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Nonstationary waves of finite (but small) amplitude propagating in a cold plasma both at an 
angle with respect to the magnetic field and perpendicular to the magnetic field are ana
lyzed. Approximate equations for these waves are obtained. Nonstationary solutions of 
these equations are derived which describe waves at large distances from a source operating 
for a bounded time interval. 

1. INTRODUCTION 

THE propagation of waves of finite amplitude in a 
low-density plasma (in which the mean free path 
is appreciably greater than the dimensions over 
which the flow characteristics change) exhibits a 
number of distinguishing features as compared 
with ordinary gas dynamics. In gas dynamics the 
wave profile is determined by two factors: non
linear effects which lead to the steepening of the 
wave profile, and dissipative processes, which 
cause "smearing." In a low -density plasma, in 
addition to the nonlinear steepening process of the 
wave profile, an important role is played by dis
persion effects; these derive from the deviations 
from linear dispersion relations such as those 
that characterize conventional gas dynamics. 

For example, consider waves propagating 
across the magnetic field in a cold plasma 
( p « H2/87r). The dispersion relation for low
amplitude waves of this kind is given by 

( 1.1) 

At small values of k and w « -J WHiWHe> the dis
persion can be regarded as linear. As the fre
quency increases the phase velocity starts to fall 
off; when w = -J WHiWHe , in general, the phase 
velocity is zero. It follows from Eq. (1.1) that dis
persion effects are most important when 
k ~ Woe I c. (Following [i] we call c/ woe the dis
persion length.) 

It is well known that the dispersion relation in 
(1.1) allows the possibility of stationary solitary 
and periodic waves of finite amplitude; these have 
been considered by a number of authors. [1-s] The 

length scales of these waves are determined by the 
dispersion length. A similar situation holds for 
other cases of plasma flow (for greater detail 
see [1] ). 

Dispersion effects described by formulas such 
as ( 1.1) are characterized by the fact that the 
phase velocity is reduced as k increases. We 
call this negative dispersion. There are also 
cases in which the dispersion is positive, that is 
to say, the phase velocity of the linear waves in
creases with increasing k. In this case the nature 
of the nonlinear flow changes markedly; specific
ally, in addition to the solitary compression wave 
there can exist solitary refraction waves. [1•5] An 
example is the propagation of a wave at an angle 
with respect to the magnetic field in a cold plasma. 
The dispersion relation here is of the form (the 
magnetic-sound branch with w « -J WHiWHe, woe) 

+ [(1- sin6)2 + :~ k2sin2 e r), (1.2) 

where e is the angle between the perpendicular to 
the direction of propagation and the magnetic field 
( Fig. 1). At small angles e the dispersion rela-
tion becomes 

rn ( V~~ ) - = v 1 1 __)_ ---- o~ 
h • I '2wJJ'i . 

(1.2a) 

Stationary nonlinear rarefaction waves propa-
gating at an angle with respect to the magnetic 
field have been analyzed in [S-7] (in [s,s] in addition 
to the analysis of solitary waves an analysis has 
been made of the oscillatory shock waves to which 
the solitary waves are transformed in the presence 
of small dissipation effects). In accordance with 
Eq. (1.2a) the length scale of these waves is deter-
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mined by the dispersion length, which is of order 
ce I woi. 

In the present work we investigate nonstationary 
waves of finite amplitude in a plasma. Because of 
the great mathematical difficulties, at the present 
time it has only been possible to consider certain 
kinds of flow of this kind. In [ 3] a qualitative anal
ysis was made of waves propagating across the 
magnetic field in the linear approximation. In 
[ 2,8] numerical integration was used to study the 
propagation of waves of finite amplitude across a 
magnetic field; these waves were produced by a 
constant magnetic pressure acting at the boundary 
of the plasma starting at t = 0. In the present work 
we find the class of one-dimensional self-similar 
solutions (with respect to some variable) which 
describe the propagation of waves of finite (but 
small) amplitude in a cold plasma both across 
the magnetic field and at a small angle with re
spect to the field at large distances from a boun
dary; the waves are excited at the plasma boundary 
for a bounded time interval ~t. 

2. BASIC EQUATIONS 

As in [ 2-s] we consider motion with character
istic frequencies much smaller than the electron 
Larmor frequency WHe with WHe « woe 
= ../ 4rrne2/me. Under these conditions deviations 
from neutrality can be neglected, i.e., we assume 
that 

ne == rt = n, (2.1) 

where ne and ni are the electron and ion den
sities respectively. We assume further that the 
gas kinetic pressure of the plasma is much 
smaller than the magnetic pressure p « H2/8rr. 
The equations for the electron and ion components 
of the plasma and M Maxwell's equations then 
assume the form 

m;dv;fdt = eE + c-1e [v;H], (2.2a)* 

m.dv.jdt = - eE - c-1e [v.H], 

rot H = 4:rt nec-1 (vi - v.), 

8H/8t = - c rotE, 

(2. 2b) 

(2.3a) 

(2.3b)* 

8n/ot + div (nv;) = 0, 8n/8t + div (nv.) = 0. (2.4) 

Adding Eqs. (2.2a) and (2.2b) and using Eq. 
(2.3a) we find 

dU 1 
(it= 4nnM [rot H, H], (2.5) 

where U is the mass velocity of the plasma, given 
by 

U = (m;v; + m.v.)/M = v;, M = m; + m• = mi.(2.6) 

To obtain an equation for the magnetic field we 
must eliminate E from Eq. (2.3b). Expressing E 
from Eq. (2.2a) and taking account of Eq. (2.6) we 
find (for waves propagating at an angle with re
spect to the magnetic field) 

aH Me dU 
Tt = rot [UH] - e rot dl. (2. 7) 

The second term on the right side of Eq. (2. 7) is 
responsible for the dispersion effects; in particu
lar it leads to the appearance of the second term 
in the dispersion equation (1.2a). 

We now write Eqs. (2.4), (2.5) and (2. 7) in 
component form assuming that the motion is one
dimensional, that is to say that all quantities de
pend only on t and x: 

an a at+ Tx (nUx) = 0; (2.8) 

Hx = const. (2 .10) 

In the case of motion perpendicular to the mag
netic field the last term in Eq. (2. 7) and the corre
sponding terms in Eq. (2.10), which are responsible 
for the important dispersion effects, vanish. This 
is related to the fact that under present conditions 
the dispersion is due to the inertia of the electrons, 
which we have neglected up to this time. To obtain 
equations that replace Eq. (2.10) in this case we 

*rot E = curl E. 
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eliminate the electric field from Eqs. (2 .2b) and 
(2.3b) 

oH = - _!___ (U H)+ mec _!___ (~ + U ~) (2.11) 
at ax e ax at ax • 

where we have introduced the notation Vey = v, 
Hz = H and made use of the fact that [from the 
equation of continuity (2.4)] 

Vex= Vix = U:x: = U 

(i.e., the current flows in the direction perpen
dicular to the plasma motion). 

Equation 12.11) must be supplemented by one 
additional equation for v. Such an equation can be 
obtained if we take the component of Eq. (2.3a) in 
the y direction: 

8Hf8x = 4nnec-1v. (2.12) 

Equations (2. 8) and (2. 9) (in which we write Uy 
= Uz = 0, Ux = U) and Eqs. (2.11) and (2.12) de
scribe one-dimensional motion of a plasma across 
a magnetic field. We note finally that Eq. (2,10) 
refers to motion at an angle with respect to the 
magnetic field and applies only for angles (} 
(Fig. 1) that satisfy the condition (} » .f'm_;;_e_/.,-m-i. 

We now consider the possibility of simplifying 
the equations that have been obtained. First let us 
introduce the dimensionless variables 

k=~ 
n ' 

Hx 
ot = tg 0 = H, 

oz 
uz 

Uz = VA' 

(2.13) 

where Hoz and n0 are the component of the mag
netic field transverse to the direction of plasma 
motion and the density of the unperturbed plasma 
respectively 

VA= Hoz 
V 4nnoM' 

(2.14) 

It is now convenient to transform to the 
Lagrangian coordinate ~ = ~ ( x, T) defined by 
the relations 

Then the equations for waves propagating at an 
angle with respect to the magnetic field become 

8k/8T = 8u:x:f8£, (2.16) 

(2.17) 

a auz f)2hy 
a:c (khz) = ot ~ - ot a;• ' 

a auy o2hz a:r (khu) = ot ~ + a a;• . (2.18) 

The initial conditions are 

k ('£, 0)=1, Ux ('£, 0) = Uy ('£, 0) = Uz ('£, 0) = hy ('£, 0) = 0, 

hz (£, 0) = 1. (2.19) 

The boundary conditions (for ~ = 0) are: 1 > 

hz (0, T) = 1 + g (T), (2.20) 

where g ( T) is some function of time which 
differs from 0 over a specified time interval 
LH(g(T) ;r 0 when 0 < T <boT, g(T) = 0 when 
T >boT, T < 0). These conditions correspond to 
the application of a magnetic piston at the plasma 
boundary over a bounded time interval. 

The system of equations (2.16)-(2.18) is 
rather complicated for our purposes. For this 
reason we introduce some simplifying assump
tions that allow us to neglect a number of terms 
while retaining the basic features. To understand 
the method of simplifying the system we note that 
the dispersion effects of interest appear only in 
second-order in a ""' (} ( (} « 1) [ cf. Eq. (1.2a) ]. 
Hence we assume that the angle (} is small and 
limit ourselves to terms of order (} 2• However it 
should be recalled that when the angle (} becomes 
too small ( (} « -../me /mi ) the original equation 
(2.18) no longer holds. Hence, in order for the 
equations (2.17) and (2.18) to retain the dispersion 
effects we require simply that 

(2. 21) 

Further 

hz = 1 + b, k = 1 +X. (2.22) 

It will be assumed that b and K are small quanti
ties; only second-order terms in these quantities 
are considered. It is easy to show that in this case 
we do not loose the nonlinear effects in the equa
tions that lead to the steepening of the front. 

l)These boundary conditions correspond to the excitation 
of a wave of the magnetic sound branch (when w « WHi• in 
the linear approximation this gives the "magnetic sound"). 
It is possible to use other boundary conditions, for example 
hy(O, T) = g(T), hz(O, T) = 1 corresponding to excitation of 
Alfven waves. However this branch is characterized by nega
tive dispersion as for a wave propagating perpendicularly to 
the magnetic field. Hence the analysis of this wave does not 
lead to any fundamentally new results compared with the case 
of a wave propagating across the magnetic field. 
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(Terms ~ a 2b2 etc. can be neglected.) As a result 
the following equations are obtained: 

82x iJ2b 1 8' 1 32 • ( ) 
0T2 + d~2 = - 2 d~' W) - 2 d~2 (h-y), 2• 23 

a a~u 
- (x + b + xb) = - ct.---a, a~z ' 

(2.24) 

Jf quadratic terms and dispersion terms in this 
equation (the latter are proportional to a) are 
neglected we obtain wave equations for K, b and 
the other quantities: 

f = b, X, hy, Ux, Uy, Uz. (2.25) 

In accordance with the initial values and the 
boundary conditions (2.19) and (2 .20) we are 
interested in waves moving in the positive x direc
tion. It follows from Eq. (2.25) that for these waves 
af/a~ = -af/ar. This relation holds if terms of 
order f2 and a 2 are neglected. Inasmuch as the 
right side of Eq. (2.24) already contains the quan
tity a we can make the substitution 

afO'£ ___. - aJar:, (2. 26) 

as a result of which 

x + b + xb = - y,ahvfar:, hy + xhy = aabjar:. (2.27) 

Thus, expressing the quantities K and hy in terms 
of b and substituting in Eq. (2.23) with the same 
degree of accuracy we obtain the following equa
tion: 

(2.28) 

Here again, we can make the substitution (2.26) in 
the second term on the right side. Furthermore, 
for the accuracy in which we are interested the 
right side of Eq. (2.28) can be written in the fol
lowing form when the substitution (2.26) is made: 

f_!L _ _!!__)(8b ._ ab)- . 8 (8b 8b) (2.29) 
\ rlE, <h -iJ~ T iJT ... - 2 -,:JT a~ + fh ' 

As a result the order of Eq. (2.28) is reduced and 
we find 

(2.30) 

The case of waves propagating across the mag
netic field can be treated in complete analogy with 
the above procedure. In Eqs. (2.28) and (2.9) (in 
which we write Uy = Uz = 0, Ux = U) and Eqs. 
(2.11) and (2.12) we transform to Lagrangian 
coordinates and dimensionless variables in ac
cordance with Eqs. (2.13) -(2.15), thereby obtaining 

~ 2 :~~ -= kh -1, (2.31) 

where {3 2 =me/mi. 
Writing h = 1 + b, k = 1 + K ( b, K « 1) andre

taining second-order terms we have 
iJ2b azb J2 1 82 a•b 
at•- £JT2 = - 8•2 W)- 2 a;2 W)- ~ 2 a,28~· · (2 · 32) 

Transforming Eq. (2.32) in the same way as 
Eq. (2.28) we find 

(2.33) 

Equations (2.30) and (2.33) differ only in the sign 
of the higher derivative and can be written in the 
common form 

(2.34) 

(2.35) 

The quantity 1-L is a dimensionless parameter 
that describes the nature of the dispersion; its 
sign is the same as the sign of the dispersion. 

In Eq. (2.34) we introduce the new variables 

(2. 36) 

where the ± sign corresponds to the sign of the 
dispersion. As a result we obtain the equation 

(2.37) 

It is easily shown that Eq. (2.37) can be ob
tained for other kinds of plasma waves of low 
amplitudes, 2> for example ion waves in a cold 
plasma for the case WHe > woe (here it is im
portant to take account of deviations from neutral
ity) (stationary solutions for these conditions are 
considered in greater detail in [I]). 

It is easy to verify that Eqs. (2.30) and (2.33) 
[and consequently Eq. (2.37) l satisfy solutions 
that describe stationary solitary (and periodic) 
waves propagating at an angle to the magnetic 
field and across the field respectively. Actually, 
substitution in Eqs. (2.30) and (2.33) of a function 
of the form 

b = b (1; - zcr), (2.38) 

2)We note that an equation of the type in (2.37) describes 
waves at the surface of a heavy liquid in a channel of finite 
depth. The analogy between these waves and plasma waves 
has been pointed out in[9 • 10 J. 
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yields the following solutions: 

_ 1 2 /I b max 1'/, o \ b (z) =+I Umax, sech \ -f.L- 2} , (2.39) 

where z = ~ - WT, w = 1 + bmax/2 is the velocity 
of the solitary waves while Jl is determined by 
Eq. (2.35). The minus sign is taken for a wave 
propagating at an angle to the magnetic field and 
the plus sign for a wave propagating across the 
magnetic field, that is to say, in the first case we 
obtain a rarefraction wave and in the second case 
a compressional wave; these coincide (to the ac
curacy used here) with the solutions obtained in 
[t-7]. Thus, the terms that have been neglected in 
the derivation of Eqs. (2.30) and (2.33) do not con
tain the interesting nonlinear and dispersive 
effects. 

3. SELF-SIMILAR SOLUTIONS OF EQ. (2.37) 

We shall first consider the solution of the 
linearized equation obtained from Eq. (2.37) when 
the fof/81) term is neglected in the initial condi
tions and the boundary conditions (2.19), (2. 20). 
This solution is of the form 

00 

1 (s, 11) = ~ c (s, 11- 11') (jl (11') dl]', (3.1) 
-oo 

00 

<D (X)=,;-\ cos (ux + ~) du. 
r n • 

0 

(3 .1a) 

(3.1b) 

Here, cp (1)) = f(O, 17 ) = ±(3/2 213 )g(21f3 1J.tl-112 r) 

while .P ( x ) is the Airy function, whose asymptote 
is given by 

{ 
(1/2 x'l•)exp {-"Ia x'i'}, X->+ oo (3.2a) 

<D(x)::::::: , , • 
lxi- 1'sin('faix0+n/4)• X->- oo (3.2b) 

If the wave is radiated for a bounded time 
interval ~ T and propagates at an angle to the mag
netic field, at sufficiently large distances from a 
source located at the plasma boundary the solution 
(3.1) of the linearized equation can be written in 
the following form (going over to the old variables 
~ and T ): 

00 

f (£, T) ::::::; G (£, T) ~ (jl (l]) dl] 
-oo 

(3.3) 

Thus, at large distances from the source the 
solution does not depend on the details of the vari
ation of magnetic field at the plasma boundary and 

hz I a 

l- 1\ {"\ "~. 

) 
'"""'-./\TV o 

' 
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b 
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~ 

FIG. 2. Profile showing the change of magnetic field in a 
wave propagating at an angle with respect to the magnetic 
field, a, and across the magnetic field, b. 

the profile of the magnetic field in the wave is of 
the form shown in Fig. 2a (for T » ~ r). We see 
that when ~ is reduced the wave damps exponen
tially so that Eq. (3.3) applies formally for small 
~ as well (but sufficiently large r). The wave 
packet as a whole moves away from the plasma 
boundary with a mean velocity of the order of the 
Alfv€m velocity. The packet spreads and its ampli
tude is reduced. 

The wave that propagates across the magnetic 
field is characterized by a profile whose general 
form is shown in Fig. 2b. Because the Green's 
function (3.1a) oscillates rapidly in this case 
when ~ - 0 (since !;; = -I Jl 1- 112 ~) it can only be 
taken outside the integral sign [as in (3.3)] at 
large ~. For small values of ~ the wave profile 
depends on the details of the variation of the field 
at the plasma boundary during the time interval 
~T. 3) 

It is reasonable to expect that the solution of 
the nonlinear equation (2.37), which describes the 
profile of a wave radiating in the plasma for a 
bounded time interval, should conserve the basic 
qualitative features of the solution (3.3). Hence~ 

we seek a solution of Eq. (2.37) in the form 
f(!;;, 1)) = !;;ni/J (~;;-1/ 3 1)) where n is a number. To 
determine the index n we note that Eq. (2.37) (as 
well as the initial values and boundary conditions) 
are invariant under the transformation 

s __, rs. 1J - r''• YJ, f -- y-'f,j. 

It then follows that n = - %. Hence we take 

1 <s. 11) = - s-'!slJl <- s-'hYJ) 

(3.4) 

(3.5) 

and obtain from Eq. (2.37) the following ordinary 

3)This is connected with the fact that for negative disper
sion the shorter wavelengths lag behind the long wavelengths. 
When the nonlinear term is taken into account this effect is 
still more pronounced because the nonlinear steepening of the 
front produces more and more short-wave harmonics. 
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differential equation for the function ljJ ( z) 
(z = -c113 TJ): 

31jJ"' + 31jJ1jJ' + z'ljl' + 21jJ = 0. 

We seek solutions of Eq. (3.6) that decay as 

(3.6) 

z - - oo. To determine the asymptotes of these 
solutions we neglect the nonlinear terms and ob
tain the equation 

31jJ"' + z'ljl' + 21jJ = 0. (3. 7) 

Two linearly independent solutions of Eq. (3. 7) 
will be the products of the solutions of the equa
tion 3q;" + zq; = 0 (which reduces to the Airy 
equation). To be convinced of this we differen
tiate this equation twice and substitute q;' ( z) 
= ljJ (z), as a result of which we obtain Eq. (3.7). 
It is found that the damping condition for z - - oo 

is satisfied only by a solution of the form 

1jJ (z) = - CCD' (- 3-'/,z), C>O, (3.8) 

where 4> ( x) is the Airy function. Using Eq. (3.2a) 
we see that the (one-parameter) family of solu
tions of Eq. (3.6) in which we are interested has 
the following asymptotes as z - - oo: 4> 

1jJ (z) = 1/zC (3-'/, I z j)'/, cxp {- 2 (I z l/3)%}. (3.9) 

The form of the solution for the remaining 
values of z can be determined by numerical inte
gration of Eq. (3.6). The results of this integra
tion are shown in Fig. 3. As initial conditions we 
have taken the values of ljJ ( z), lj;' ( z) and lj;'' ( z) 
for certain large negative values of z; these 
values are computed for the asymptote (3. 8). If 
C :::; 1.6 in (3.8) the solution ljJ ( z) is oscillatory 
and the amplitude of the oscillations increases 
with increasing z (curves I and II in Fig. 3). If 
C ~ 1.8 the solution is represented by curves such 
as III and IV and does not have physical meaning. 

The qualitative features of the solutions shown 
in Fig. 3 can be obtained as follows. We assume 
first that C in Eq. (3. 8) is small. Then the solu
tion of Eq. (3.8) will satisfy Eq. (3.6) approximately 
for small ( io modulus) z. As z - + oo the solu
tion (3. 8) starts to increase as z 1/4; hence for large 
z we must tak.e account of the linear term. How
ever, at small values of C the nonlinearity becomes 
important when q.' (- 3-l/3 z) is determined by the 
oscillating asymptote [in accordance with 
Eq. (3.2b)]. Hence, the solution of the nonlinear 
equation (3.6) for small values of C that ap-

4>we note that the third solution is proportional to z-2 as 
. z -> -oo. The numerical solution of the nonlinear equation (3.6) 
for this asymptote leads to a solution that is proportional to 
z as z -> + oo. Hence, it has no meaning. 

·J Z5 z 

FIG. 3. Results of the numerical solution of Eq. (3.6). 
Curve I, C = 1.0; II, C = 1.6; III, C = 1.8; IV, C = 5. 

proaches the asymptote in (3.8) as z - - oo will 
have the asymptotic form given below as z - + oo: 

1jJ (z) = z"• {C1 cos [2 (z/3)'h] + C2 sin [2 (z/3)'/,]} 

+ z"• {C3 cos [4 (7./3)%] + C4 sin [4 (zj3)'h]}; (3.10) 

because of the small nonlinearity Ci ( z) is a 
bounded, slowly varying (compared with znt and 
zn2) function and n2 < n1• Substituting Eq. (3.10) 
in Eq. (3.6) we see that n 1 = Y4, n2 = - Y2, and that 
the asymptote of the solutions for z - + oo is of 
the form 

1jJ (z) = z'I•{C1 cos [2 (z/3)'1'] + C2 sin [2 (z/3)'1']}. (3.11) 

This asymptote is found to agree with the asymp
tote for the numerical solutions when C :::; 1.6. It 
can also be shown that the solutions for C ~ 1. 8 
diverge as ( z - o )-2, where o is a constant deter
mined by the value of C such that o decreases as 
C increases. 

We now consider the results that follow from 
the solutions that have been obtained. Using Eqs. 
(2.36) and (3.5) we find the magnetic field in the 
wave 

hz (£, 't) = 1 + b (£, 't) 

= 1 - <2'1'/3)ft'1·s-'1'1Jl r- (2/f.t)'las-'1'(-r - s) J. (3.12) 

Let us first consider a wave propagating at an 
angle to the magnetic field (J.L > 0). When T » 1, 
~ » 1, ~ < T the deviation of the magnetic field 
from the equilibrium value is 

b = - 1/ 3C (ft/2·3'1a)'l•r'/, (-r- £)'/, 

x exp {- (2 j Sl·f.t-'1,£-'1,( 't - £)'!.}, (3.13) 

i.e., the quantity b falls off exponentially with 
distance from the point ~ = T in the negative direc
tion (for this reason we replace ~ by T in front 
of the exponential). In the course of time the wave 
propagating at an angle with respect to the mag
netic field damps as r-3/ 4• When ~ > T the pro-
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file of the wave oscillates, damping with distance 
from the point ~ = T as 

b = - (2'1•j3) f1'J,~-·;, {C1 cos [( 2/ 3)'h f1-'I,~J 

(3.14) 

(here we have used Eq. (3.11) and taken ~ » T). 
We see that the general qualitative form of the 

profile is the same as in the linearized problem 
(Fig. 2a); quantitatively, however, the nature of 
the variation of b is different in Eqs. (3.13) and 
(3.14). 

For a wave propagating across the magnetic 
field (f.! < 0), when T » 1, ~ » 1, and ~ > T we 
have 

b = 1/ 3C Cl fll/2. 3'h)'l· r:-'1, exp {- e/al';, I f1]-'h G}, (3.15) 

i.e., the quantity b damps exponentially with in
creasing ~ (here we again replace ~ by T in 
front of the exponential). 

When ~ < T the quantity b oscillates and is 
given by 

b = (2'1·/3) I f11'1. ~-'/, (r: - ~)'I· 

X {Cl cos WM'J, I f11-'/, ~ •;, (r:- ~)'/,] 

+ C2 sin Wla)'1•1 fll-'1• ~-·;, (r:- ~)';,]}. 

(3 .16) 

It is evident that the solution shown in Fig. 3 
does not apply at very small ~. This result is 
associated with the following circumstance noted 
in the investigation of the linearized problem: in 
the case of negative dispersion the solutions with 
small ~ depend strongly on the detailed nature of 
the excitation process. However, the general form 
of the profile will be the same as in Fig. 2b. 

In conclusion the author wishes to thank R. Z. 
Sagdeev for his continued interest in the work and 
for valuable discussions and G. I. Rusov for help 
in the numerical calculations. 
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