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The Watson-Migdal formula can be used to analyze three-particle production near threshold
in the case of a resonance interaction between two of the particles. If the kinetic energy of
the produced particles is small, this formula expresses the three-particle production ampli-
tude in terms of the threshold-energy production amplitude and scattering length of the
resonant interacting particles. Corrections to the Watson-Migdal formula obtained by taking
into account the effective radius of the resonant interacting particles, and also nonreso-
nance interaction of the first two particles with the third, are also considered. The correc-
tions are given in terms of the threshold-energy three-particle production amplitude, ef-
fective radius and scattering lengths of the produced particles. Correction terms for the

reaction N+ N — N + N + 7 are considered.

THE study of reactions in which several particles
are produced has thus far been the only source of
information regarding the scattering amplitudes of
unstable particles. A comparison of experimental

data with the Breit-Wigner 1) and Watson—Migdalm

formulas, or utilization of the method of Chew and
Low,m furnishes information about the character

of the interactions of unstable particles. However,
there is still another way of obtaining information
about the scattering amplitudes of unstable parti-

cles at low energies. This involves a study of the

production of several particles near threshold.

There have been several investigations [4-70 of
the amplitude of three-particle production close to
threshold, when all the produced particles interact
without resonance at low energies. In this case
the amplitude can be represented by a series in
which the first term is a constant, the second
term is of the order VE (E is the c.m.s. kinetic
energy of the produced particles), the third is of
the order E etc. When the kinetic energy of the
produced particles is very small the later terms
of this expansion are small compared with the
preceding. By studying these correction terms
we can, in principle, obtain the scattering lengths
of the produced particles.

There are several reactions involving a reso-
nance interaction of two of the produced particles,
eg, N+ N—N+N+7, N+ N— N+ A+ K,

N+ N-— N+ 3 + Ketc. These reactions near
threshold can be described by means of the Watson -

Migdal formula.® Corrections of this formula
are needed to take into account the effective
radius of resonant interacting particles and the
interaction of these two particles with the third
particle. These corrections can be calculated by
a method similar to that employed in 4~". Cor-
rections of the order V'E, depending only on the
relative momenta of the produced particles, have
been calculated by Gribov,m in a quantum-
mechanical examination of three-particle sys-
tems. These corrections were expressed as
single and double definite integrals.

In the present work the dispersion technique
is used to calculate corrections of the order VE
to the Migdal-Watson formula, which depend both
on the relative momenta of the produced particles
and on the total kinetic energy. In Sec. 1 the
production of three neutral spinless particles with
different masses is considered; corrections of
the order VE have the form of definite simple
integrals. Sec. 2 considers reactions in which the
masses of the resonant interacting particles con-
siderably exceed the mass of the third particle.
In this case the corrections can be calculated in
a general form in terms of analytic functions.

The reaction N+ N — N + N + 7 is the only
process of the considered type in which all quan-
tities in the correction terms are known. In the
present work the cross sections of N+ N — N
+ N + m processes near threshold are calculated.
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1. PRODUCTION OF THREE NEUTRAL SPIN-
LESS PARTICLES WITH DIFFERENT
MASSES

In 5 a detailed study was made of questions
concerning the series expansion of three-parti-
cle production amplitudes in powers of the mo-
menta of the produced particles for the case in
which the scattering lengths of these particles
are not too large. Before considering the case
that is of interest to us, we shall review that sit-
uation very briefly. An amplitude with total
orbital angular momentum L = 0 was expanded
in terms of the relative momenta kj; of different
pairs of produced particles (the amplitude with
L = 0 depends on only three such momenta). The
terms of the amplitude having singularities whose
distances from the threshold were of the order of
the masses of the involved particles, were ex-
panded near the threshold in powers of kizl' The
first term of this series is a constant A, which is
represented conveniently by diagram 1la.

The next terms, which are linear in kf > are
of the order J\k%l/m2 (m is of the order of the
masses of the particles involved in the reactions),
i.e., of the order AE/m. These terms have been
referred to simply as terms of the order E.

The amplitude also has singularities with re-
spect to k%l at the threshold. These singularities
are associated with the scattering of one produced
particle by another, as represented in Figs. 1,b
and c. Diagram 1b is equal to Aikjyayy; diagram
1c is of the order Aa ya,sEV pysues (aj] are the
scattering lengths of the particles, and pj; are
their reduced masses). I the scattering lengths
aj; are small (of the order m™') the terms
having singularities at threshold which are of the
type represented in Fig. 1b are of the order VE,
while terms of the type Fig. 1lc are of the order
E. In this case the diagrams with a large number
of scatterings in the final state make a less im-
portant contribution at threshold.

We shall be interested in the amplitude of
three-particle production with L = 0 in the case
when the scattering length of any two particles,
let us say particles 1 and 2, is large, so that
a9V 2up E is not small. As previously, the ampli-
tudes a;3 and a,3 are taken to be of the order
m~!. This means that in the diagrams we must
take into account the multiple scattering of parti-
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FIG. 1.

cles 1 and 2 by each other, which in this case
does not lead to an additional small factor. Only
the scattering of the first two particles by the
third particle results in an additional small factor.

Figures 2—4 show the diagrams that are im-
portant for the amplitude when terms of the order
VE are taken into account. As already mentioned,
the first diagram in Fig. 2 is a constant A, and
the second diagram represents Aik12a12.[5’63 Each
successive loop leads to an extra factor ikjyay,
which is not small; therefore the sum of the dia-
grams in Fig. 2 is

M(1 — thkisa1). (1)

This is the Watson-Migdal formula, for which
corrections of the order VE arise when the in-
teraction of the first two particles with the third
is taken into account. Diagrams of this type are
shown in Figs. 3 and 4.

Diagrams 3, a and b, were studied in detail in
The calculation of the diagrams of Fig. 3c and 4
are entirely similar with regard to procedure but
are considerably more complicated. We shall con-
sider these calculations briefly.

(3,4

FIG. 3.

Diagrams 3 and 4 depend on only two variables—
on one of the relative momenta kf 1 of the produced

particles and on the total kinetic energy E. They
can therefore be calculated using the dispersion
relations

o 4,0 ( e Ai(ky E)
A(kaB) = A(E)+ =&, § Wil ity (29
1 , Ay (B
4B =7 E\ a5 (2b)

Ai(kj7E) and A;(E) are the absorption parts in

7
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channels where the total energies are kf l/ 2ui1
and E, respectively. For example, for the dia-
gram of Fig. 5 the absorption part A,(kj; E)
arises from the division of type I, and A{(E)
from the division of type II (ky3 = 0). If strongly
interacting particles do not form bound states,
the integrations in (2a) and (2b) go from 0 to .

In the opposite case some of the diagrams have
anomalous singularities and the integrations in
(2a) and (2b) follows a more complicated contour. .
A (kij7E) vanishes at E = 0 in the physical region
in accordance with the fact that the amplitude of
three-particle production at zero energy is A.

We now proceed to calculate the sum of the
diagrams in Fig. 3 for the case in which the
second particle interacts with the third. We de-
note this sum by Ag( ko3 E); the absorption part is

1
A;l (kosE) = agskos X ‘%—F—?}c—Talz . (3)
The term A(1 — ik{ya;,)~! in the integrand arose
from the summation of all diagrams to the left of
a type-I division (shown in Fig. 5); z is the
cosine of the angle between the relative momentum
of particles 2 and 3 in the intermediate state (for
which division I occurs in Fig. 5) and the momen-
tum of the first particle in the final state, in the
system where the center of mass of particles 2
and 3 is at rest; ki, is related to z and ky; as
follows: (¢

(my + my) (my + my) 22 = mymga, + my (my + my + my)
X (E — 235) + 2z [235 (E — 235)
X (my + my + my) mlmzmsll/z;

@y = K2, (4)

The variables x?#; appearing in (4) will be used
very frequently hereafter.
A,y (x93 E) is easily calculated:

Aél (z5E)

— l 7\,a23 (ml ~]— Inz) [ mg

ax mymg (m1 + ma —+ ms)

VA
ey Ys.
my (my - my + m3) ] (B —z5) "In y_’

/2 ’
[REMCEE S

+ Aagg (my 4 mg)? [ my + ms

af2 2 Vi mims

— */2 S
Yo =1—1t V2 12 [(ml + m:;l;'(r:'iz + ms)] & lems Tas
+ [my (my + my + my) (E — x§3)]l/’}. (5)

When ayy > 0, A%(an) is obtained from the
integral (2a), where the contour C, is the seg-
ment of the real axis from 0 to « (Fig. 6a). This
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figure shows the root-type singularities of the
absorption part. To the right of the point xjs
= E on the real axis the value of (E — xég)m is
i | E - x4, |2 and the absorption part is real.
If a; < 0 the contour C; is shown in Fig. 6b.
In this case the contour passes below the singu-
larity of the logarithm of the absorption part.
To calculate the absorption part of the dia-
grams in Fig. 3 we make all possible type-II
divisions (Fig. 5); the relative momentum of
emitted particles 2 and 3 is set equal to zero.
The result (for a;, > 0) is

2 2p1E 1 k’ k’
A (g) = tonemtntml (g §az S0
Timims P 2 1+ kjsaiy
_ 2mymsg 2 (mg + m3) (m1+ ma) 1 ‘s
X{ m1+m2+m3E_ my + mg + mg (E—xlz)

mymg (my -+ my) (mg -+ ms) N
_..4Z[ 1 (m1+m2+m3)2 E(E— xlg)] } B (6)

Here ki, is the relative momentum of particles
1 and 2 in the intermediate state, and kj is the
momentum of the third particle in the c.m. system
of all three particles. The expression inside the
square brackets is the propagation function of
the second particle (in Fig. 5 the line correspond-
ing to this propagation function extends between
vertices a and b), z is the cosine of the angle
between the momentum of this second particle
and the momentum of the first particle in the
final state.

Further uncomplicated calculations lead to

AL (B) = + hpm b ml]

a“l"22 Vi mymg

mg + mg ]l/ 2

my (m1 -+ mg -+ mg)

my szms

% (my 4 mg) Vmg + ms

X (2 V 2a, +E 1n‘£’—>;
P+

¢s = [(my + my) (my +-mg) (1 + 2u,,05)] "
+ ay, ¥V 2mmap,E. (7

For E > 0 the absorption part A%l( E) is real,
as expected.

For a;y > 0 the value of Al(E) is determined
by the integral (2b) with the absorption part (7),
the integration going along the real axis from 0 to
o, If a5 < 0, there is also a bound state which
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L = < e

must be taken into account in summing over the
intermediate states. An additional term is given
by diagram 7a. This diagram contains the
vertices 7, b and ¢, which are, respectively,

N o= — M2,V = mMigin
G = 4 (my + my) VoV — pygttys- (8)

These relations are easily derived if we note that
the vertices (8) appear in diagrams 7, d and e.
The residues at the poles of these diagrams, and,
accordingly, of the functions A(1 — ikjay)~!
and a;,(1 = ikypa;9)” !, must coincide because the
latter are exact expressions (neglecting the cor-
rection terms) for the production and scattering
amplitudes of resonant interacting particles and
contain these pole diagrams. It was not neces-
sary to consider diagrams with bound states
separately in (3), since the integrand is the total
three-particle production amplitude in zeroth ap-
proximation, independently of the sign of ay,.

If the diagrams in Fig. 3 were calculated using
Feynman’s technique,.it would also be unnecessary
to consider diagram 7a separately. In calculating
diagrams by the dispersion technique all states
must be taken into account in the unitarity condi-
tion, including the bound state of particles 1 and
2. The division of diagram 7a, as shown in the
figure, gives an addition to the absorption part
(7), which is

AA{ (E) =_7~a23(m;—|—m2)2[ ms + ms

/2 1 [
E-':In =,
V2a?2m1m2 | (m1 -+ ma 4 ma) ml] Pt

(9)

The total absorption part for a;y < 0 is the
sum of (7) and (9). AI(E) is obtained by the in-
tegration (2b) of these absorption parts; as pre-
viously, the integration contour for (7) is the real
axis from 0 to «. The integration of the addition
(9) goes along the contour shown in Fig. 8c be-
ginning at the point E’ = —(2puy, afz)‘l, where
there is a root-type singularity, the branch cut
from which is shown in the figure. To the rlght
of the cut on the real axis (1 + 2u;ad, E) vz g
positive. @ and B are singular points of the
logarithm in (9). The contribution to A%( E) from
AAgl (E) can easily be calculated from the resi-
dues.

We now proceed to calculate the diagrams de-
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pending on ky, (of the type represented in Fig. 4).
The sum of all these diagrams is denoted by
AH(klz E). The summation of the loops with in-
teraction of particles 1 and 2 in the final state
gives

A" (kyoE) = [Bf' (kyoE) + By' (kpE)l (1 — ikyya,5)7%, (10)

where B2 (ks E) is the sum of the diagrams
represented in Fig. 9. BH(kle) is the sum of
diagrams in which partlcles 1 and 2 have been
exchanged. BII(k12 E) can be represented in the
form of the dlspersmn integrals (2). Bz1(k12 E)

is determined by the division I in Fig. 9, and

Bg( E) by the divisions II and III. The calculation
of B%I(km E) is somewhat more complicated than

that of Ag(k%E ), but is completely analogous.
We present only the final result:

B;' (kyE) = By (E) + k01,435 (E)

+ asz (ma 4+ mg) V my + me
2V 2n Vms (my+ ma+ ms)

Sd$23‘4§1 () [ P (B — a3) 7" ln + i (E —al)™"
Cy
z_ (z12) -1, 1., 2-(0)
X In en) T iE7"In—-2 T 0)

4 V mimams (my + my + mg) z‘u]
(ma + mo) (ma + ma) 73

zy = (my + my,) (M, + my) x223

- [lem,, Tk sz (my + my +-mg) (E—xfz)lzv
25 (T10) = my (my + my + my) 255 + [V mymg(z2 — E)

£ iV (my + m,) (my + my) (B — 221 (11)

The expression for A%i(xzaE) has already
been given in (5). The first two logarithms in the
integrand have singularities at
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T = [lems TtV my (my+m,+my) (E— Zfz)lz
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FIG. 9.

Each integral separately has both singularities.
In the first integral x23_ is a singularity of the
numerator of the logarithm, while x§§+ is a
singularity of the denominator. In the second
integral the denominator of the logarithm has
both singularities; the root-type singularity x§§
=E is located above the integration contour, and
Vx;2 — E is positive on the real axis to the right
of this point. It is easily seen that the sum of the
first two logarithms has a singularity only at
x5 = x43,. The singularity at x5 = x33_ is can-
celled in the sum of logarithms. The integration
contour C; for ay;, > 0 is shown in Fig. 8a; the
integration goes along the real axis from 0 to .
The same figure shows the cuts starting at the
singularities.

On the real axis the first logarithm is real to
the right of x3% = x4%,. The second logarithm is
real 1n the interval between the points x43 = x43,
and x23 = E. On the integration contour to the left
of x23 = x2§+ each logarithm acquires the imagi-
nary addition + im. The third logarithm has two
coincident singularities at

1'2?3 =my (my + my + mg) (my + my)™! (Mg + ms) ™ E.

These are singularities of the denominator. The
third logarithm is real to the right of this point,
which is denoted by 7y. To the left of y the third
logarithm has the imaginary addition 2mi.

For a;; < 0 the singularities of A%i(xé;;E) de-
form the contour exactly as for the calculation of
Ay (x93, E). Figure 8b shows the integration con-
tour and the singularities for a;, < 0.

The absorption part B%l(E) for a;p > 0 is

1 _ Aaggi(mg - mg) (ma 4 mg)?
By (E) = apbhnmims (my -+ my -+ ma)

-V (ma + ma) (ma+ ma + ms) ®

X i E™In =

{ + V2anm Vms L

2 1 2a E 2 %3

—ln—;“—[—————+ 21““2 ] In =2 + 2In '&’};

nZ 2af,p1E i m_

xy = m, (my + my + my)

+ mymg (V2}L12Ea%2 +VT+ 2u,02 E)?,

”gt =m, (ml + my, + my)

— mymgy = 2i VYV mmm, (m, + m, + my)
X VT B,
15 = (my + my) (my, + my)
+ 2i [mymomg (my + my -+ my) 2u,,06HE,
my =V my(m, +m,+ mg) +iVmm,. (12)

BE(E) is real for E > 0. B2H(E) is determined
by a dispersion integral such as (2b). The inte-
gration with respect to E’ goes along the real
axis from 0 to .

In the case ayy < 0 the absorption part con-
tains an additional term arising from considera-
tion of the bound state:

ABy (E) =—2By; (E). (13)

Here Bg( E) is determined from (12). The inte-
gration of the dispersion integral with the ab-
sorption part ABE( E) goes from E’ = —( 2;11251%2)‘1
to . The absorption part of the second disper-
sion integral is obtained from (12), as previously,
and is integrated from 0 to <.

We have thus far considered only the diagrams
in which the second particle interacts with the
third. The corresponding expressions for the dia-
grams in which the first particle interacts with
the third are obtained from (5), (7), etc. with the
indices 1 and 2 exchanged. The amplitudes A (kE)
and AII(k12 E) are seen to be expressed by def1—
nite simple integrals. If a;, is known, these inte-
grals can be calculated comparatively easily.

The foregoing calculations are fairly compli-
cated. It is therefore desirable to consider
limiting cases for the purpose of comparing them
with expressions obtained independently. A limit
can be reached by making a;, small, after which
a comparison can be made with the results in (6],
To the first order in ayy, A§1(X23E) and Agl(E)
should become the absorption parts of diagrams
3, a and b, while Bg(xE) and Bg( E) become the
expressions for diagram 9a [Eqgs. (10) and (14)
of 6]]. It can be shown that the results agree.

We have thus far considered corrections of
the order VE arising from the interaction of the
first two particles with the third. Corrections
arising from consideration of the effective radius
of nucleon interaction are also of the order VE,

and are obtained because
Qyo (kfz) = Q2 —%kfzan"w (14)

where ry, is the effective interaction radius of
particles 1 and 2, which is of the order m~!. Thus
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the correction terms in the expansion of a;, (ki)
are of the order VE.

If in the Watson-Migdal formula describing the
production process in zeroth approximation we
make the substitution a;, — a;, — Y4k’ a1y, and
expand the resulting expression in powers of
- 1/2k§2 a;y ry; we obtain the required correction
terms. It must be remembered that A can be
represented by

A= a0 + m-1B = A, 4 AA, (15)

where o and 8 are generally of the same order.
Since a;, > m™!, we have Ay > AX. The fact that
ayy is a factor in several terms comprising A can
be seen from the reaction 1+ 2 — 1+ 2 + 3.
Specifically, the diagrams of Fig. 10 are included
in the definition of A. These diagrams have the
structure ay a. Taking the effective interaction
radius into account, the Watson-Migdal formula
becomes

A A 13 k2, atar1z ho (16)
1— ikuam - 1— ikmam (1 — iknan)z )
7 1 Z !
2 Y4
2 2

/

7 J J
FIG. 10.

In the second term A, can be replaced by A,
since the resulting error affects only higher-
order terms (of the order E).

The entire three-particle production amplitude
at threshold can be written, accurately up to
terms of the order VE, as

A 1/ k2, a1ar1ah
(1 _ ik12a12)2

A (klzkxskzs) =1=

ik1aa12

as3B; (k12E) + a13B1 (k12E)
1 — ikza19

+A

4 AayA (F3E) + AagsA y(kssE),

A (kigE) = Maigd (kisE),  Bi'(kiE) = AaBi(kiE). (17)

The constant A in (17) is a common normalizing
factor. All other quantities are determined by the
amplitudes of two-particle interactions at zero
energy and effective radius ryy. In all terms of
(17) with the exception of the first, A can be re-
placed by A;, because the resulting error would
be of a higher order than the terms considered
in (17).

If a;y < 0, particles 1 and 2 can form a bound
state (1, 2). The production amplitude of this
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bound state and the third particle is obtained from
(17) by setting A;(kigE) = 0 and multiplying the
right-hand side by the quantity

— (1 — ikyeay,)/2a,, V'_ Ty2Gy 0.

Gribov ¥ calculated the parts of the correc-
tions Aj (kisE) and Bj(kyy; E) depending only on
kil, i-e., AI(E) and BII(E) were not calculated.
Aj (kij3E) had the form of a definite simple inte-
gral, while BH(km E) had the form of a definite
double integral. Because of the different method
of calculation the definite integrals in Bl are
completely different from those in the present
work and it would be extremely difficult to make
a direct comparison between them. The expres-
sions for Aj(kj3E) and Bj(k;;E) in ] can be
compared only indirectly; for example, they can
be expanded in powers of a;, for comparison
with the terms calculated in [6,7]. In this way it
can be shown that the expression for Bj(ky E)
in ) contains an error.

2. CALCULATION OF CORRECTIONS FOR THE
REACTION N+ N — N+ N+ 7 WITH
my = Iy > mgs

For the purpose of applying our formulas to the
reaction N+ N — N + N + 7, we shall assume
my; = my= M > mjy= pu. An analysis, similar to
what follows, can also be performed without as-
suming that the masses of the first two particles
are equal.

For the case my = my > mgj the absorption
parts and the integrand in (11) can be expanded
in powers of u/M, and AiI(kigE) and AH(kle)
can be calculated explicitly. We note that, since
m; = m,, we have A;(kE) = Ay(kE) = A(xE) and
By (kE) = Bo(kE) = B(XE).

Let us consider the absorption part A(ky,3E),
which for the case M > u (introducing the nota-
tion ayy = a) equals

iVZ_P'z‘zs
a VM ]/E——-:::g3

1
a? VMVE—— :1:23

1 —ia VMVE—x§3—ian,—/§x23

— e ) (18)
1—ia VM VE—xgs-{— ia V2 2

% In

When the logarithm is expanded in powers of

u/M it is easily seen that on the complex plane

of x§3 there exists a region in which

|1 -iavMVE - x|~ la Vu/2 x53; the expansion
therefore ceases to be valid. This difficulty can

be obviated by shifting the contour of integration

in the dispersion integral to the lower half-plane.
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This procedure can be followed for both a > 0
and a < 0.

The calculations give the following expression
for A(KE) when a > 0:

A (E) = V:}‘M [~ In (% M@E) + in + (1 + Ma*E)™"
VIt MEE—1
X( Vit Mak 41 m)]’ (192)
A (zE) = a2Mz? YV 2u (E + a2M-Y)

T+ ME)1 + a*ME — a* M=)

2 o o
X (n— arc sh (aV ME)™ + l) o +a21’f4};_“a2w

X (— —aVM(E — %) arc cos V:-l— z) + A (E).
(19b)*
When a < 0 the expression for A(E) contains
the additional term

AA(E) = (20)

VZP' 1 — 1 )
a VM Vi+Ma2E )’

A similar calculation of B(KE) for a > 0
gives

B (zE) =B (E) + ia VM zA(E) + iV 2u (E — %)
+Vou(E + a M) [(1 + ia V Mz)?
+inV Mz 1+ a*ME) —

X (:% arc sh (¢ V ME)™ + i)

+VowE =2+ iaV M z)?

FE i)

X (n—z— a ¥V Mz arc sin (21a)

B (E) = V;" [m (+ MaE) — ini + VI T MaE
V1+ MaE +1 .
( Y T m)]. (21b)
For a < 0, B(E) acquires the addition
. Vo TV 2h
= 2 —_ 2R
AB(E) = 2i Vi (1 — V1 F Ma%). (22)

It must also be remembered that A(E) in (21a)
changes in accordance with (20) when a < 0.

It is easily verified that the amplitude A (KE)
has no pole on the physical sheet at the point x?
=E +a2M"!. An expansion in powers of yu/M
was used to calculate AA(E) and AB(E). It is
easily shown that, as a result, (20) and (22) are
invalid when E ~ —M~1a-2,

It can be shown that the given formulas for
A(KE) and B(kE) when expanded in powers of

*arc sh = sinh™.

and L. G. DAKHNO

a become the corresponding formulas of Gribov ¥
for the terms that are linear and quadratic in the
momenta. The expressions for the linear and
quadratic terms in X must, of course, also be
expanded in powers of u/M.

The foregoing formulas enable us to calculate
the cross sections for N+ N — N + N + 7. Dif-
ferent isospin and spin states are taken into ac-
count in the conventional manner. If the nucleons
are unpolarized, then for processes p+p — p
+p+ 7" and P+p—~p+n+7" upto terms of
the order VE we have, respectively,

doo M [2
o = m + 2 Re [7» (1 — ikypa5) (ABs + 7»:1’:)(]233)
o= BN (A kR (AP + R

+ 2Re {M (1 — ikypa)™ (3AB; + 3Air1)

Ay (1 — k@)™ (ABs + ATs)}. (23b)
Here ag and a; are the singlet and triplet scat-
tering lengths of the nucleons; B¢, yt, Bg, and yg
are defined by

B = L hhar (1 + ikya,)
— @ (20, + 5b5) (1 + ikyar)t By (kyo)
(561 + 3 bs) (A4 (kys) + Ar (ko) (24a)
1o = (— 20, + 2by) (A (kyy) — Ay (kye)],  (24D)
Bs =2 h2,a.rs (1 + ikypas)-2
— ag (56 +2bs) (1 + ikyoa)-* By (kyy)
+ (2by + 5 by) (A, (kyg) + As ()], (24c)
Yo = (— 20, 4+ 2b5) A, (kyy) — A, (kyy)],  (24d)

where ry and rg are the effective radii of the
nucleons in the triplet and singlet states, b, and
b, are the scattering lengths of pions on nucleons
with isospins ‘/2 and :‘72 These quantities have
the values, with the pion mass taken as unity:

a;, = — 17.0, a; = 3.8,
= 0.17,

= 1.8,
by = — 0.09.

ry = 1.1,
(25)

As (k) and Bg (k) [or At(k) and B¢(k)] are
obtained from A(kE) and B(kE) by means of
the substitution a = — ag (or a = —ay;).

The real and imaginary parts of the complex
constants Ag and A¢ are not independent, because
they are related by an expression including the
scattering phase angles of the initial particles at
the threshold energy. (2] Specifically,
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7"5 = ps exp (7 86(})))7 }"t = pl exp (l 36IP): (26)

where pg and p; are real constants not known in
advance; 36(? and 361P are the scattering phase
angles of P protons with total angular momentum
0 and 1, having the values (10]

39y ~—10°, 3] ~—28°.

When the total kinetic energy of the produced
particles is very small (of the order 1—3 MeV
in the c.m.s.), all correction terms have a single
order of magnitude and are considerably larger
than the succeeding correction terms, which are
of the order E. At 5—10 MeV in the c.m.s. only
the first term in (24a) and the first two terms in
(24c) remain relatively large, making an impor-
tant contribution to the cross sections. The other
quantities are small, being of the order E/u (pu
is the pion mass) and it would be meaningless to
consider them in the present case.

It would be difficult to indicate in advance the
upper limit of the total kinetic energy of produced
particles at which the foregoing formulas begin to
lose their validity. A good experimental criterion
is found in the fact that terms of the order E/pu
contribute to the angular distribution of pions
(relative to the direction of the initial particles).
Therefore the large anisotropy of pions must in-
dicate that the production process proceeds
through amplitudes with L > 0 and that the equa-
tions (24) are no longer valid.

It can be expected that (24) correctly repre-
sents the cross sections for N+ N— N+ N+ 7
processes up to 10 MeV (c.m.s.). However, we
at present have no experimental data for such
reactions at the given energies.

We can also consider similar reactions such

as N+ N—N+A+K, N+ N— N+ Z + K etc.
The experimental investigation of these reactions
should in principle enable us to determine the
scattering amplitudes of the produced unstable
particles and the effective radii of resonant in-
teracting pairs of particles. For this reason a
comparison between experimental data obtained
for N+ N— N+ N+ 7 and the equations (24)
acquires additional interest. .

The authors are indebted to A. A. Ansel’m for
a discussion of several questions.
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