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It is shown that the total spin of a system of Fermi particles possessing a spectrum of Fermi

type (a Fermi liquid) is equal to the sum of the spins of its excitations, under the condition
that only exchange forces are operative in the system.

IN the theory of the Fermi liquid, constructed by
Landaul!], an important role is played by a set of
general relations that are independent of the spe-
cific properties of the particles that constitute the
Fermi liquid and of the type of interactions between
them. One such relation is a condition of equality
of the number of particles to the number of excita-
tions, proved first by Landau and Pitaevskii (23 in
differential form (more precisely, it was shown
that the derivative of the number of particles with
respect to the chemical potential is equal to the
derivative of the number of excitations with re-
spect to the chemical potential ). Later Luttinger
and Ward [3] proved this relation in integral form;
their proof essentially rested on the assumption
that only paired forces between particles operate
in the system. A proof free from assumptions of
any kind was presented in the book of Abrikosov,
Gor’kov, and the author (cf. [4], Sec. 19).

In the theory of the Fermi liquid there exists
one other general relation, expressing the fact that
the total spin of a system, between whose particles
only exchange forces b operate, is equal to the sum
of the spins of its excitations. We emphasize that
the assumption about exchange does not limit in
any essential respect the generality of the propo-
sition, for only in the absence of nonexchange in-
teractions does a separation of the total moment
of the system into spin and orbital parts have
meaning. A proof of this relation for the physically
unrealistic case of paired interactions between the
particles, in general independent of the spin, was
given in the article of Luttinger and Ward already
cited. A proof valid for arbitrary exchange inter-
actions is presented below 051,

The total spin S of the system is expressed in

1)By exchange forces we understand, as usual, any inter-
actions that conserve the total spin. The exchange condition
consists, therefore, only in this: that the total-spin operator
shall commute with the Hamiltonian of the system.

terms of the latter’s single-particle Green func-
tion Gaﬁ(w, p) by the formula

S — 85— 4+0, (1
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where o represents the Pauli matrices. By use
of Dyson’s equation

Gah = 8up (0 — p¥/2m + p) + 10asH — Zop,  (2)

where u is the chemical potential, H is the exter-
nal constant field, v is the Bohr magneton, and Z
is the self-energy term, it is not difficult to trans-
form (1) to the form
i ¢ dp _, 90G, i ¢ dip G, ,

S—=- gme Gy 50t + g—(zw %ap Sy 5t . (3)

We now note that the self-energy term is the
variational derivative, with respect to Ggg, of
some functional X {G} of the Green function
(cf. (4] sec. 19):

8X = S(zingl 200Gq. 4)
The functional X represents the sum of all pos-
sible connected diagrams that have the form of
closed loops and do not contain self-energy in-
serts; in place of each line, the correct Green
function is to be substituted in the corresponding
expression (Fig. 1). We will not be more precise
about the coefficients in front of the diagrams;
they are unimportant for what follows.

By virtue of the isotropy of a liquid, its total
spin is always directed along the external field H.
By choosing this as the axis of quantization, we
reduce (3) and (4) to the form

i dp s ( 0 4
S = 78(27[)4 e 8(% lDG+—a—m1nG_)
i ¢ dip aG aG_
+ 5 o (250 —2.55). ()
_(ap
8X = SW 2,8G.. (6)
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FIG. 1

Here G, and Z, are the eigenvalues of the mat-
rices Ggpg and Zgg. It is evident that G, corre-
sponds to particles that have a positive spin pro-
jection, and G. to particles with a negative projec-
tion.

We shall now show that the second integral in
(5) is equal to zero. For this purpose we suppose
that we have placed the system in a magnetic field
h(t) dependent on time (but not on the coordinates),
directed along the external (time-independent ) field
H. The Hamiltonian for the interaction of the sys-
tem with such a field has the form

Hiw = — vh (1) Sqﬁcxp dr

and, because of the assumed exchange nature of
the interaction, commutes with the complete
Hamiltonian of the system. In consequence, the
Green function GD(ty, t,) in the field, as can be
verified without difficulty by direct calculation,
is related to the function G(t;—t;) at h=0 by
the formula

t

Gl (1) = G (1, — to) exp{ = iv { h () di}.

t,

(7)

On considering now the limiting case of a time-
independent field h, we get instead of (7)

G\ (@, p) = G+ (0 +7h, P). )

The functional X in the presence of a field h
is by definition equal to XN = X{Gh}. We now
take account of the fact that the exchange interac-
tion conserves the total spin of the particles under
scattering. This means that at every vertex in the
diagrams for Xh, the number of incoming lines
with sign + (and correspondingly with sign —) is
equal to the number of outgoing lines with the same
spin direction (cf. Fig. 2). On noting that for a
closed system the dependence of the vertices on
frequency reduces to §-functions, expressing the
law of conservation of energy,

d (B — Z0) =8 (2, (@, — ) + 2_ (o — ol),

and on taking account of (8), we conclude that in the
expression for each diagram for Xh the change of
variables w, + yh — w, can be made; the functional
Xh is then seen to be independent of h.

Thus 9XD/oh = 0. On the other hand, the second
integral in (5) coincides, except for a factor, with
axh/sh at h = 0:
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Hence follows our proposition.

Thus, finally,

S = g (2

9
2 )@y 010G — EK]“G—)'

In (%] it was shown that the integral

fd“pei"-’é 9 In G/8w is equal, except for a factor,
to the volume in momentum space of the region
in which the Green function is positive for w = 0.
Therefore

dp 1 ¢ dp

@2np 2 @2ny -

G- (0, P)>0

(9)
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G+ (0, P)>0

The Fermi branch of the spectrum of a ferro-

magnetic Fermi liquid coincides with the spectrum
of a system of free Fermi quasiparticles in which
the quasiparticles with spin projection +1/2 fill a
sphere of radius p, and the quasiparticles with
projection — 1/2 a sphere of radius p-. The Green
function corresponding to this picture, at w = 0,
has the form

Gi: (07 P) =

@

vy (p—py)’

where v, is the velocity on the corresponding
Fermi surface, and where a, is a positive con-
stant. From this it follows that G_(0, p) > 0 for

p < py, and formula (9) gives
S = (p¥/6n> — p3/6n%),

which expresses the desired relation.
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