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The cross section for photoproduction of electron-positron and u*u” pairs on electrons is
calculated by the random-star method without neglecting any terms. All eight third-order
diagrams for the process ye”—e”e”e’ are taken into account. The calculation has been
made for the intermediate range of photon energies up to 60 me, in which there are no ap-
proximate formulas. An analysis of the data from the computation enables us to determine
the domain of applicability of some arguments which facilitate the derivation of approximate

formulas.

THE photoproduction of electron-positron pairs
on electrons has been calculated repeatedly. [1-5]
There are contributions to this process from eight
diagrams; four of them are shown in Fig. 1, and in
the other four electron lines 1 and 2 are inter-
changed. Therefore the calculation involves ex-
tremely cumbersome algebraic work, and this has
never been carried through to a manageable final
formula without making any approximations.?
Usually one either includes all eight diagrams but
considers only limiting cases, or else neglects
some of the diagrams from the beginning. Reviews
of the subject[“:I concern themselves with compar-
isons between the various approximations, without
any information being available as to how far they
are from the correct result. Meanwhile, in the
ultraviolet limit and with neglect of large recoil
momenta some confirmation from experimental
results has been obtained, (5] since in this case
one can neglect half of the diagrams (the term M;

in Fig. 1, which gives the so-called ye interaction).
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DThe exact expression for the cross section, not inte-
grated over four variables, takes up four pages in the paper
of Votruba.[?]

The calculation is most difficult in the interme-
diate region, in which none of the diagrams can be
neglected. We decided to make use of the possibil -
ity provided by the method of random stars, (6] and
have calculated the process of photoproduction of
e'e” pairs in this region in the Born approximation
with a computing machine, without any approxima-
tions. The results of the computations give the be-

_ havior of the cross section in the range of values

of the photon energy k (in the laboratory system)
4.01—60mg, in which the known analytic formulas
do not ‘‘work,’’ and indicate the energies for which
the considerations on which the derivations of
these approximate formulas are based become
legitimate.

1. THE BASIC FORMULA AND THE METHOD
OF CALCULATION

The variables chosen to describe the state of
the system of two electrons 1 and 2 and the posi-
tron 3 were: the kinetic energy 7, of the pair 1+2
and the direction of particle 2 in the rest system
of the pair 1+2; the direction of particle 3 in the
rest system of 1+2 +3; the spin indices of all the
particles. These variables were taken to be dis-
tributed randomly and uniformly over their ranges
of variation. It is important that for none of these
variables does the range of variation depend on the
other variables. "] Calculating with the values of
the five variables in the momentum space of the
rectangular components of the momenta of all
three particles, we could get explicit numerical
expressions for the elements of the matrices—
the propagation functions and column and row fac-
tors —of the electron and positron wave functions.
The choice of a particular column (or row) was
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dictated by the result of a random choice of the
spin variables. Then by direct matrix multiplica-
tion the value of the amplitude for the process was

computed for the given choice of the state variables.

The weighted average of the square of the absolute
value of the amplitude over some number N of
randomly chosen states (‘‘random stars’’) gave
the cross section

The formula for calculating the weight ®A) of

a randomly chosen state A was of the form & = KF,

where the factor K contained the Jacobian of the
transformation from the variables py, p;, p; to the
variables used here, and factors from the integra-
tion of the 6 function in the expression for the
cross section and from division by the flux of pho-
tons. F =|M|[% where M = M; —M,—M; + M, is
the sum of the amplitudes for the processes rep-
resented by pairs of diagrams (only M; and M;
are shown in Fig. 1).

As an example we write out M;:

M,=— ?‘/‘k(ul Vi) Az (uary¥3)s (1)

i) . “ o —i(—h
Vo= 1, Gk DR S k) + € () a1, @)
A = ps+ ps; (3)

Here one takes as € either y; or Yy, depending on
which of the two polarization states of the photon is
selected at random. The wave functions u; and u,
for creation of electrons 1 and 2 are of the form
given by the matrix row

1 Viic 1. . 1xv411
Vi:c - 1xp—q1
Vi (1:{:7)'—"}' )r +((l lb)v‘ Fa V‘1+v} (4

with the upper or lower signs, depending on the
random selection of the sign of the spin projection
(helicity ); here a, b, ¢ are the direction cosines
of the velocity of the electron and vy is its relativ-
istic factor.

As the wave function vy for the creation of the
positron one uses a matrix column with the same
elements, but with the opposite signs for the quan-
tities a, b, c, v, y"l. As the wave function u of
the electron that is annihilated (the target) one
uses the elements of one of the two columns

u(p,:tl/z):
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0 1—v+'r‘
14+v+4971 2V 1—v

AN 2V T+ A A 0
u(pr 2)—‘ 0 ’ u\P» —2')“ 1-—2}——'\’_1
14 v—71 T 2Vi—»

2V 1 ¥ 0

(5)

Finally, the propagator factor —ip + m, where p
= {x,y,2z,E}, was in the form of the matrix

E+4+m 0 —z —z+ iy
0 E4+m —ax—iy 4 6)
4 z—iy —E+m 0 :

x4y —z 0 —E+4+m

The calculation of My, M3, M, was made with
the same formulas as that of My, but the argu-.
ments of the propagators and wave functions were
rearranged to correspond with the changes of the
lines in the pairs of diagrams that give M,, M3, M,.
The simplicity of the logical operation eliminated
the possibility of error in this part of the calcula-
tion, which was the most complicated from the
analytical point of view.

In the cross-section calculations we confined
ourselves to an averaging over 1000 random stars,
which required one and one-half hours of machine
time. The degree of approximation was estimated
by the machine itself from the average spread of
the weights of these stars. The spread was deter-
mined by the nonuniformity of the distribution of
the weights of the states in phase space. With our
choice of the variables of integration this nonuni-
formity was small for photon energies k = 10mg,
and above this it increased rapidly, which hindered
accurate calculations. Therefore we calculated
the cross sections by this method only in the en-
ergy range up to 10me. We emphasize that this
is not the nonrelativistic limit; for the process
ve~ — e~ e”e* this latter limit does not exceed
4.01 mg, with the threshold at 4 me.

Together with the averaging of the weights of
the states over the entire phase space an averag-
ing was carried out over parts of the phase space
located between level surfaces of various functions
of the state variables. In this way, in parallel with
the calculation of the cross section we calculated
distributions with respect to ten quantities: the
momenta and angles of emergence of e and e~
the angle between e and e”, the effective masses
of the pairs e”e” and e~e’, and the quantities 7y
= w_/(w-+ws) and\ny = W/ (W + W) —the
fractions of the total energies of the e“e* and e"e”
pairs that go to the e~. The histograms so obtained
were not accurate enough (~ 20 percent), however,
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and we reduced each of them to a single character-
istic quantity —the average value of the quantity in
question.

For the calculation of the cross sections for
k >10mg we made use of the fact that in the ultra-
violet limit the main contribution to the cross sec-
tion comes from configurations with small momen-
tum transfers (p —p,)? and (p —p;)? (the terms
M3 and M,). Therefore one must go over to a
phase space in which level values of the pole ex-
pression

A= d3p1d®pad3ps 1
010203 (p—p1)*

*(pr+pe+ps—k—p) (7)

are used.
This can be done if we define the absolute value

of the momentum p, and the direction ¢,, 6, of

particle 2 in the rest system of 1+2 and the direc-

tion ¢y, 64 of particle 1 in the rest system of

1+2+3 by means of the equations

P2 max ;gpl

I_) —
S’ pap1
Mz ((I)p —_— (1)1)2

EE:W@F“§ @y = rid,

0
op = (P2 + md)", M, =2 (p; + m2)",
M = — (k + p)?, ®)

_Mz-{—mg—Mg

1/2

0)1 - 2M3 ’ pl = ((Df—mg) ’
_ M4 m? —(2m)
Pemax = oM,
2(—m?— ©,01) ry — (— m? -+ 0,01 — pp1)
cosf, = 3
(—mg + 0,01 — pp1) + 2ppirs
@, = 2mry, @y = 2mr,, cos 0, = — 1+ 2r;. 9)

Then in the new variables ry, ..., rs; points with the
density (7) are distributed uniformly in the five-
dimensional cube, so that

A= 187 5 g, (10)
M3m§

and the ‘‘weight’’ of a state characterized by the
vector r and a set of spin variables takes the form

__432 w1023 2 _ 4
q)_WkMamglel (p — pI*

(11)

In the nonrelativistic region this choice of vari-
ables reduces to the one used before; in the ultra-
relativistic region it decreases the cross section
by a factor two, since it selects events only in the
region with small (p —p;)? + m%, and no events
with small (p —p,)? + mé are encountered in this
way. To remove this indefiniteness in the coeffi-
cient, in the computation cases with |(p —p,)?|
< |(p-py)?| were simply omitted, and the result
given by the machine was multiplied by two.
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FIG. 2. Cross section for the process ye™ - e’e’e’. The
solid curve was calculated by the method of random stars;

the dashed curve, by the nonrelativistic formula.

2. RESULTS

Figure 2 shows the cross section for the proc-
ess ye” —e"ee’ in the range 4 < k/m¢ = 10.
For comparison we show the curve of the formula
usually used to calculate the cross section in this
range —the nonrelativistic formula of Votruba (2,4,
9 J’!Vg ( k

O \m, T

)2 — 6.52.107% (mi —4>2cm2’. (12)

The curves coincide only up to 4.01 m, and differ

in the rest of the range by a factor of 2—3.5. The

error in the determination of the cross section by
the method of random stars increases from 5 per-
cent at the threshold to 10 percent at 10 m,.
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FIG. 3. Cross section for the process ye” - e’e’e* in the
range of energies k up to 60 mg; the dashed cutve is from
the Bethe-Heitler formula. The abscissa is the quantity
log(k/mg).

Figure 3 shows the behavior of the cross section
in the range up to 60 mg along with, for comparison,
the curve calculated from the ultrarelativistic for-
mula of Bethe and Heitler for photoproduction on a
Coulomb center of force:

2k 218)

d:arﬁ(%lnm——-W
€

= 4.19-10% ( log 2k _ 1.126)em? (13)
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FIG. 4. Dependences of the mean angle of emergence 6
and the mean energy o of electron (—) and positron (+) in the
laboratory reference system on k/me. wmay is the maximum
energy of the electron allowed by the kinematics.

Beginning at about 50 me this formula reproduces
the cross section for the process rather well.
Other indications that the ultrarelativistic for-
mula can be used appear even earlier. Figures 4
and 5 show how the mean angles of emergence and
the mean energies of e and e’ depend on the pho-
ton energy in various ranges of k. On the average
e’ has a larger energy and emerges at a smaller
angle than e”~. Evidently already at energies of the
order of 60mg the photoproduction is determined
by the last two diagrams (and the diagram with
electrons 1 and 2 interchanged), as is the case at
extremely high energies. According to these dia-
grams, the particles of the e*e” pair must retain
in the center-of-mass system the backward motion
of the target electron. Therefore in the laboratory
system it must have a smaller energy and a larger
angle of emergence than the members of the e’e”
pair.
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FIG. 5. Dependences of mean angles of emergence in the
laboratory reference system on the photon energy in the range
up to 500 m.: 1 — for the electrons, 2 — for the positrons,

3 — for the fast electrons only.

Already at k ~ 10m, one can easily distinguish
the electrons from each event as a fast electron
with energy ~k/2 and a slow one with total energy
1.2—2me, and their angular distribution becomes
an obviously two-lobed one (Fig. 5). These elec-
trons can be regarded as not identical —they are
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marked by their speeds —and we can neglect the
interference between the diagrams that differ by
the interchange of particles 1 and 2. The cross
section for the process represented by the four
pole diagrams Mj; M, is equal to twice that of the
process represented by the two diagrams M;j. In
these diagrams, however, we can neglect reversals
of the spin of the target electron. The calculation
showed that the ratio of the contributions to the
cross section from events with reversal of the
spin of the target electron after the interaction

to that from events without such reversal is 7—8
percent at k = 9—15 me, 1 percent at 30—50 me,
0.2 percent at 100 me. This is closely connected
with the small momentum transfer (p —p, )2 to the
target, and means that at the bottom vertex of the
remaining diagrams there is essentially a nonrela-
tivistic scattering of the electron at a Coulomb
center. These considerations are well known E"‘];
our calculations show at what energies they begin
to be valid.

This picture of the interaction is confirmed by
the fraction of the total energies of e*e™ and e”e”
pairs that goes to one electron. At large k this
quantity n varies practically uniformly from zero
to unity, with a small decrease of the frequency at
the extreme values of 7. (5] In the nonrelativistic
limit, on the other hand, 7 = 1/2, and as k increases
the limits between which n varies become wider
(Fig. 6). As is shown by the distribution in 75
(shown for k = 6me in Fig. 6), the energy of e~
in a pair e"e’ is on the average less than half of
the total energy of the pair. Also, however, two
electrons have unequal energies more often than
equal.

The distributions of the effective masses m__
and m, _ of pairs e~ and e'e” do not show any
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FIG. 6. Dependence of the range of variation of the quan-
tity n on the photon energy, and a typical distribution in 75
in the intermediate region of photon energies. The solid curve
is do/dy with 7 = 0-/(w- + w,); the dot-dash curve is do/dy
with 1= w/(0® 4 L),
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characteristic differences from the distributions
calculated with the matrix element set equal to
unity. For energies k < 10 mg, however, the av-
erage value of m._ —2m, is approximately 0.55
of the kinetic energy of all three particles in the
center-of-mass system, whereas the average
value of m,. —2me is 0.46 of this quantity.

The similarity of the diagrams for the proc-
esses ye"—e e e’ and ye”— e u u* allowed us
to calculate also the cross section for the latter
process (we had only to set My = My = 0 in the
formula F = |M|?). In the range of energies
chosen (45—55 BeV) the accuracy of the calcula-
tion was already low (Fig. 7) and did not allow a
more detailed analysis of the conditions for de-
tecting this as yet unobserved process of the pro-
duction of muon pairs on electrons.
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These first test calculations by the new method
(see also l:8]) enable us to draw some preliminary
conclusions about its domain of applicability. For
processes represented by four to eight third-order
diagrams this method gives in 1—1.5 hours an ac-
curacy of 5—10 percent in the determination of
cross sections. This is not so bad if we consider
that the approximations that are unavoidable in the
derivation of analytic formulas can affect the re-
sult by as much as 300 percent. The method works
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well in the nonrelativistic and intermediate energy
ranges, but when the poles of the amplitude ap-
proach the physical region—i.e., in the ultrarela-
tivistic limit—it requires that the singularities of
the amplitude be taken into account, or else the
error rapidly increases. In just the same way, the
error increases when there are sharp form-factors.
This difficulty is not one of principle and can be
removed by an appropriate choice of the variables
of integration.
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