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The effect of the field of a plane electromagnetic wave on quantum processes occurring in 
the absence of the field are considered. The main features of such a process are analyzed 
for the particular case of the 1r- f.L + v decay. A general formula is derived for the 
probability of 1r- f.L + v decay in the field of the wave. The formula is investigated for 
various limiting cases defined by the magnitude of the parameters ea/m and ea/ w (a is 
the wave potential amplitude). For ea/m, ea/ w « 1 the formula yields the corresponding 
probabilities of perturbation theory, and for ea/m » 1-the probability F ( x ), 
x = e -J ( F f.LVPv )2/m 3 for the process in constant crossed field ( E · H = 0, E = H). If the 
conditions considered in [1] are fulfilled, F ( x) describes the process in an arbitrary con­
stant field. A significant dependence of the probability on decay energy is demonstrated; 
for small values of x the probability of 1r- f.L + v decay increases and the probability 
1r- e + v decreases. With decreasing decay energy the sensitivity of the probability to the 
field strength increases. The exact expression for the probability removes the infrared 
divergence for photon absorption. In view of the importance of processes in crossed field, 
a straightforward method of calculation is presented, not connected with the limiting transi­
tion ea/m - oo. 

1. INTRODUCTION 

THIS paper treats the effect of the field of an 
electromagnetic wave and the effect of a constant 
field on processes which take place even in the 
absence of the field; an example, exhibiting the 
simplest type of kinematics, is the decay 1r - f.L 
+ v (three particles, one of which has zero mass). 
In the real 1r - f.L + v decay the masses of the 
charged particles and their difference are of the 
order of magnitude of the mass of the 1r meson; 
hence it is clear from the results of the preceding 
paper [1] (hereafter cited as I) that in order to 
have any significant effect on this process the 
field must be of order m 3/ep0, where m and Po 
are the mass and energy of the 1r meson; such 
fields will hardly be available in the near future. 
However there are many processes for which the 
mass difference between the decaying particle and 
its products is small (of the order of an electron 
mass). In this case the decay probability will de­
pend on this small mass difference and much 
smaller fields will be capable of influencing the 
process. 

Using the 1r - f.L + v decay as an example, we 
will investigate the following general questions: 

How does the decay probability depend on the de­
cay energy? Does the decay probability decrease 
or increase in the presence of the field? etc. It 
is shown that the decay probability F ( x ), where 

x = e -J ( F f.L vp v )2 /m 3, depends strongly on the de­
cay energy or on ~ = 1 - ( m' /m )2, since for 
small x the value of F ( x) decreases with in­
creasing x if ~ « 1 or if 1 - ~ « 1, and in­
creases with increasing x if ~ is not close 
either to zero or to unity. For large values of 
x. F ( x) increases as x2/ 3 independently of ~­
For small values of ~. the probability F (X) 
depends essentially on x/ ~. so that its sensitivity 
to the field increases. 

In Sec. 3 we consider the general expression 
for the probability of the process in the field of 
a wave, in various limiting cases depending on 
the parameters ea/m and ea/w. For ea/m and 
ea/ w « 1 the probability goes over into the cor­
responding formulas of perturbation theory; for 
ea/m » 1 one obtains an essentially nonlinear 
theory. For ea/m « 1 and ea/ w ~ 1 the proba­
bilities for the processes involving absorption 
from the wave (or emission into the wave) of 
0, 1, 2, ... photons differ significantly from the 
corresponding expressions of perturbation theory. 
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On the other hand they differ little from each 
other kinematically, and their sum, which gives 
the total probability, is approximately the same 
as the probability for the process in the absence 
of the field. 

Whereas in perturbation theory the probability 
for a process involving the absorption of a low­
energy photon is proportional to e 2nyt3 = Y2 ( ea/ w )2 

and exhibits an infrared divergence, the general 
expressions obtained here for the probability of 
a process involving the absorption of 0, 1, 2, ... 
photons apply to arbitrary values of the parameters 
ea/m and ea/w and exhibit regular behavior in 
the infrared region. 

2. THE n- 11 + v DECAY 

According to Gell-Mann and Feynman [2] the 
decay matrix element may be written in the form 

G -
M = Yz f(\1""- ieA"")<p,('iJ~'-r""(i + y 5)'iJv), (1) 

where 'Pn• 1/!w and lj; 11 are the wave functions of 
the n meson, the 11 meson, and the neutrino, G 
is the weak interaction constant, and f is a phe­
nomenological constant which takes account of 
the virtual strong interactions of the n meson [3]. 

In the field Aa = a a cos ( kx) of a plane electro­
magnetic wave the wave functions of the charged 
particles are given by the expressions (cf. I, (1)) 

1 [ . e (ap) . (k ) <p, ~~ r.-- exp l ~(k ) Sin x 
l .'.qo P 

. e2a 2 . 2 (k ) + . ( ) l 
- l 8 (kp) Sill X l qx J , 

\jlp = [ 1 + e 2 ~~:') J u (p') exp [ i e (~::; sin (kx) 

- i 8 ~~~') sin 2(kx) + i (q' x) J , 

(2) 

(3) 

where q, q' are the ''quasi-momenta" of the n 
and 11 me sons, and lj; 11 = u ( l ) exp ( i ( Zx ) ]. It is 
assumed that all of the functions are normalized 
so that the average particle number density is 
equal to unity (cf. I, Sec. 2). Using these functions 
in (1), we obtain 

Gfm' "'- ')[A e'k7z A J M=-;--7=L.Ju(p 0 - 2 (k') 1 (1+rs)u(l) 
2 V qo 8 P 

;( (2:rt)4 6 (q +sk- q' -l). (4) 

The square of the matrix element, summed over 
polarizations of the 11 meson and the neutrino, is 
equal to 

'\ 1 I M 12 = G2f2m2m'" "-' { L'lA 2 + (..:.::_)2 J'<!)_ (A 2 - A A l} 
LJ VT 4qoq~lo ~ o m (kp') 1 o 2 

X (2:rt)4 6 (q + sic - q' - l). (5) 

Here m and m' are the mass of the 1r and 11 
mesons, and ~ = 1- (m'/m )2• Integrating this 
expression over the momenta l and q' we obtain 
the total decay probability in the field of the plane 
electromagnetic wave: 

m't:.-2s(kq) ,, 

du 
(1 + u)2 

X { L'lA2 + (!.::_)2 J'<!)_ (A2 -A A l} o m (kp') 1 !V'-2 , (6) 

where u = (kZ)/(kq' ), cp is the angle between the 
planes ( k, q') and ( k, a) in the center of mass 
system, and s 0 = m2~/2 (kq). 

Since this general expression for the decay 
probability contains the complicated functions 
A%(s, a, {3) and AI(s, a, {3)- A0 (s, a, {3)A2 

( s, a, {3 ), which cannot be integrated analytically 
in general, it is natural to consider various 
special cases. In I we considered the limiting 
cases determined by the value of the invariant 
parameter x = ea/m. For the processes con­
sidered in I, which do not take place without a 
field, the arguments a and {3 of the functions 
An ( s, a, {3) were very much smaller than unity 
if x « 1 (a ~ xs, {3 ~ x 2s ), and the probability 
went over into the perturbation-theory result. For 
processes which occur even in the absence of a 
field, the parameters a and {3 are in general not 
small when x is small. Hence the case x « 1 
must be considered separately and will be treated 
in Sec. 3. We now consider the case of large x. 

We therefore let x » 1. Then since the proc­
ess 1r - 11 + v belongs to the group of processes 
obeying the conservation law q + sk = q' + l, the 
discussion given at the beginning of Sec. 4 of I 
is applicable. Using I (25), I (20) and I (21) and 
the asymptotic expressions for the functions A~, 
and Ai - A0A2, which were given in I, we obtain 
for the decay probability W in the slowly varying 
field of a plane wave 

1t/2 

2 \ 
W(x) = J1 J F(xsin\jl)d'iJ, (7) 

where F ( x) is the decay probability in a constant 
crossed field given by 

00 00 

F (X) = G2f2'~:m'2c ~ dv ~ du :~"vv ch u (s~~vt' i L'lcD2 (y) + 
0 () 

--i-- sh2 v (ch2 u- L'l cth2 v) [ <P 2 (y) + + <D' 2 (y)j}. (8)* 

Here 

y = (sh2 vf2x)'1' (ch2 u- L'l cth2 v), X= e J/ (F~'-vqY/m3 . 

*sh = sinh, ch = cosh, cth = coth. 
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Although they are well defined for an oscillating 
field, the concepts of the average particle number · 
density (assumed normalized to unity) and the 
mean kinetic energy ( q0 ) lose their meaning when 
considered separately in the case of a constant 
crossed field. However their ratio (which is what 
enters the expression for the probability) is the 
invariant quantity c, which, both for the alternating 
and for the constant crossed field, equals the 
ratio of the true particle number density to their 
kinetic energy or the ratio of the particle number 
density in the rest system to the mass of the par­
ticles (cf. I, Sec. 2). Therefore the factor 1/q0 in 
(8) is replaced by the invariant c. We note also 
that the lifetime of the n meson in the rest system 

'iscm/F(x). 
The decay probability F ( x) has the same form 

as the probabilities for the processes which do not 
occur in the absence of a field. There is however 
one new feature. The argument of the Airy func­
tion which occurs in F ( x) may now take on both 
positive and negative values. This property is 
characteristic of the probabilities for all proc­
esses which occur even in the absence of a field. 
The use of the Airy function ci> ( y ), which is 
analytic for all real y, leads to a single form for 
the probabilities of the various processes. This 
unified expression would not obtain if in place of 
ci> ( y) we use the more usual Bessel function of 
order V3, since the latter is not analytic for 
y = 0. 

All of the considerations set forth in Sec. 7 of 
I are applicable to the present processes. Hence 
when condition (43) of I is satisfied, (8) gives the 
decay probability in an arbitrary constant field 

F ~-tV• 
We now consider the asymptotic behavior of 

F ( x) both for small and for large values of X· 
A calculation, given in the appendix, indicates that 
for small x 

C(LI) 
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FIG. 1 

p (X) '= _G_2.:__f2_,'~,_~m_'_2L'._2_c 

X{i +C(I'l) %+M2- 1M+ 6 2+ l X 3t.2 X · · ·I· 
) 

(9) 

The first term of this expansion is the probability 
for decay in the absence of the field (cf. for ex­
ample [3]). The coefficient C ( t:.) in the second 
term is given by the expression 

t. 
C (l'l) = (~)'/, .!:__(2/a) (" dt a' a."'- 3a."2 , 

2 6nt. J V _a. a.'• 
0 

<Y.a = (t- t.)3 
t (1 - 1)2 • (10) 

The dependence of this coefficient on t:. is shown 
in Fig. 1; in particular for t:. - 0 

1 

C (l'l) = _ (_;_)';, r (2fa) (" d x'f, V1-=-x (5 + x) tl-'J,. 
3 n J X (1 + ~x)4 · ' 

0 

fort:.= 0.427, C(t:.) = 0.385; fort:.= 1, C(t:.) 
= ( -%,1}(% )213 r (% ). Thus C ( t:.) depends 
strongly on t:. (i.e., on the decay energy) and 
changes sign twice as t:. varies from zero to one. 
Thus for values of t:. close to zero or unity the 
decay probability decreases when the field is 
turned on; for intermediate values of t:. the prob­
ability increases when the field is turned on (cf. 
Fig. 2). It is also clear from (9) that for t:. « 1 
the expansion must be in powers of the parameter 
xl t:., and hence it is valid under the condition that 
x/ t:. « 1. This also means that when t:. « 1 the 
decay probability in the presence of a field differs 
essentially from the probability for free decay 
when x/ t:. ~ 1, i.e., in fields of order m 3t:./ep0• 

For large x the integral in (8) is determined 
essentially by values v ~ 1. Using this fact, it is 
not difficult to show that 

0.5 

o~~~--~~~~~x 
0.5 1.0 1.5 2.0 

FIG. 2 
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G2j2m2m'2cr (2/a) ,, 
F (x) = 36n (3x) '', (11) 

Figure 2 shows the function F ( x) calculated 
from (8) for two values of the parameter Ll, equal 
to 0.427 and 1, corresponding to the real decay 
processes 1r- p, + v and 1r- e + v. 

3. LIMITING CASES OF THE EXACT FORMULA 
AND THE INFRARED DIVERGENCE ACCOM­
PANYING ABSORPTION OF LONG WAVE­
LENGTH PHOTONS 

We now treat qualitatively several limiting 
cases which can be obtained from the general 
expressions for the probabilities of processes in 
the field of a plane monochromatic wave. We have 
in. mind those limiting cases which depend on the 
properties of the electromagnetic wave, i.e., its 
frequency w and its amplitude B = wa (or on two 
other related parameters, for example the dimen­
sionless parameters x/ea/m and ea/w). 1l 

A. Processes which take place in the absence 
of a field ( ~ ,r 0 ). In this case it is not difficult 
to show that to an order of magnitude 

a~~ tl + sx 
w 2 V (1 + x 2/2) (1- tl + x 2/2) V 1- tl + x2,'2 ' 

~~ XCI. • 

V 1- tl + x 2j2 
(12) 

Then for ea/w « 1, x « 1 we obtain {3 « a « 1, 
which leads immediately to perturbation theory. 
In fact, in this case A~ ~ 1, Aj - A0A2 ~ -% for 
s = 0, A~~ a 2/4, Aj- A0A2 ~ V4 for s = 1, etc. 
Thus for example in the case of a decay, the term 
with s = 0 in (6) gives the probability for the 
ordinary decay, the term with s = 1 gives the 
probability for decay with the absorption of one 
photon, etc, calculated according to perturbation 
theory. 

For x » 1 and for arbitrary ea/ w we obtain 
an essentially nonlinear theory which is con­
sidered in more detail in Sec. 2. There remains 
the case ea/w ~ 1, x « 1. 

We recall th'at the total probability for the 
process has the following structure 

l)For simplicity we limit ourselves to processes obeying 
the conservation law q + sk = q' + l, where [2 = 0 and we 
will characterize these processes by the paramleter 
L'l = 1- (m'/m)2, where m and m' are the masses of the 
charged particles. Then for processes occurring in the ab­
sence of a field L'l =fo 0, and for processes which do not occur 
in the absence of a field L'l = 0. Moreover in this section w 
designates the frequency jn the system in which q = 0, 
q0 = m*, so that ea/ w is invariant and equal to -eam*/(kq). 

where Ws is the probability of a process involving 
the absorption from or emission into the wave of 
s photons. The functions A~ and Aj - A0A2 may 
be considered different from zero only for I s I 
~ a, since for I s I > a they decrease exponen­
tially with increasing s [in this regard the func­
tions An ( s, a, {3) behave like the Bessel func­
tions J s ( a)]. Therefore the probability for the 
process is determined essentially by the sum 

8eff 

2.; w., 
s~~seff 

Furthermore, since in the present case we 
have SeffW ~ ea « m the kinematics of the 
processes described by the individual terms in 
this sum are very similar to the kinematics of 
free decay. Therefore in the expression for W 
we may take out from the summation sign all 
factors except A5 and Aj - A0A2, since these 
factors are essentially independent of s as long 
as I s I :S Seff· We then obtain 

•·eff ~ d3 'd"l 
W;::::; 2,; lf'.;::::; _q_, -ll (q- q'- l) 

~ q0lo 
S~~S,eff 

1eff 8eff 

X [to ~ AG+ /1 2,; (Ai- A0 A2)J. 
s~~•·eff s~~s eff 

Thus, neglecting exponentially small terms, we 
replace seff by oo, and since 

8=--00 8=-00 

[ cf. (A5) and (A6) in I], we have 

~ d3 q'd3 l I 
W;::::; -, -ll (q- q - l) / 0 , 

q0 lo 

i.e., the total probability of the process is essen­
tially the same as the probability for free decay. 

Thus for ea/w .G 1, x « 1 the probabilities 
for processes involving absorption from the wave 
(or absorption into the wave) of 0, 1, 2 ... photons 
differ only slightly as far as kinematics are con­
cerned but differ significantly from the corre­
sponding expressions of perturbation theory; on 
the other hand, the total probability is approxi­
mately the same as the probability for the proc­
ess in the absence of the field. 

B. Processes which do not occur in the absence 
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of the field ( .6. = 0 ). In this case we have, in 
order of magnitude, 

(13) 

Therefore for x « 1 we obtain {3 « a « 1, i.e., 
perturbation theory. For x » 1 we have the non­
linear theory discussed in I. 

We now return to the processes which occur in 
the absence of a field and consider them from the 
point of view of the infrared divergence of quantum 
electrodynamics. As is well known [4J, in dealing 
with processes which involve the emission of 
photons with energy w- 0, the expansion 
parameter of perturbation theory is not e 2, but 
e 2 ln ( E/w ), where E is an energy of the order 
of magnitude of the electron energy. This parame­
ter arises because the squared matrix element 
of a process involving emission of a photon with 
energy w---' 0 is proportional to e 2/w 3V, and its 
integral over the number of final states 
47Tw2dwV /( 21r )3 of the emitted photon gives the 
result e 2 ln ( E/w ). For processes involving the 
absorption of a low energy photon the squared 
matrix element is proportional to e 2/w3V as be­
fore, but there is no integration over final states. 
Hence in this case the expansion parameter of 
the perturbation theory is e 2/wV = e 2ny~3 , where 
ny is the number density of incident photons. If 
one uses the relation a2 ~ ny/ w between the 
amplitude a of the 4-potential of the plane mono­
chromatic wave and the number density of photons 
ny, then the parameter e 2ny7t3 may also be 
written (ea/ w)2 • Thus the condition that perturba­
tion theory be applicable to the absorption of long 
wavelength photons is 

(14) 

Thus for w/m « 1 and ea/w « 1 the probability 
of a process involving the absorption of a single 
photon may be written down using perturbation 
theory and is proportional to e 2ny 71:3 = ( ~ )(ea/ w)2• 

As the frequency decreases this probability 
diverges, which is physically absurd (this is the 
infrared divergence for the absorption of long 
wavelength photons). However even for ea/w ~ 1 
the perturbation theory formula loses its validity. 
In this case it is convenient to use the theory pro­
posed above treating the electromagnetic wave as 
an external field. Then, for the probability of the 
decay 7T- J.l + v for example we obtain (6), in 
which the s-th term, Ws, for s ~ 0 ( s < 0) 
gives the probability for decay accompanied by 
absorption from the wave (or emission into the 
wave) of s photons. No term in this formula ex­
hibits an infrared divergence but instead, as ex-

pected from physical considerations, each ap­
proaches zero as w- 0, since the functions 
An(s, a, {3)- 0 for a or {3- oo. 

4. PROCESSES IN A CONSTANT CROSSED F1ELD 

In I and in Sec. 2 of this paper, using general 
expressions for the probabilities of processes in 
a field of a plane wave and with the help of a 
rather complicated limiting transition ( ea/m 
- 00 ), we obtained the probabilities for processes 
in a crossed field. As was shown in I, the proba­
bilities for processes in a constant field play a 
very important role since, when condition (43) of 
I is fulfilled, they give the probabilities of the 
same processes in an arbitrary constant field. It 
will be useful to explain the direct method for 
calculating probabilities in a crossed field. 

A constant crossed field may be considered as 
a special case of the field of a plane wave (cf. I, 
Sec. 2) if one takes a potential of the type AJ.l 

= aJ.l· lkx) as the 4-potential A/J ( cp), cp = (kx). 
Then, using (1) of I, we obtain the solution of the 
Dirac equation in a crossed field: 

1J'pr (x) = [ 1 + e 2\~;) l u (pr) 

[ . e (ap) q;2 . e2a2q;3 J 
x exp l 2 (kp) - z 6 (kp) + i (px) . (15) 

All of the general relations (2)-(4) of I are valid 
for this solution. The spinor u ( p) is normalized 
by the relation u +u = 1. 

Using the function (15) the matrix element for 
an electron transition from the state 1/Jp to the 
state 1/Jp'• with the emission of a photon of mo­
mentum k' and polarization e' can be written 

where A= A ( s, a, {3) is the Fourier transform 
of the quantity exp ( iacp2/2 - i4{3cp3/3 ): 

00 

exp {i ((Xi"- 4f3t)} = ~ dseis~ A (s, a,~). 
-00 

00 

A (s, a,~)= 2~ ~ d<p exp{i (crt- 4~-t- s<p)} ,(17) 
-00 

and where the derivatives inanA/asn are the 
Fourier trnasforms of the quantities 
cpnexp ( ia({l2/2 - i4{3cp 3/3 ). 

The matrix element (16) is analogous to the 
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matrix element for the emission from an electron 
in the field of a plane monochromatic wave Af.l 
= af.l cos ( kx) and differs from the latter in re­
placing the discrete index s by a continuous 
index usi"ng the formula ( s - 2{3 )disc - sconto 
so that the sum over s is replaced by an integral, 
the momenta q and q' are replaced by a momenta 
p and p', and the functions A0, A1, A2 are re­
placed by the functions A, iOA/Bs, -a2A/as2. 

It follows from (17) that A ( s, a, f3) can be 
expressed in terms of the Airy function <I> ( y): 

A (s, a,~)= ;~ (4~(;, exp {-is 8~ + i 8: ( 8~ n <l>(y), 

Y = (4~)' 1'[.~'~ - ( 8~B rJ (18) 

(as shown in I, f3 > 0 ). Using (18) it is not diffi­
cult to find a relationship between the function A 
and its first two derivatives with respect to s: 

sA - ia oA/iJs- 4~ iJ2A/os2 = 0, (19) 

which is analogous to (A3) of I. 
In calculating I M 12 one obtains the double 

integral 
00 co 

~ ds ~ ds' o (sk + p - p' - k') o 
-~ -00 

x (s'k+p-p'-k') ... , 

in which the product of delta functions may be 
written as follows 

o (sk + p - p' - k') o (s' k + p - p' - k') = 0 (~ (~/) 

x [o (sk + p - p' - k')J2 
0 (s- s') VT , , 

= 0 (O) (Ln)'' 0 (sk + p - p - k ). (20) 

We then have 
co 

'-' 1M 12 = (2n) 1 e2 •\· _d_s _ b ( k + _ ' _ '-') 
LJ VT o (0) ? ' ' s p p ll. 
r, r' -~ -PoPoko 

x { [2 (pe")2 - (pp') - m2 ] I A [2 + [a (kk') 

- 4e (ae") (pe")] Im AA'• 

' e2 [ a2 (kk')2 + 2 (ae"')2] I A' 121_ 
T 2 (kp) (kp') j ' (21) 

where e" = e'- k' (ke')/(kk') and A'= BA/Bs. 
If we sum (21) over the polarization directions 
e' and make use of (19), then ~ I M 12/VT can be 
expressed via just two combinations of the func­
tions A, A', and A"; viz: A2 and I A' 12 + ReAA"*, 
which in view of (18) are given by 

' A 12 = ~ <1>2 ( ) 
I nx2y y ' [A' [2 + ReAA"* 

where 

'/3 [ S ( C>. )2] y = (4~) 4[3 - 8[3 ' 
ea 

X=-. 
m 

Then we have 

2 [ s ( (). )2] CJ=X '4[3- 8j3 ' 

X {- <1>2 (y) + cr 

X ( 1 + 2 (~;~·t:p')) [ <1>2 (y) + + <1>'2 (y) ]t 
X o (sk + p- p' - k'). 

An important feature of the squared matrix 
element (23) is the infinite factor o ( 0) in the 
denominator. This factor, or more precisely 
2rro ( 0 ), represents the "volume" of the phase 
cp, since 

co 

o(s - s') = _1_ \ ei(s-s')'l' dqJ. 
2:rt ' 

-00 

(23) 

Photon emission by an electron. In order to 
obtain the probability F for the emission of a 
photon by an electron, (23) must be integrated 
over final states d3p'd3k' /( 2rr )6 of the electron 
and the photon, the result divided by two (because 
of the average over the electron polarizations). 
After integrating over k' and s, the factor 
k0/(kk") replaces the 4-dimensional delta func­
tion and there remains an integral over p', in 
which it is convenient to transform from the 
variable p~ to the variable y' = Po - p~. Finally 
the probability takes a form which is common to 
processes obeying the conservation law p + sk 
= p' + l, independent of the mass of the charged 
particles, the momenta p, p', and the mass of 
the neutral particle with angular momentum l; 

this expression is 

(24) 

where w is an invariant function (in the particu­
lar case of photon emission by an electron p2 
=p'2=-m2, z2=k'2=0. 

The integrand in (23) depends on the independ­
ent variables s, a, {3, (kp), and (kp'). In what 
follows however it is convenient to make the 
substitution x = ea/m and to choose the following 
new variables: 
X = - (kp) X x· = - (kp') X X = - J!!!)_ X 

n12 ' m2 ' m2 ' 

cr = x2 [ ;B - ( 8~ n' 'iJ = 8~ (25) 

[cf. (20) in I]. Only four of the five variables in 
(25) are independent, since K = x - x' because of 

_ J 2 [<1>2 I . 1 <1>'2 J - nx'y (y) T y (y) ' (22) the conservation law p + sk = p' + l. The form of 
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these variables in the "special" coordinate sys­
tem (i.e., the system in which the axes 1,2,3 are 
parallel to the vectors E, H, E x H) and also 
their invariant expression in terms of the field 
amplitude F11 v are given by (21) of I if q and q 1 

are replaced in the latter by p, p1 and cos 1/J is 
replaced by 1/J. 

If we use (21) of I with q, q 1 , and cos 1/J re­
placed by p, p 1 , and 1/J, and if we transform from 
the variables Pt• P2. '}' 1 to the variables 1/J, T, x' 
respectively, it is not difficult to see that the in­
tegrand in (24) is independent of the variable ljJ 
and depends only on the variables T and x'. 
Therefore 

co X co 

1 \' \ , \ x•x 
F = (:!n)2 6 (0) Po j d1)1 .l dx .) dr: x•x· w, (26) 

-co o o 

and the integral becomes proportional to the in­
finite "volume" of the variable 1/J. This infinite 
"volume" of the variable ljJ cancels the infinite 
"volume" 27r6 ( 0) of the phase cp, occurring in 
the denominator in (26), since these "volumes" 
are equal. In fact if one uses the integral expres­
sion (17) for the function A to find the phase 
making the primary contribution to A, one finds 
the following expression for the phase: 

a l/( a )" s . y:;· 
cp1 •2 = -8rf ± ~ - 4,B = 1)1 ± 1 """"X"' 

(27) 

ob 

from which it is clear that J dljJ = 27r6 ( 0 ). Con-
_oo 

sequently the probability for emission by an elec­
tron in a crossed field can be obtained in final 
form which, with the substitutions T = sinh u, 
xlx 1 = cosh2v, can be written in the form 

co co 

F ( ) = e•m• \ dv (' du sh v ~~- {- 2$2 ( ) 
X n• Po .) ) ch3 v r Y Y 

0 0 

+ ch2 u { ( ch2 v + ch-2 v )( 1>2 + ~ 1>'2 )} . 

Here 

y = (s~~vf'ch2 u, 

This expression coincides with expression (27) 
in I obtained by a limiting transition from the 
probability for emission by an electron in the 
field of a plane monochromatic wave. 

(28) 

Pair production by a photon. The probability 
of this process may be obtained from (23) if in 
the latter expression we make the replacements 
k' - -l and p - -p, change the sign of the 
whole expression, integrate over final states 
d3pd3p 1 /( 21r )6 of the electron and the positron, and 
finally divide the result by two (because of the 
average over the polarizations of the incident 
photon). After integrating over p and s there 
remains an integral over p 1 which, after replac-

ing the variable p~ by y' = p0 - p~ takes the form 
co oo A=l0-la 

1 \ ' \' ' \' d'( 
F = - (2n)2 6 (0) lo j dpl j dp2 .\ r' (kp) w, 

-00 -00 

which is valid for the probability of the more 
general process obeying the conservation law 

(29) 

l + sk = p + p 1 • Changing from the variables Pt• 
p2, and '}' 1 to the variables 1/J, T, and x' with the 
help of (21) in I (in which q, q 1 cos 1/J must be 
replaced by p, p'I/J and also 1- -1, p- -p ), 
we find that the integrand does not depend on 1/J 

and further that 
00 z co 

1 
F = (:!n) 2 6 (0) lo ~ d1!J ~ dx' ~ 

-00 () -00 

X CO 

= :!~lo ~ dx' ~ dr: fy_~ w, 
0 -00 

since 

x• 
dr: --,w 

XX 

d1!J = 2:n:o (O). 
-co 

(30) 

In the case of pair formation the function w is 
K K/2 

symmetric in x. X1 since J dx 1 ••• = 2 J dx 1 •••• 

0 0 

Putting x 1 = K ( 1 + tanh v )/2 and T = sinh u, we 
obtain the probability for pair formation by an 
unpolarized photon of angular momentum l in the 
form 

00 co -

e2m2 \' \' 1/ !I { 2 
F (x) = n210 .\ dv ~due~ cD (y) 

0 0 

+ ch2u (2 ch2 v - 1) [1>2 (y) + 1~ 1>'2 (y)J} , 

where 

y= (2ch2v/x)'1"ch2u, x = eV(Fpvl,)2/m:l. 

(31) 

This expression coincides with the corresponding 
result obtained in I by a limiting transition. 

Single photon annihilation. The probability of 
this process may also be obtained from (23) if we 
make the changes p' - -p', k - -k, and 
a- -a, change the sign of the whole expression, 
integrate over the final states d~' /( 21r )3 of the 
emitted photon, and divide the result by four 
(because of the averages over the polarizations of 
the electron and positron). After integrating over 
k 1 and s we obtain the annihilation probability per 
unit volume per unit time: 

F = __ e_z ---,--
26 (0) pop~x xy 

(j 

This is zero because of the infinite volume 
27r6 ( 0) of the phase cp. However if in place of F 
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we introduce the annihilation probability per unit 
volume for the time T, the latter probability will 
be finite. In fact by definition cp= (kx), so that 
in the special system cp = k0 ( z - t), from which 
it follows that the "volume" of the phase cp is 
related to the total time T by the relation 
27ro ( 0) = k0T is z is fixed. Hence the annihilation 
probability per unit volume for the time T is 
given by the expression 

FT = n."; :y {<D2 (y) + 0 x• ~/2 [ <IJ2 (y) + + ¢'2 (y)j}, 
PoP0 (33) 

where B is the field strength. The same expres­
sion is obtained for the annihilation probability 
per unit time in an infinite cylindrical volume 
with unit cross-section and with axis along the 
direction E x H. 

The decay 1r - f.l + v. Calculation of the decay 
probability in a crossed field is carried out ac­
cording to the same procedure as the calculation 
for the probability of emission from an electron 
[cf. (15)-(22) and also (1)-(6)], as a result of 
which we obtain in place of (6) 

+ _1_ <D' 2 (yl)] o (p + sk- p' - l) d"ld".r' . ( 34) 
Y lop0 

The integration over 1 and s replaces the delta 
function by the factor -Z0/(kZ), and the change 
from the variable P3 to the variable 'Y' = Po - P3 
leads to an expression of the type (24). Further­
more using the same change from the variables 
Pt• P2. 'Y' to the variables lf!, T, x' and canceling 

00 

the infinite integral J dlf! by the factor 21ro ( 0 ), 
_oo 

as in the case of emission from an electron, we 
obtain the final expression for the decay proba­
bility in a crossed field 

00 00 

F ( ) = (!_'J2m•m·~ \ dv \·. du ~ ch u (sh.2 v )'!, {~<])2 ( ) + 
X n 2p 0 j ~ ch3 c 2x y 

0 0 

+ sh2v (ch2 u ~ ~ cth2 v) [ <D2 (y) + :, <D'2 (y) ]} , (35) 

if one puts T = sinh u, x/x' = cosh2v. Here 

y = (sh;; f' (ch2 u- ~ cth2 v), X = e Y (F p.vPv)2fm 3 • 

In conclusion we thank V. L. Ginzburg for 
stimulating discussions of this work. We are 
grateful also to L. V. Parilskaya for carrying out 
the numerical computations. 

APPENDIX 

THE ASYMPTOTIC EXPANSION OF F (X) FOR 
SMALL X· 

In Eq. (8) we change from the variables u, v 
to the variables y, a = sinh 41 3 v ( 1 - .6. coth2v ), 
respectively. Then F ( x) takes the form 

00 

F ( ) = G'f2m2m'2c r ~ (2 )•;, \ d <])2 ( ) I ((2 )'(, ) 
X 2n2 l X .l Y Y X Y 

-00 

00 

+ x ~ dy [<D2 (y)l"g ((2x)';, y)} , (A1) 
-00 

where 
z 

I (z) = ~ da A (a) (z- af'1', g (z) 
-00 

z 
(' ,. 

= j daB (a) (z- af;,, 
-00 

and A (a) = (%) d tanh2v /da, and B (a) 
= (%) sinh213 vd tanh2v /da are implicit functions 
of a. It is not difficult to see that A (a) ~ a- 4 

as a - - oo, ~ a- 5/ 2 as a - oo, and is finite for 
a= 0; similarly B (a) ~ a- 5 as a- - oo, as a- 2 

for a- oo and is finite for a= 0. 

We consider first the leading term in (A1). We 
represent the integral over y as a sum of an in­
tegral J 1 between the limits - oo and 0 and an 
integral J 2 between the limts 0 and 00 • Since 
<1> 2 ( y) decreases exponentially as y - oo, the 
function f ( z) in the integral J 2 may be expanded 
in a series around z = 0. We then obtain a series 
in powers of x for J 2: 

00 co co 

J 2 = \ dy <])2 (y) I (z) = ~ f(n)'(O} \ dy y"<D2 (y) (2x)2n/3, 
o n=O n. 0 

0 

l(n) (O) = \ A(n) (::t) da 

.J V -a 
-co 

(A2) 

.00 

The integrals J dy yn <1> 2 ( y) can, after in te-
o 

gration by parts and application of equation <I>" 
= y<I>, be expressed in terms of <I> ( 0) and <I>' ( 0); 
they can also be found in [5] if one uses the repre­
sentation <I> ( y) = ..J y /37rK1; 3 ( (%) y312 ). Such a 
procedure can not be used for the integral J 1, 

because of the slow fall-off of <1> 2 ( y) as y -- oo. 

However if one subtracts from <1> 2 the first term 
of its asymptotic expansion as y - - 00 : S0 ( y) 
= (%) ..j -y [G], the remaining function <I> 2 - S0 

falls off at - oo more rapidly and we may make 
use of the partial expansion of f ( z) in powers of 
z. In other words we can write 
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0 0 

Jl = ~ dy$2 (y) I (z) = ~ dyS 0 (y) I (z) 
-co -co 

0 

+I (0) ~ dy [$2 (y)- S 0 (y)l + f' (0) dy [$2 (y) 
-co -co 

0 

- S0 (y)] z + \ dy (W2 - S0) [I (z)- I (0)- f' (0) z]. 
_·:x, (A3) 

The final "remainder" term can again be 
subjected to a similar procedure with the differ­
ence that now the function <1> 2 - S0 plays the role 
of <1> 2, and the role of f ( z) is played by f ( z) 
- f ( 0) - f' (0) z, etc. The series obtained in 
this way for J 1 consists of terms in which x is 
already clearly separated out and "special" 
terms 

0 0 

~ S 0 (y) I (z) dy, ~ S1 (y) [I (z) - I (0) - f' (0) zl dy, 
-co -co 

0 

~ S2(y) [1 (z) -I (0) - f' (0) z---& f" (0) z2], ... , 
~ · (A4) 

which require further analysis (here Si ( y) are 
the successive terms in the asymptotic expansion 
of the function <I>2 (y), cf. [SJ). The first of these 
"special" terms can be evaluated exactly and is 
equal to ( 1/ 4 ) n~ ( 2x )- 113• The remaining 
"special" terms may be calculated only asymp­
totically because of the presence of sinusoidal 
terms in Si ( y ), i ?:: 1. Carrying this evaluation 
out accurate to terms which fall off faster than 
x 513, we obtain 

11 = ;~ (zxr'1• - 1 (O) w'2 (O) + + f' (O) w (O) w' (O) (2x)''• 

- f r (O) [ f $ 2 (O) + h ( ~ )"' r ( ~) J (2x)'" 

I 1t (3!1 - 2) (2 )'fa + 
T 24 X ••• (A5) 

Summing the series (A2) and (A5) we obtain an 
asymptotic series for the first integral in (A1): 

co 

\ dy W2 (y) I (z) = nll (2xf'1'- __!__ f" (0) 
) 4 u 

-co 

(A6) 

A double integration by parts transforms the 
second integral in (A1) into the first integral, with 
the function 

z 

\ g" (z) = ~ 
-co 

daB" (a) (z- af'1'. 

playing the role of f ( z). 
It is sufficient to calculate the first term in the 

expansion 

co co 

~ dy [$2 (y)l" g (z) = (2x)'1' ~ dy W2 (y) g" (z) 
-co -co 

= 1t (1- 2!1) 2 + 4 X .•. (A7) 

Using (A6) and (A7) in (A1) we obtain Eq. (9). 

1 A. I. Nikishov and V. I. Ritus, JETP 46, 776 
(1964), Soviet Phys. JETP 19, 529 (1964). 

2 R. Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958). 

3 L. B. Okun', UFN 68, 449 (1959), Ann. Rev. 
Nuc. Sci. 9, 61 (1959). 

4 A. I. Akhiezer and V. B. Berestetski1,. 
Kvantovaya elektrodinamika (Quantum Electrody­
namics), (2d Ed.), Fizmatgiz, 1959. 

5 I. S. Gradshte1n and I. M. Ryzhik, Tablitsy 
integralov, summ, ryadov i proizvedenil (Tables 
of Integrals, Sums, Series, and Products) 
Fizmatgiz (1962). 

6 V. A. Fock, Tablitsy funktsii E1ri (Tables of 
Airy Functions) Izd. Inform. Otdela (Info. Div. 
Press) NII-108 (1946). 

Translated by J. A. Armstrong 
259 


