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The possibility of interpreting the weak interactions of leptons as an effect of space-time 
curvature over distances of the order of l ~ (G/tic) 1/ 2 ~ 6 x 10-17 em is being considered. 
It is assumed that the leptons are described by a unique spinor in an n-dimensional space in 
which the physical four-dimensional space represents a surface. The equations of this sur
face are constructed in a self-consistent manner from the values of the spinor on that surface 
and taking into account the condition of being Euclidean at infinity. A covariant zero-mass 
equation is postulated for the values of the spinor on the surface, which allows one to intro
duce electromagnetic interactions, and in first approximation yields a description of the weak 
interactions. The conditions which lead to the V-A type weak interactions are discussed. 

1. INTRODUCTION 

JN recent times the opinion has been expressed 
that the weak interactions of elementary particles 
are somehow connected with a change in the struc
ture of space-time over small distances, namely 
over distances of the order of the "fundamental 
length'' [1, 2]: 

(1.1) 

where G is the weak interaction coupling constant1l 
One can cite several properties of the weak inter
actions which are evidence in favor of this hypo
thesis. The weak interactions are universal, i.e., 
all presently known particles, with the possible 
exception of the photon, participate in it. The weak 
interactions have simple and beautiful symmetry 
properties, and it would be interesting to connect 
these with the properties of space. Finally, the 
weak interactions contain a ready-made standard 
of length (1.1) connected with the constant G, which 
is determined from particle decay experiments. 

However, to date, there does not exist a single 
example showing intuitively how a modification of 
the structure of space at small distances can effec
tively lead to weak interactions. In this paper we 
discuss a model in which, under certain assump
tions, we succeed in demonstrating the connection 
of the weak interactions with the properties of 
space. 

The "basic physical requirements imposed on the 
model are the following. Limiting ourselves to the 

l)In the following we assume everywhere '1'1 = c = 1. 

consideration of weak interactions only we will not 
include in our model any strongly interacting parti
cles, and will require that the model describe the 
four leptons only: the electron, the muon and the 
two neutrinos. Since among these particles two 
are charged and two are neutral, we require that 
the model admit the possibility of introducing 
electromagnetic interactions. Besides, the model 
must yield an effective four-fermion interaction, 
which should correspond to the interaction leading 
to the decay of the muon. 

We go over to a consideration of the fundamental 
assumptions on which our model is based. We as
sume that the metric of the space is in general not 
Euclidean, but has the general form: 

(1.2) 

We will consider a one-particle problem, des
cribed by a wave function 1/J(x). In this case the 
preceding assumption can be made concrete by 
assuming that there is a deviation of the metric 
from the Euclidean metric in the neighborhood of 
a four-dimensional point x 0 , over distances 
I xk - x~ J ..:5 l and that at large distances, i.e., 
I xk - x~ I » l , the space should become flat. 
Intuitively one may imagine that the space becomes 
curved only near the particle, remaining Euclidean 
at a distance from the particle. 

In order to obtain a description of the leptons, 
one must introduce into this space quantities of a 
spinor nature. In the proposed model the trans
formation functions will also depend on these quan
tities, and due to the essential nonlinearity the 
definition of the spinors becomes a complicated 
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problem. We will try to avoid this difficulty by 
considering the physical space as a surface V4 in 
a pseudoeuclidean space Sn of a higher dimension, 
in which the definition of spinors presents no diffi
culties [ 3 ~. 

As is well known (cf., e.g., [4J), any four dimen
sional Riemann space V4 can be considered as a 
surface in a ten dimensional Euclidean space. For 
special forms of V4 a smaller number of dimen
sions is sufficient. We write out the number r of 
components of a spinor in spaces of various dimen
sion n: 

n: 10 9 8 7 6 5 
r: 32 16 16 8 8 4 

(1.3) 

We consider a region on the surface V4 which 
is remote from the point x 0 ( I xk - x~ I » Z) where 
V4 becomes a plane s4 • With respect to the rota
tions and reflections of this plane the spinors of 
the higher dimensional space decompose into a 
corresponding number of four-component spinors 
which transform among themselves only. There 
appears the possibility of describing several parti
cles by a single spinor of the higher dimensional 
space. In particular, the four leptons can be unified 
either into one spinor in the spaces S9 or S8 , or 
into two distinct spinors in the spaces S7 or S6 • 

In the region I xk - x~ I ..:5 l, where the space be
comes curved, these four-component spinors will 
transform into each other, which leads to the possi
bility of the appearance of interactions among them. 

We will assume that the particle itself is the 
cause of the modification of the metric of the 
space, and therefore we will construct geometric 
quantities which characterize the surface v4 in 
terms of the spinors of the space Sn. Besides, in 
what follows an equation for the values of the spinor 
on the surface V4 will be postulated. 

Let us summarize the fundamental assumptions 
of the model: 

1) the physical four-dimensional space is con
sidered as a surface with metric (1.2) in a multi
dimensional pseudoeuclidean space; 

2) the geometric quantities which determine 
this surface are constructed in terms of the spinors 
of the multidimensional space, and the values of 
these spinors on the surface satisfy a certain equa
tion; 

3) for large distances, i.e. for I xk - x~ I » l, 
the surface has to become a plane. 

2. THE EQUATION OF THE SURFACE V4 

In this section we collect several formulae from 
the theory of surfaces inn-dimensional space (cf., 
e.g., [4]), which will be used in what follows. Let 

zO' denote the coordinates in ann-dimensional 
pseudoeuclidean space Sn, endowed with the metric 

n-1 

ds2 = 2J Ca. (dz"-)2 , c0 = -1, Ca. = 1, (2.1) 
a.=O 

and let xi (i = 0, 1, 2, 3) denote the coordinate on 
the surface V4 with the metric (1.2). Then 

(2.2) 

Let T)~l be the components of n - 4 mutually 
orthogonal unit vectors, which are orthogonal to V4: 

a, fl = 4 ... n - 1; (2.3) 

~ (> i)zl3 
LJC(>T]ol-· = 0. 

(> ox' 
(2.4) 

The equations of the surface V4 have the following 
form (cf. [4J): 

n-1 

I i)z"-) ~ - = b ... 
\ 0 i . a I ij Tla 1' 

X .3 a=4 
(2.5) 

(2.6) 

Here ba lij and v7 alj are quantities which deter
mine the geometry of the surface, up to rotations 
and motions of the entire V4 in Sn. The symbol 
f, j denotes the covariant derivative of f computed 
with the tensor gij . It is clear from (2.5) and (2.6) 
that balij is a symmetric second rank tensor in V4 

and vTalj is a vector in V4 • 

The integrability conditions for the Eqs. (2.5) 
and (2.6) have the form [4] 

n-1 

R;jkl = 2J (ba\ikboJjl- bolilbo\jk); (2.7) 
0=4 

n-1 

boJij,k- ba:ik,j = 2J (v,olkb<\ij- V,oljb<lik); (2.8) 
-r=4 

n-1 

V,0 Jj,k- V,0 Jk,j + 2J (vp,\jVpolk- Vp,lkVpo·!j) 
P=4 

(2.9) 

Here RijkZ is the Riemannian curvature tensor of 
the surface V4 • From (2. 7) and (2.8) it is easy to 
see that the Bianchi identity (cf. [4]) imposes on 
the coefficients the condition of being antisymme
tric with respect to the indices T and a 

(2 .1 0) 

It will be more convenient to use the formula
tion of the equations of the surface V4 , Eqs. (2.5) 
and (2. 6) in an orthogonal local base, introduced 
in the space V4 • We choose an orthogonal local 
base in V4 , consisting of unit vectors with com-



874 B. A. ARBUZOV 

ponents A.t l : 
A; i { a,., h = k 

gii "I 'Ak I = 0, h =I= k , 

ao = -1, a; = 1, i = 1, 2, 3. (2.11) 

The coordinates of the base in Sn are defined as 
follows: 

3. THE FUNDAMENTAL EQUATIONS OF THE 
MODEL 

We consider an n-dimensional pseudoeuclidean 
space Sn with the metric (2.1). We define in Sn 
spinors ljJ and n matrices Ya[3 ~. The number of 
components of the spinors, which is also equal to 
the rank of the matrices y a, is given by Eq. (1.3). 
The y a obey the anticommutation relations 

{ 2c", r:J.=~ 
Y"V!l + Vf!V" = o, r:J.=f=~. (3.1) 

(2.12) We will use a representation of the y matrices, 
which has the following properties: 

Introducing the operation of differentiation along 
the vectors of the base 

(2.13) 

it is easy to transform the equations (2.5) and (2.6) 
to the form 

d1'J0r n-1 

as" c= ~ cp.w(3p.k11~1 
p.=O 

(~ = 0, 1 ... n - 1; k = 0, 1, 2, 3}, (2.14) 

where 

Wmnk = Ymnk = Am;i,jA;,IAi,• k, m, n = 0, 1, 2, 3; 

Vmnk = - Vnmk (2.15) 

are the well known rotation coefficients, and 

Wahk = - Wtwk = - A~ I Ai 1 ba I ij 

(a= 4 ... n-1; h, k = 0, 1, 2, 3); (2.16) 

(a,~ = 4 ... n- 1; k = 0, 1, 2, 3). (2 .1 7) 

The integrability conditions take the following 
form: 

f-t, A = 0 ..• n - 1. (2.18) 

We note, that for infinitesimal displacements dsz 
along the directions of the base vectors, the com
ponents of a vector in this base vary by the follow
ing quantities 

3 

6B~tr= - ~ akatwhktBkl ds1. 
k, l=O 

(2.19) 

In the following we will denote by latin letters 
the subscripts of the coefficients U.'a{3k if they 
take on the values 0, 1, 2, 3, and by greek letters 
for the values 4, ... , n- 1. In the following sec
tion we will construct these coefficients as linear 
combinations of spinors of the space Sn . 

V~ =- Vo• Y! = y"; ex = 1 ... n - 1. 

The conjugate spinor is defined as [ 3 ~ 

'¢ = 'I!J+Vo· (3.2) 

We introduce the matrices f3a which realize a 
representation equivalent to (3 .1) 

~ = ~ 118 y8 ; a = 0, 1 ... n - 1; 
" S af 

{ 2c", 1]. = r 
~a~y + ~y~a = 0, r:J.=/=1 • (3.3) 

We will construct the coefficients w with the help 
of the matrices f3a. 

We first consider the quantity wank, which ac
cording to (2.16) and (2.7) is related to the curva
ture tensor of the surface V4 • It would be most 
natural to write wank in the form 

(3.4) 

In this case the curvature tensor takes the simple 
form: 

Riikl = C (x) (gikgil - gil gik). 

Then, according to Schur's theorem (cf. [C) 
C (x) = const and the space V4 has constant curva
ture. This contradicts the condition, according to 
which the surface v4 has to become flat for 
I xk - x~ I » l , except if the curvature is zero 
everywhere. Thus, the representation (3.4) does 
not work, and one has to find another form for the 
function wank · 

We introduce the matrix y, which is a general
ization of the ordinary y 5 matrix. The definition of 
this matrix admits some arbitrariness, and we will 
require for the moment that for a flat space the 
following conditions be satisfied: 

y--> - i~"~l~2~3• (y)2 ._.... 1; 
Vfin + ~nY =In--> 0, n = 0, 1, 2, 3; (3.5) 

:Y~"- ~"Y' = q>"-+ o, a=, 4 ... n- 1. 

In the general case of a curved space fn and tpa 
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will not vanish, in general. We assume that in the 
general case the following relation holds 

(3.6) 

Other properties of the matrix y will be postulated 
below. 

The use of the matrix y allows us to satisfy the 
condition that the curvature tensor vanish at infinity 
in a noncontradictory manner. Indeed, let us re
place the matrices {301 by the matrices 

IY.rz = ~ex±-} (~cxr- r~cx)· (3. 7) 

Then for values I xk - x~ I » l , for which the sur
face v4 has to become flat, the quantities U:Oink 
and RijkZ vanish, due to (3.5). Thus the use of the 
matrices 01 0 turns out to be more natural than the 
use of the matrices {3 0 . 

We assume that all the matrices {3 01 which occur 
in our model (01 = 0, ... , n -1 ), have to be re
placed by the matrices (3. 7). We can now write 
out the expressions for the rotation coefficients 

W01{3n • U:01 mn • c.: mnk: 

ronmk = icl,ji (anotk:Xm - IY.m!Y.~n} 'ljJ; 

(i)rzmn = c2'i) (an!Y.cx!Y.m + IY.miY.cxiY-n) 'ljJ; 

roa/ln = ica'iJ (acxotn!Y.Il - IY-(liY-nCXcx} 'ljJ. (3.8) 

where c 1 , c 2 , c 3 are real coefficients having the 
dimension 12• In (3.8) the real character of the co
efficients w has been taken into account. The 
values of the spinors 1/J have been taken on the 
surface v4. 

Let us consider the equation that the values 
of the spinor 1/J satisfy on the surface V4 • In de
fining the notion of covariant derivatives for spin
ors we make use of Fock' s method. [sJ Taking into 
a~count the fact that the quantities bu jij , v uT jh, 
;\hi have to be a tensor and vectors, respectively, 
in v4' we require that for infinitesimal displace
ments dsz along the vectors of the base in V4 , the 
quantity IF f3ni/J should acquire increments which 
are characteristic of the coefficients of a vector 
in the local base, (2.19), and the quantities "i/!{3 01 1/J, 

ij}y<J! and "i/!1/J should remain invariant. Thus we ob
tain the following conditions: 

3 

<'11ji~n1JJ = - lj akarronkr'IJ~k'ljlds,; 
k, r=O 

a= 4 ... n- 1; 

(3.9) 

The increments of the spinor components have the 
form 

3 

<'l'ljJ = ~ azC11jJdsz. 
l=O 

(3.10) 

In (3.9) it is also necessary to know the incre
ments of the matrices f3n, {3 01 , :Y. Since the repre
sentations of {3 01 ( 01 = 0, .... , n - 1) are equiva
lent in each point, we require that the total incre
ments of these matrices vanish: 

3 8[3 
d~" = ~ ~ dsk + <'I~" = 0, 

k=O OS 

(3.11) 
The increment of the matrix y is defined as 

follows: 

3 

by= -lj ak (yCk + YoC~roY) dsk. (3.12) 
k=O 

From(3.9)-(3.11) and (2.14) follow the relations 

YoC7Yo~n + ~nCz -lj akronkl~k+ lj rorznl ~" =-lj ak ronkl ~k• 
k " k 

YoCiyo~oc + ~cxCI -lj akrocxkl ~k- ~ rocx(ll ~(l = 0, 
k (l 

YoC7Yo + C, = 0. (3.13) 

These equations allow one to determine Cz : 
n-1 3 

Cz = - YoCiyo = + lj lj an rocxnl ~" ~n 
CX=4n=O 

n-1 

+ + lj rocxfll~cx~ll + ieA,, 
<t,(l=4 

(3.14) 

where Az are the components in the local base of 
an arbitrary real vector, the appearance of which 
can be connected with the possibility of introducing 
an electromagnetic interaction Ls'. 

Thus, we have determined the components of the 
covariant derivative of a spinor in the orthogonal 
local base 

- alji -
1JJ,k = -k - \j;Ck. (3.15) as 

In analogy with the Dirac equation, we postulate the 
following equation for the spinor 1/J: 

3 

~ akak'ljl,k = ~akcxk{a~t + Ck1JJ} = 0. (3.16) 
k=O k 

This equation can be formulated also in an arbitrary 
coordinate system. 

In the present paper we will make use of Eq. 
(3.16) for an investigation of the problem whether 
an effective four-fermion interaction can appear, 
which would be a model for the weak interactions. 2) 

The presence of the four-fermion interaction in 
(3.16) is obvious. In order to find out whether 
(3.16) is capable of yielding anything similar to the 

2>The problem of a possible interpretation of the modi
fication of the Dirac equation in Riemann space from the 
point of view of producing an effective interaction has 
been considered, e.g., by Green [•]. 
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real interactions of the leptons, e.g. the interaction 
responsible for muon decay, we go over to the 
quasieuclidean approximation, i.e., we will consider 
that the space is flat and will retain in the equation 
only the terms of lowest order in the constants q. 

By construction, the coefficients wnmk and 
u.·a mn vanish in the limit of a flat space which is 
connected with the presence in these coefficients 
of several factors of the form 1 ± y separated 
by Yn matrices. Consequently, in this approxima
tion the following equation is obtained 

(3.17) 

In Eq. (3.17) all the spinors into which 1/J decom
poses for I xk - x~ I » l , will enter only with two 
components. Since the model is massless, this is 
equivalent to the ordinary theory. 

4. THE QUASIEUCLIDEAN APPROXIMATION 

Let us analyze the interaction to which Eq. 
(3.17) leads in the quasieuclidean approximation. 
We choose Sn to be 9-dimensional, since this is 
the maximal dimension in which the spinors decom
pose into four four-component spinors. The 
matrices Ya are defined in the standard man-
ner [3J (cf. Appendix). Obviously the equation (3.17) 
is obtained in a theory with the interaction 
Lagrangian 3> 

Lint =Tii ~ an\ii(i<>TB-TBi<>)in(1 +r) 
a,B.n 

(4.1) 

Let us see now how one can introduce the elec
tromagnetic interaction into the model. Using the 
non-uniqueness in (3.14), one can obtain either 
four charged particles or four neutral ones. In 
order to be able to describe two charged particles 
and two neutral ones, one must define an asymp
totically diagonal matrix, which would project the 
spinor 1/J onto two four-component spinors. The 
matrix, e.g., 

(4.2) 

possesses these properties. 
One can define the electromagnetic interaction 

by means of the matrix E, if all coefficients 
Wa{3n, in which at least one of the indices equals 
6 or 7, vanish. Then E commutes with all the 

3>Here we have chosen the + sign in (3. 7). 

matrices of our model and, utilizing the ambiguity 
in (3 .14), one can introduce the electromagnetic 
interaction in the following manner: 

(4.3) 

where c~ is a term related to the four-fermion 
interaction. 

Thus, we will sum in (4.1) over the indices 
a, {3 = 4, 5, 8. Using the explicit form of the 
y 0 - matrices (cf. Appendix) and decomposing the 
spinor 1/J into the four-component spinors Ut, u2 , 

u3 , u4 we obtain in place of (4.1) the expression 

Lint=- Ca {(ulu3u4u2 + u2u4u3ul) + + (ululuaUa + u2u2u4u4 

+ ululu2u2 + UaUaU4U4 - ululu4u4 - U2U2UaUa) 

+ + (ulululul + u2u~u2u2 + UaUaUaUa + u4u4u4u4)}, 
(4.4) 

where 
3 

U;Ujilkul = ~ aniliY~ (1 + y~) UjUkY~ (1 + y~) Uz, 
n=O 

and y~ and y~ are the usual matrices of the four
dimensional space. 

Depending on the sign in (4.3), the charged par
ticles will be described either by the spinors 
( Ut , u2 ) or ( u3 , u4 ). The first two terms in ( 4.4) 
correspond to the interaction describing the decay 
of the muon in the V - A theory. If one does not 
require the possibility of introducing electromag
netic interactions and one sums over all values of 
Cl' and {3 in (4.1), these "decay" terms will cancel 
out. Continuing further the analogy between the 
model arid reality, one can associate the spinors 
Ui with leptons, e.g., in the following manner: 
lit-electron, u2-muon, u3-electronic neutrino, 
u4-muonic neutrino. 

We emphasize the fact that in the definition of 
Eq. (3.16) there is. an arbitrariness. In particular, 
one could have postulated the equation 

3 

~ ak~k'¢,k = 0, (4.5) 
k=O 

instead of (3.16). The fundamental results, in par
ticular, the presence of the four-fermion interac
tion, including the "decay" interaction, parity 
nonconservation and the possibility of introducing 
electromagnetic interactions, remain valid. How
ever, one does not obtain the V - A theory. 

5. CONCLUSION 

In this paper we considered a model with a non
euclidean geometry "in the small," which under 
certain supplementary assumptions can yield a 
description of the weak and electromagnetic inter-
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actions. The model describes massless particles. 
One may hope that the mass of the charged parti
cles can be obtained in a self-consistent manner 
due to the interaction. 

We indicate the problems which have to be con
sidered in further investigations of the model. 
First, there is the question of compatibility of the 
system of equations which defines the model. Then, 
there is the question of the existence of divergen
ces in the model, which is apparently also related 
to the problem of quantizing the spinor field If!. It 
is possible that this problem will lead to supple
mentary conditions which will fix the explicit 
form of the matrix y. 

In conclusion the author expresses profound 
gratitude toN. N. Bogolyubov, S. S. Gershtei'n, 
V. G. Kadyshevskil, A. A. Logunov, V. I. Ogievet
skil, A. N. Tavkhelidze, A. T. Filippov and 0. A. 
Khrustalev for numerous and fruitful discussions. 

APPENDIX 

We list here the explicit expressions for the 
matrices Ya in nine-dimensional space. We label 
the components of the spinor If! and the rows and 
cblumns of the matrices in the following order 
(the notation is taken from Cartan's book [3J): 

0,12,13,14,23,24,34,1234,1,2,3,4,123,124,134,234. 

Then 

where I is the unit 8 x 8 matrix, and the non
vanishing matrix elements of Ka are: 

(Kl)l2 = - (Kl)as = - (Kl)4s = (K1)7s = 1, 

(KI)vq = (KI)qv; 

(K2)12 = - (K2)as = - (K2)4s = (K2hs = i, 

(K 2)vq = - (K2)qp; 

(Ka)u = - (Ka)22 = - (Ka)aa = - (Ka)u = (Ka)ss 

= CKa)aa = (Ka)n = - (Ka)ss = 1; 

(K4)13 = (K4)2s = - (K4)al = - (K4)47 = - (K4)s2 

= - (K4)ss = (K4)74 = (K4)sa = i; 

(Ks)Ia = (Ksb = (Ks)31 = - (Ks)47 = (Ks)s2 = - (Ks)&s 

=- (Ksh4 = - (Ks)ss = 1; 

(Ka)14 = (K6)2s = (Ka)a7 = - (Ks)41 = (K6)ss = - (K&)a2 

= - (Ks)7a = - (K6)ss = i; 

(K7)14 = (K7)2s = (K7)a7 = (K7)41 = (K7)ss = (K7)a2 

= (K7)73 = (K7)ss = 1. 

Under transformations in the S4 plane, the spinor 
If! decomposes into spinors Ui in the following 
manner: 

u 1 = (0, 12, 1, 2); U2' = (13, 23, 3, 123); 
u. = (14, 24, 4, 124); u 4 = (34, 1234, 134, 234). 
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