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It is shown that, owing to over-the-barrier reflection of electron excitations at the boundary 
of the normal and superconducting phases, a temperature drop occurs when there is a flow 
of heat. The additional thermal resistance of a superconductor in the intermediate state is 
calculated. It is shown that it increases exponentially as the temperature is lowered and 
does not depend on the electron mean free path. 

1. As was first discovered by Mendelssohn and 
Olsen, [1] the thermal resistance of superconduc
tors in the intermediate state greatly exceeds the 
thermal resistance in the superconducting state. 
A systematic study of this effect over a wide range 
of temperatures has been made by Zavaritskil. [2] 

It thus became clear that the anomalous thermal 
resistance of the intermediate state occurs both 
at low temperatures when phonons make the major 
contribution to the thermal conductivity, and at 
high temperatures when electrons transport the 
heat. A mechanism for the additional phonon scat
tering, which explains the phenomena in the phonon 
thermal conductivity range, was proposed by 
Abrikosov and Zavaritski1 [a] and by Laredo and 
Pippard. [4] To explain the effect at high temper
atures it was proposed [ 5, 6] that the electrons are 
reflected in some way from the boundary dividing 
the normal and superconducting phases. However, 
so far no one has clarified the nature of this re
flection. The present work is devoted to this prob
lem. 

It will be shown below that at the boundary di
viding the two phases an effect occurs of a type 
involving over-the-barrier reflection of quasi
particles, the probability of which is of order unity, 
although the ratio of the transition layer width to 
the wavelength of the quasi-particle is very large 
( ~ 104 ). For this reason a temperature drop arises 
at each of the boundaries when a thermal flux is 
present; this causes the additional thermal resist
ance in the intermediate state. 

We consider a plane boundary between the nor
mal and superconducting phases. Let the z axis 
be normal to the boundary with the superconducting 
phase in the region of positive z. The energy gap 
L:.( z) tends to zero as z- - oo, and as z- +oo it 
tends to t::.0 -the equilibrium value at the given 

temperature. We introduce the functions 

where lj! and 1/J+ -Heisenberg operators, <1> 0 and 
<1> 1 -ground and excited states. Using the equa
tions of motion [ 7] 

(ia/iJt + V2/2m + f.l) 'ljJ- g ('ljJ+'IjJ) 'ljJ = 0, 
(iiJ/iJt - V2/2m - f.l) 'ljJ+ + g'ljJ+ ('ljJ+'IjJ) = 0, (2) 

where !J. is the chemical potential, g is the inter
action constant, and m is the mass of an electron, 
we obtain ( cf. [7]) 1> 

iiJf/iJt = - (V2/2m + f.l) f + il'!. (r) lj), 

iiJqJ/iJt = (V2/2m + f.l) ljJ- il'!. (r) f. (3) 

The quantities f and cp taken together obviously 
signify the wave function of the quasi-particle. We 
multiply the first equation of (3) by f*, the second 
by cp *, and add the results: 

i ~ (I I 12 +liP 12) = 2~ (/V2f* - f*V2 / + qJ"V21jJ -qJV 2qJ*). 

This equation can be rewritten as 

iJp/iJt + div j = 0, (4) 

P = I f 12 + liP 1
2 • 

j = 2~ {uvr- rvt> + (IP.viP -qJvljJ·>}· (5) 

Equation (4) shows that p defines the probabil
ity density of the quasi-particle coordinates, and 
j is the probability flux density. 

1lin the equations we do not take into account a magnetic 
field, since usually the penetration depth of the field is much 
less than the width of the transition layer between the phases. 
In the normal phase the field is in general unimportant, since 
the Larmor radius in a field of the order of the critical field 
is greater than the thickness of the normal layers. 
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With the aid of (3), we can consider the reflec
tion of quasi-particles from the boundaries of the 
two phases in the usual way. We note first of all 
that for energies of the order of the Fermi energy of 
the medium under consideration is completely homo
geneous (with an accuracy ll./EF ). We shall there
fore seek a solution of (3) in the form 

f = eip,nr-iwt'f) (r), <p = eip,nr-iwtx(r), (6) 

where Po is the Fermi momentum, w > 0 is the 
energy of the quasi-particle, n is some unit vector 
and 1J and x are functions that vary slowly com
pared with eipon•r. Substituting (6) in (3) and neg
lecting higher derivatives of 1J and x. we obtain 

(ivn :r + w)'f)- il'!. (r) X= 0, 

(ivn :r- w)x- il'!. (r) 'f)= 0, 

where v = Po /m. 

(7) 

We find the asymptotic form when z- ± oo of 
the solutions of (7) describing the reflection of 
quasi-particles falling on the boundary of the nor
mal phase. When z- - oo we can put ll.(r) = 0. 
Then 

( ~ ) = A ( ~ ) eik,r + B ( ~ ) eik,r, (8) 

where k1 = nw/v, k2 = -nw/v; A and B are arbi
trary constants. The first term corresponds to a 
"particle" whose velocity (or j) lies along n, and 
the second term to a "hole" whose velocity lies in 
the opposite direction to n. If nz > 0, then (8) de
scribes a "particle" incident on the boundary and 
a reflected "hole"; if nz < 0, it describes an inci
dent "hole" and a reflected "particle." 

We must put ll.(r) = 6 0 in (7) as z- +oo. The 
solution describing the transmitted wave (jz > 0) 
has for w > 6 0 the form 

( i) = ~ ( f1 + vnks/W) eik,r, (9) 
f2 - i V 1- vnk3/w 

where C is a constant, 

k3n = v-1 V w2 - !'!.~ for nz > 0, 

k3n = - v-1 Y w2 - !'!.~ for nz < 0. 

If w < ll-0, then the functions 1J and x decay ex
ponentially as z - + oo • 

We note that, because the medium is completely 
homogeneous in the x and y directions, we have 
k1x = k2x = k3x and k1y = k2y = k3y. 

To find the transmission coefficient w, defined 
as the ratio of the fluxes jz in the transmitted and 
incident waves, it is necessary to find the asym-

ptotic form as z - - oo of the solution to equation 
(7), that has the asymptotic form (9) as z- +oo. 

This problem can be easily solved, for example, 
if ll.(z) = 0 for z < 0 and ll.(z) = 6 0 for z > 0. 
In fact, formulae (8) and (9) are then valid for 
z < 0 and z > 0, respectively. The continuity con
dition for the functions 1J and x at z = 0 gives 

w = {2 Y W2 - ~~I [w + V w2 _ il~] 

For small positive w -60 

for w > ~o 
for w< .::\o" 

w = 2 V2 (w - l'!.o)/ l'!.o. 

(10) 

(11) 

It is impossible to calculate w in the general 
case, since to do this it is necessary to find an ex
plicit form for the function ll. ( z ) , which cannot be 
done even close to the critical temperature T c. It 
is, however, possible to write down a number of 
properties of the function w( w, n) that are inde
pendent of the specific nature of the function lJ. ( z ) . 
Firstly, it is clear that when w < 6 0 we must have 
w = 0. Close to threshold the following formula is 
valid in the general case instead of (11): 

w = f (nz) V (w - !'!.)/ !'!., (12) 

where f is some function of order unity. (Here and 
subsequently we omit the subscript zero on ll.. ) 

In fact, from the definition of w and relations 
(8), (9), and (5), it follows that 

w = 
y w2- ~2 

1.~ r for nz > 0, 
w 

W= 
fw2 -~2 

1 ~ r for nz< 0. w 

As w -ll. the ratio I C/ A 12 (1 C/B 12 ) tends in gen
eral to some finite quantity independent of n, 
whence a formula of type (12) is obtained. 

If w -6 ~ ll., then w ~ 1. This follows from 
the fact that in this case the distance over which 
the functions 1J and x vary in (7) has the same 
order of magnitude as the width of the transition 
layer, i.e., the distance in which the function ll.(z) 
changes. For w » lJ. the wavelength of the func
tions 1J and x becomes much smaller than the 
width of the transition layer, and then w is close 
to unity. 

We note the following curious feature. Usually 
when particles are reflected, only the component 
of the velocity normal to the boundary changes 
sign. The projection of the velocity on the plane 
of the boundary remains unchanged. In our case 
all three components of the velocity change sign. 

2. We proceed to calculate the thermal resist-
ance of the intermediate state. We assume that 
the temperature T « T c but still T » T 0, where 
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T 0 is the temperature at which the phonon contri
bution to the heat exchange becomes important. In 
this case the quasi -particles whose energy w dif
fers little from D. play the principal part. There
fore, expression (12) can be used for the trans
mission coefficient w, whence it is clear that in 
the important range of energy values w « 1. Thus, 
at low temperatures thermal exchange through the 
boundary between the normal and superconducting 
phases is made extremely difficult. The situation 
which occurs is analogous to the exchange of heat 
between a solid body and liquid helium, where the 
small coefficient of transmission of the quasi
particles through the bou!ldary is due to the large 
ratio of the acoustic resistances. As is well 
known, [8, 9] when a thermal flux exists between 
helium and a solid body a temperature step oc
curs. Just the same thing will also happen at the 
boundary between the normal and superconducting 
phases. To calculate the relation between the ther
mal flux Q and the temperature drop oT we note 
that, since w is small, the flux Q coincides in 
magnitude with the thermal flux which arises at 
the instant when the two media under considera
tion are brought together-each of the media be
ing in a state of thermodynamic equilibrium, but 
their temperatures differing by oT. 

We calculate the thermal flux W directed from 
the normal to the superconducting phase: 

\ d3p 
W = ~ 2n0 (w) WVz w (2n)3 , 

Vz >O 

(13) 

where v = Bw/ap, w = I~ I. ~ = v(p -p0 ), and n0 

is the equilibrium distribution function. 
Substituting in (13) the value of w from (12) 

and denoting the angle between the vector p and 
the z axis by e, we bring (13) to the form 

w = ( ~ r r wno (w) v w--;.1'>. d~ ~ cos6f(cos6)dcos6. (14) 
~ 0 

Because T « D. it can be assumed that n0( w) 
= e -wIT. The integral with respect to ~ in (14) is 
easily evaluated and we finally obtain 

(15) 

1 

where f0 = J cos (Jf (cos fJ ) d cos fJ is a constant of 
0 

order unity. 
If the temperatures of the normal and supercon

ducting phases are equal, the flux W is compen
sated by a flux of the same magnitude directed 
from the superconducting phase to the normal. If 
there is a difference of temperature oT, there
sulting thermal flux is ( aw I BT )oT. Performing 

the differentiation and remembering that D. » T, 
we obtain 

The temperature drop oT determined by this equa
tion occurs at each of the boundaries between the 
phases. 

We calculate the additional thermal resistance 
due to this mechanism for a cylindrical specimen 
situated in a magnetic field perpendicular to the 
cylinder axis. In this case a structure of alter
nating normal and superconducting regions arises 
in the specimen. For the period of the structure 
a we have [10•2] 

a = V ad!qJ (TJ), (17) 

where d is the diameter of the specimen, a 
= 8rro/H~, a is the surface tension at the boundary 
between the phases, He is the critical magnetic 
field, 71 = 2H/H0 - 1, and cp ( 71) is the function 
tabulated in [10J. 

On the basis of (16) and (17), the additional ther
mal resistance D..R can easily be calculated if it is 
taken into account that at each period a two tern
perature drops of oT occur. The result is 

/',.R = /~1 (2n/p0) 2 V ffJ (TJ) T /nad/',.3e!l.!T. (18) 

A graph of the function D..R(T/Tc) for 71 = 0.5 is 
given in the figure for a specimen of tin with di
ameter 0.175 mm. In the calculations we put f0 

= 1, ti/p0 = 10-8, a= 3 x 10-5 (see [llJ). The ex
perimental results of Zavaritski1 [2] are shown in 
the same figure. At low temperatures the agree
ment between the theory given and the experiment 
is completely satisfactory. 

J!(,. em. deg/watt 

t!J5 

Ill 

I 
1/J-/ 

/J.Z /J.J /J.4 /J..f T/Ji: 

We note that the expression we obtain for D..R 
does not contain the mean free path of electrons, 
in constrast, for example, to the result of Strass
ler and Wyder. [G] Our result agrees with the data 
of Zavaritskil, [2] where it was shown that D..R is 
almost independent of the impurity concentration, 
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whilst the quantity D.R/Rs (Rs is the thermal re
sistance of the superconducting phase ) changes 
greatly when the concentration is changed. 

In conclusion I express gratitude to A. A. Abri
kosov, L. P. Gor'kov, I. E. Dzyaloshinski1, L. P. 
Pitaevski!, and I. M. Khalatnikov for useful dis
cussion of the work and valuable remarks. 
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