A/2T) 27 In go&o (2q0)®
H )2
X5 » (3.30)
(Hco

(qo‘1 Kz < &), i.e., for distances smaller than
the nonlocality parameter £;, the correction to

the ‘‘gap’’ decreases according to a quadratic law.
For distances exceeding &,, the decrease is basic-
ally exponential in nature. For 1 —(T/Tg) ~ k%5,
according to (3.9) the contribution of small q

~ K/(SL to the integral (3.24) becomes significant,
and in the limit k% < 1 - (T/Tg) < k4/5 it becomes
the main contribution:

A]_ (Z)

- (x)
(3.31)

—0.069 »'s (1———-)

From a comparison of formulas (3.29) and (3.31)
one can see that their values become the same
order of magnitude for 1— (T/Tg)~ k*/%, Expres-
sion (3.31) agrees with the corresponding expres-
sion for the London region (see Eq. (3.12) for «
«< 1) for 1-(T/Tg) ~ k.

4. DEPENDENCE OF THE PENETRATION DEPTH
ON THE FIELD
The third order (in powers of A) correction to
the Green’s function is shown in Fig. 3.
A L
D 3),
WlbP9)= g oy, &GRS *

fy/ 972 072 ;"/

MV T & E A A
(o]

P
FIG. 3

Here a loop denotes the second order correction
Aq(q) to the gap, which was determined in the pre-
ceding Section. With regard to the third-order
correction, it vanishes like the first order correc-
tion because it is impossible to construct a scalar
of the appropriate order in A from the vectors g
and A(q) (q°A(q) = 0 in the chosen gauge).

We write the expression for the current (Fig. 3)
in the following form:

1509

-o0

\“ 3(4, 01, 92, 99)

—co

X [A(q1) | [A(g2) | |A(g3)18(q 4 g1 + g2+ ga)

i) =

dqidqsdg e
1 2 3
e T _§§O K3(¢, a1, 42)| A (41)] A (ga)

X8(q + q1+92) dllz*:iﬂ . (4.1)
The kernel K; describes the contribution of dia-
gram a, the kernel K, describes the contribution
to the current from diagrams b and c, which are
related to the change in the ‘‘gap’’ (see Fig. 3).
By definition

K3 (qla ‘121 fI37 94) - 831( ) T ZS (pa)4
X [6'4 §6 + @F+ Fi+ @%2@

+ 6§ — BFG'F —FE'TE] ) “.2)

(2 )3

where a is a unit vector in the direction of A; the
order of the arguments is determined by diagram
a of Fig. 3. For example,

GF=C6P)B(P+q)F(P+aq-+9)FP—a)

Integrating over ¢ and ¢, we arrive at the ex-
pression

K3(q1, 92, 93, q4)
41
- 3. 2(61) 4 1 0
= _——2~zmpoA -E—) T ?-;2— S 1 — p?)dp

([1—-—) (26 — vg)™ (266 + v (g1 +- ga) )

(0
x (260 — vgap)™t 4 (1234) + (13) (24) + (4321)
+ (123) + (432) & (12) 4 (34) — A072 (200 4 vqap) ™
X (200 — vgap) ™ (200 — vgap) ™ + (13))],

g1+ 92+ g3+ g4 =0. 4.3)

Here (abc) denotes permutation of the arguments,
with the aid of which the appropriate term can be
obtained from the first. For example, (123) de-
notes the substitution q; —q; — q3, q3 — qy. As
we will see below, all arguments are equivalent

in the expression for the correction to the pene-
tration depth, so that the contributions of all the
terms obtained by means of permutations are iden-
tical. As far as the kernel K, is concerned, it
turns out to equal, to within a coefficient, the ker-
nel L, [see Eq. (3.5)] with permutation of the ar-
guments:

(4.4)

K2 (q1, 2, ¢3) = 163‘[42 (g3, g2, q1)-

With the aid of Egs. (4.1), (4.4), (2.4), and (2.6), it
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is easy to obtain the following expression for the
correction §; to the penetration depth:

by =8H [&STS K3(0:920500) Y (92) Y (99) ¥ (99) Y ()

X0(q1+ g2+ g5+ q4) dq: dzlzznga dq,

+o0 e
+ 20 16n_S°° —g%Ll(—q) (_SCSOLz (9, 1, 92 Y (91)

dgyd
X Y (g2)8(q + g1+ g2) %)2]. (4.5)

In the derivation of Eq. (4.5), we used Eq. (3.3)
for Ay(q).

Now let us consider the limiting cases.

A. London case. In analogy to what was done
in the calculation of the ‘‘gap’’ it is legitimate, by
virtue of the weak momentum dependence of the
kernels K3 and L, (in comparison with Y) to set
all the arguments in Eq. (4.5) equal to zero. Then

K5(0, 0,0, 0) = I{,)—(?t—mpoAz (ﬁﬂss — (i)gs,) ,

cA, A,
4.6)
L(0, 0, 0) = _g— (5:—)2310—2 (S3 _ (%o—)zss) . @

With account of (3.8), after elementary integrations
in (4.5) we find

%1_ :Bin mpq (52—60)4A2 [% (Ss — (%)2 57)

oAV o) ) i

Near T the correction to the penetration depth
has the form

b _wxt2)2 (M
0 8 (V2 \H )’

4.9)

which agrees, of course, with the result of the
phenomenological GL theory.

At temperatures near absolute zero we have,
with exponential accuracy Sy~ S5~ S; ~ 1, A = A,
so that (4.8) vanishes. Therefore, for the London
case near T = 0, it is necessary to consider the
next higher terms of the expansion in powers of
£0/6. In this connection it turns out that upon in-
tegration over the momenta in (4.1), values of
q-~ 561 begin to play a role, i.e., nonlocal effects
appear and the relative correction in units of
(H/Hg )? at absolute zero is approximately «*

times smaller than at Tg:
81/8 ~ w*(H/H.)2 (4.10)

Superconductors belonging to the limiting London
case for T = 0 apparently do not exist in nature.
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Therefore, we shall not study this problem in more
detail.

B. The Pippard case. In this limiting case we
proceed in a fashion similar to the determination
of the kernel L, (see the preceding section). Thus,
for the kernel K3 we obtain

3 p2A? [ev)?2 3/ A\
K3(q1, 92, 93, q4) = —‘3—2%(?) [(54—’4—(23—0) Ss)

X( | g1] |‘]4| llh—f-‘hl
q2(q1+ q4) * ¢3(qx + qa) 9293

+ the permutations indicated in Eq. (4.3)

B AV g +1gs]—1g2]— 194
N 4(A0> o (91 + g2) (g2 + ¢g3) J

Substituting this expression and the asymptotic
form (3.15) for L, into the general expression
for the correction 6;, and using formula (2.15)
for Y, we find

o120 1
17 n8 A, th%(A)2T)

s (5 ) s) n-gla) sl (z,)

[ee]

17}
+ %qoth21(A/2T)§ L((;fx) [(82 - % (“Ao‘)zs") Fi(@)

7 (&) sme [ (7))

where I; and I, are numbers given by the follow-
ing expressions:

(4.11)

(4.12)

Y@ Y)Y ()Y (@+y+2)

Yy x
’1=S§S(x+y+z><w+y>

+ Y@ Y@ Y@+ ¥ (y+2)
+ Y)Y @+ Yy +2) 7Y (2 +y+2)]dedyds,

’2=S§S [m Y@ Y)Y @Y (@+y+2)

+ T @ (@42 (a+y) | dedyds,

_
z4+y—+z
Y(z) = ¢°Y(qo2).

The values of these integrals were obtained by nu-
merical integration: I; ~ 0.056, I, =~ 0.069.

At temperatures not very close to T, (it will
be evident from what follows that this is valid for
1-(T/Tg) » k*®), values of x ~ 1 make the main
contribution to the integral in Eq. (4.12). In this
region L"l(qox) ~ 1/In qyégx is a slowly varying
function; therefore one can bring it outside the in-
tegral with logarithmic accuracy, after which the
remaining integral reduces to a number. As the
result of numerical integration, we find:
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gﬂf ()dz=~0.066, \ Fy?(z)dz~0.011,

0 0

oo

S F, (z) F (%) dz =~ 0,010.

0

Taking what has been said into account, it is

easy to write out a general expression for 6;/6,
valid for the entire temperature range 1 - (T/T¢)
> k45, Because of the cumbersome nature of this
expression, however, we shall only consider limit-
ing formulas. At absolute zero

T

The origin of each of the terms inside the
square brackets of this formula is different. The
first term is obtained from diagram a of Fig. 3,
which does not take the change in the gap into ac-
count. The contribution to the penetration depth,
related to the change in the gap (Fig. 3b), is given
by the second term. Although the second (‘‘gap’’)
term is formally smaller than the first in the
limiting case k < 1, owing to the (numerically)
large coefficient, it is just this term which gives
the essential contribution for real superconduc-
tors.

For temperatures k5 « 1 — (T/Tg) <« 1

A —=T/T)"
T

) S

As already noted earlier [see Eq. (3.9) of the
preceding section], for small values of x
(x < (qg¢p) ! < 1) the function L'i(q(,x) in-
creases like {1 - (T/Tg)} ™! as the temperature
approaches T;. Because of this, small values of
x give the major contribution to the integral in the
immediate neighborhood of Ts. In this region, as
a consequence of the slow variation of Fy(x), its
argument may be set equal to zero. Then using
expansion (3.9) for L(x), in view of the converg-
ence of the integral, the upper limit of integration
can be extended to infinity. After elementary cal-
culations we arrive at the result

s 1
%L - [0.95-10-2 “—“;T/L 4 0,046 (1 _ Tl) /'J
H )’

x(4) -
From a comparison of (4.14) and (4.15), it follows
that the domain of applicability of the latter is
given by the inequality «? < 1 — (T/ Te) < K45,
which justifies the assumption made above. From
Eq. (4.15) one can see, in addition, that in the re-

5,

—6—z[2.2-10'4 w4 (4.13)

= lt0,95-10'2

oS

+ 6.6- 102 1—————— (4.14)

(4.15)
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gion k¥ < 1-(T/Tg) < «%7 the second term is
the principal term, which for 1 —(T/Tg) ~ K
naturally agrees with the Ginzburg-Landau result
[see Eq. (4.9) for k < 1]:

8:1/6 =0A8x(H/H.)? x < 1. (4.16)

Up to the present time, the dependence of the
penetration depth on a static magnetic field has
apparently been determined only for tin in the ex-
periment by Sharvin and Gantmakher. 9] How-
ever, it is impossible to make a quantitative com-
parison with the limiting formulas we have ob-
tained, since tin belongs to the intermediate case
(k = 0.16). Therefore, measurements of the pene-
tration depth and its dependence on the field for
strongly pronounced Pippard metals (for example,
for Al we have k ~ 0.01) would be of definite in-
terest, since for such metals the nonlocality that
is characteristic of the BCS theory appears over
the entire temperature interval, except for an ex-
tremely narrow region at Tg.

In conclusion, the authors take this opportunity
to express their gratitude to L. P. Gor’kov for
helpful discussions and comments, to I. M. Khalat-
nikov for interest in the work, and to Yu. V.
Sharvin for a discussion of the existing experi-
mental data.

APPENDIX

Temperature coefficients of the type TZ (&)™
(where n is an integer) are often encountered in
various problems in the theory of superconductiv -
ity. In this connection, it is convenient to intro-
duce dimensionless temperature functions Sp(T, A)
in such a way that Sp goes to unity at absolute
Zero:

(n—2)11 | .y 1 _ odd
————(n_3)”A0 T?m_{n,n .

2, n— even

Sn = (A.l)

It is easy to express Sy in terms of well-known
functions, using the recurrence relation

A2 0Sn_s

= —(n — A.2
Sn=—(n—3) - ¢ (A.2)
and the known values for n=2 and n = 3:
Ay A (AN,
Si= g, s= (G) 5 (A.3)

We present the values (used in the text) of S, for
T =Tga:
c

(n—2)11 2L (n)

, n— odd
2/, n — even ,

Sn(Te) =

(1—2m { (A.4)

where Iny = C (C is Euler’s constant), ¢(n) is
the Riemann ¢-function.
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In particular, for the first few values of n we
have

Sy(Te) = ’i(f)zo 66,

93 4 (5)

S (Te) = 2 ~0.88,

S4=i2( S =085, ST = 922 ~0.30.
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