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An investigation is made of induced multiquantum transitions manifested in the resonance 
scattering of harmonics by a two-level system irradiated by a monochromatic signal. The 
DPPH free radical placed in a constant magnetic field was used as the two-level system in 
the experiments. The experimental results are in good agreement with an analysis based 
on the solutions of the modified Bloch equation. 

1. INTRODUCTION 

THE simplest experiment for the observation of 
induced multiquantum transitions consists of ob
serving harmonics in the radiation scattered by 
some substance when it is irradiated by an intense 
monochromatic electromagnetic wave (frequency 
multiplication as a result of multiquantum transi
tions ) . Such experiments have been performed 
both in the optical [t] and in the UHF [2] frequency 
ranges. In the case of a two-level quantum system 
(i.e., in the case when interaction between the ra
diation and only two levels of a system is signifi
cant) the probability of an induced multiquantum 
transition of order n is smaller than the probabil
ity of transition of order n- 1 by a factor of ap
proximately ( V /fiw )2, where V is the energy of a 
monochromatic perturbation of frequency w. There
fore, observation of induced multiquantum transi
tions can be easily carried out in the radiofre
quency range. 

Below we give results of observing radiation of 
the second and the third harmonics by the free 
radical of diphenyl picryl hydrazil (DPPH) placed 
in a constant magnetic field when it is irradiated 
by a signal of frequency 20 Me/sec ("pumping"). 
The dependence of the polarization and the inten
sity of the harmonics on the polarization and the 
intensity of the pumping radiation and on the value 
of the constant magnetic field agrees well with re
sults obtained with the aid of the modified Bloch 
equation (cf., for example, [3J). It is shown that 
the observed regularities can be conveniently in
terpreted from the point of view of the laws of 
conservation of energy and angular momentum in 
multiquantum transitions. 

2. RADIATION OF HARMONICS BY A TWO
LEVEL SYSTEM 

The electron paramagnetic resonance in DPPH 
at radiofrequencies is well described by means of 
the modified Bloch equation [a]: 

dM I dt = v[MH] + Q(xoH- M). (1)* 

Here M is the magnetization, y is the gyromag
netic ratio (for DPPH y < 0), H is the external 
magnetic field, 1/Q is the relaxation time, Xo is 
the static magnetic susceptibility. One might ex
pect that with the aid of this equation one could 
also investigate induced multiquantum processes 
in DPPH. 

Let the constant magnetic field H0 be directed 
parallel to the z axis, while the variable pumping 
field is equal to (Hweiwt + c.c.)/2°; we seek the 
stationary solution of (1) in the form 

= ~ [mn (x + iy) + m -n* (x- iy) + Mn z] einoot, 
±oo (2) 

where x, y, z are unit vectors. We adopt the fol
lowing notation: 

V+ = -vH.,(x- iy) I 4, V_* = -vHw(x + iy) I 4, 

w+ = W_* = vHwz/ 2, Wo = vHo, 
Ln = nw- Wo- iQ, 2Dn == nw- iQ. (3) 

Taking into account saturation due only to single 
quantum transitions the constant z -component of 
magnetization is equal to 

l)The effect of the "self" fields of frequency nw (i.e., 
the effect of radiation reaction) is negligible under the condi
tions of our experiments. 

*[MH] = M X H. 
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ilfo = 'XoHo 

1 + i2V+/Ld 2 (1- wjw0 ) + J2V_fL_ll 2 (1 + wjw0) 

X 1 + i2V+/L1 1 2 + J2V_fL_l 1 2 (4 )" 

The amplitudes of the harmonics of magnetiza
tion Mn (n >t! 0) and mn are obtained from (1) by 
the method of successive approximations (the ex
pansion parameters are the ratios of V, W to Ln, 
Dn ). In the first nonvanishing approximation the 
amplitudes of the harmonics are given by the fol
lowing recurrence formulas: 2> 

M . w+ H Q 
±1 = - z 2D- Xo o -

±1 ffio 

M V +*m+n-V.1-m*+n ( > O) 
±(n+ll = D n . 

±<n+!) 

(5) 

(6) 

We note that in the case V _ = W± = 0 (i.e., for 
left circular polarization of the pumping radiation 
in the xy plane) formulas (4) and (5) are equiva
lent to formulas (16) and (17) of the paper by 
Wangsness [4], while in the case W = 0, V + = v: 
= v_ = v'! (transverse linear polarization) they 
are equivalent to formula (5a) of the paper by 
Garstens and Kaplan.C5] 

The amplitude of the radiation of the n-th har
monic by a sample placed in a resonator of char
acteristic frequency nw is proportional to rolnh 
= Un, where h is the unit vector in the direction 
of the magnetic field of the resonator (the homo
geneity of this field across the sample is assumed). 
From (2), (5), (6) it follows that Un contains terms 
with resonance denominators L±io L±2, ••• , L±n• 
and, therefore, the dependence of I Un I on w0 will 
have (in the case w » !.1) 2n maxima at w0 ~ kw 
( k = ±1, ... , ±n ) . 

Taking into account the approximations for mn, 
Mn following the first nonvanishing one, the k-th 
order resonance occurs at w0 = kw- owk, where 

6 ~ ~(~+ IV_J2) 
(j)k ~(f) k -1 k + 1 

(the term which becomes infinite should be ex
cluded). From (7) it follows, for example, that 
ow 1 = I v_ 12/w, and in the case that the pumping 

(7) 

2)These formulas are also valid in the case of the "usual" 
Bloch equations if in (5) we neglect terms of order O/w 0 and 
in (3) take 0 0 = (nw - i/T ,)/2 where T 1 is the spin-lattice 
relaxation time (1/0 in this case is the spin-spin relaxation 
time). 

radiation is linearly polarized this coincides with 
the expression for the Bloch-Siegert[6] shift; 
ow3 = (21 V+ 12 +I v_ 12 )/2, and in the case of lin
ear polarization this coincides with the result of 
Fontana et al. [ 7]. 3> 

3. QUANTUM INTERPRETATION OF FRE
QUENCY MULTIPLICATION 

In this section it will be shown that if in (5) and 
(6) we leave out of consideration the nonresonant 
terms (which is permissible for w » !.1 ), then the 
dependence given by these formulas [together with 
(2)] of the intensity and the polarization of the ra
diated harmonics on the intensity and the polari
zation of the pumping radiation and on w0 can be 
pictorially treated in terms of quantum language 
utilizing the laws of conservation of energy and of 
angular momentum in multiquantum transitions. 

The radiation of the n-th harmonic by a two
level system can be represented (in accordance 
with the first nonvanishing order of perturbation 
theory) as a multiquantum process consisting of 
the absorption by a system in state 1 of n photons 
of energy fiw and of the emission of a single pho
ton of energy nnw, with the process having a res
onance character if one of the virtual states ( k -th) 
coincides with the state 2. As an example Fig. 1 
shows a system of levels for such a process for 
n = 3, k = 2. 

FIG. 1. Schematic representation of levels corresponding 
to the emission of the third harmonic (w 0 rv 2w). 

The conservation of energy and of angular mo
mentum in quantum transitions can be conveniently 
checked by use of diagrams in which a displace
ment in the vertical direction corresponds to a 
change in the energy of the system, while a dis
placement in the horizontal direction corresponds 
to a change in the z -component Mz of the angular 
momentum of the particle (cf., Fig. 2a,b,c); 4> the 
factors Win (5), (6) correspond in the diagrams to 
vertical arrows ( b.Mz = 0 ) , and the factors V cor
respond to oblique arrows ( b.Mz = ± fi). The vir
tual states are shown by circles, while filled cir-
9les correspond to real states. 

3)Errors occur in the paper of Voskanyan et al.[ 2] in for
mulas (6), (12) and (17) for the shift of resonance. 

4 )Fig. 2 corresponds to the casey> 0, H0 > 0. 
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For example, in the case n + 1 = 3, 2w"' w0 > 0 
and w0 » Q » IV I. I WI it follows from (5) and 
(6) that m 3 "' V+ W+ W+, m_ 3 ~ 0, M3 "' V+ W+ V!; 
in Fig. 2a are shown two processes corresponding 
to these polarizations of the radiation. The case 
n + 1 = 3, w0 "' w yields four types of polarization: 
m 3 "' v+ v+ v! + v+ w+ w+, m!3 "' v+ v!v!, M3 

"' V+ W+ V! (Fig. 2b). For the given types of polar
ization other processes in addition to those shown 
in the diagrams are possible which differ by hav
ing other virtual states (among them states with 
negative energy), i.e., by exhibiting an alternative 
succession of emission and absorption. 

Ejl'lw0 E/nw0 

1.5 J~~~~c-~ 

0 0 
a b c 

FIG. 2. Diagrams in terms of energy-angular momentum 
coordinates for the emission of the third harmonic in the 
cases: a- W 0 "' 2w, b- w 0 "' w, and c- for the induced 
radiation of the Stokes combination frequency. 

With the aid of such diagrams one can also dis
cuss the rules for polarization in the case of addi
tion (or subtraction) of unequal quanta. For ex
ample, in Fig. 2c we have shown two possible types 
of polarization of quanta in the emission of the 
Stokes combination frequency (in the case when 
in the states 1 and 2 Mz differs by fi). The rules 
of correspondence between arrows showing transi
tions in the diagrams of Fig. 2 and the quantities 
V, W, m and M in formulas (5) and (6) can be ex
plained in the following manner. In accordance 
with (3) the factor w+ is proportional to the z
component of the pumping field, the angular mo
mentum of which with respect to the z axis is 
equal to zero; the factor v'! is proportional to the 
component of the field with angular momentum par
allel to the z axis, while the factor v+ is propor
tional to the component with antiparallel angular 
momentum. Further, in the case of time reversal 
w+. v!, v+ go over into w_, v:. v_' and, there
fore, if the former are made to correspond to the 
absorption by the particle of a quantum fiw with 
a change in Mz respectively of 0, + li, - fi, then 
the latter will correspond to the opposite direction 
of the process, i.e., to radiation of a quantum with 
a change in Mz of 0, -fi, +fi. Finally, in accord
ance with (2), mn with n > 0 can be taken to cor
respond to the emission of a right circularly po-

larized quantum nnw, m~n can be taken to corre
spond to the emission of a left circularly polar
ized quantum (a-quanta) and Mn can be taken to 
correspond to linear polarization (1r-quantum ). 

4. DESCRIPTION OF THE EXPERIMENT 

Approximately 3g of polycrystalline DPPH were 
placed inside two induction coils with mutually per
pendicular axes: one of the coils, the transmitting 
coil, formed part of a circuit tuned to 20 Me/sec, 
while the second coil, the receiving coil, was tuned 
to 40 (or 60) Me/sec. The generator of the pump
ing signal connected to the transmitting coil pro
duced in the sample a magnetic field oscillating 
at a frequency of 20 Me/sec of amplitude H1 up 
to 2.5 Oe. The field H0 was produced by an elec
tromagnet which could rotate in the plane contain
ing the axes of the crossed coils. H0 was varied in 
the range "'± 25 Oe at a frequency of 0.15 or 50 
cps and at the same time for synchronous detection 
the field H0 was modulated at a frequency of 100 
kc/sec with an amplitude "'0.5 Oe. 

The voltage of frequency 40 (or 60) Me/sec 
induced in the ,receiving coil by the precessing 
magnetization of the sample M ( t) was amplified, 
detected and applied either to an oscillograph or 
to a synchronous amplifier and recorder. 

The receiving coil also had induced in it a volt
age due to the "self" harmonics of the generator 
of frequency 40 and 60 Me/sec arising from the 
nonlinear distortion in the power amplifier of the 
pumping generator; the phase and the amplitude of 
this voltage could be regulated by means of "block
ing" filters inserted between the generator and the 
transmitting coil, and this enabled us to select at 
will the real or the imaginary part of the amplitude 
of the harmonic gnn· 

Figure 3 shows an example of the recorded de-
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FIG. 3. A record of the dependence of H0 of the derivative 
of _the real part of the amplitude of the third harmonic for 
'6- "' 40°, H, = 2 Oe. 
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pendence of d (Re ~3 )/dH0 on H0; the time con
stant of the synchronous detector was ,... 1 sec, the 
recording time was ,... 6 0 sec. 

All the experiments were carried out at room 
temperature. 

5. EXPERIMENTAL RESULTS 

The experimental procedure consisted of the 
measurement of the dependence on H0 of the volt
age of the second or the third harmonic induced in 
the receiver coil. The parameters were the pump
ing amplitude H1 and the angle J. between the di
rections of H1 and H0 (the angle between the axis 
of the receiver coil and the direction of H0 was 
equal to J. + 7r /2 ) . The voltage of the n-th harmonic 
is proportional to the component of Mn along the 
axis of the receiving coil; we denote this component 
by Un ( H0, J, Ht) and choose the direction of the 
x-axis in the plane of the coil axes. We then obtain 
from (3) v+ = V- = -YHt sinJ/4, w+ = w_ = YHt X 

cos J/2; if we neglect the nonresonance terms and 
the effect of saturation (i.e., if we assume that 
w » Q » yH1 ) it follows from (2)-(6) that the ex
tremal amplitudes of the harmonics Unk = Un(kw/y, 
J, H1 ) are equal to 

.fO 
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FIG. 4. Dependence un the pumping amplitude of the am
plitudes of the second (a) and of the third (b) harmonics. 

FIG. 5. Dependence of the amplitude of the third har
monic on the angle between the constant field and the pump
ing field for yH 0 = kw, k = 1,2,3 (H, = 1 Oe). 

where 

/u = sin lt cos lt / 2; (9) 

/21 ={sin lt (1 + cos2 lt), /22 = -sin lt cos2 lt; 

/a1 =i (~~ sin 2\t + :6 sin 4\t); (10) 

/a2 = - i( i sin 2\t + {sin 4%) , 

faa = i ( ;; sin 2% + :2 sin 4\t) . (11) 

The observed dependence on H1 of U2k (for J 
,... 35°) and U32 (for J.,... 45°) is shown in Fig. 4, 
from which it can be seen that, indeed, Un,... H?. 

In Fig. 5 the solid curves are constructed in 
accordance with formula (11); the experimental 
data are normalized in such a way that the results 
of experiment and calculation coincide for U32 (37o) 
(black dot). Figure 5 shows that the rules govern
ing the polarization in the case of frequency tri
piing which are given for the conditions of the ex
periment by formulas (8) and (11) agree well with 
experiment. In the case of frequency doubling we 
have also obtained satisfactory agreement of ex
perimental data with formulas (10). 

6. CONCLUSION 

The good agreement of experimental data with 
the results of calculations shows that it is possible 
to calculate with the aid of Bloch's equations non
linear effects in magnetic resonance in substances 
exhibiting dynamic narrowing of the width of the 
resonance. The quantum interpretation of these 
effects is pictorially illustrated by diagrams in 
terms of energy and angular momentum used as 
coordinates. 

The method utilized above for indicating reso
nance by means of harmonics may turn out to be 
convenient for certain radiospectroscopic meas
urements (for example, in measuring the time of 
spin -lattice relaxation). 5> 

The authors are grateful to V. S. Tumanov for 
useful discussions. 

S)The detection of combination frequencies has already 
found application in NMR technique for the measurement of 
H,[•J, and in the so-called sideband method[•]. The method of 
detecting M0 (cf., for example,[•o]) can be regarded as be
longing to the same type of experimental method. 
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