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Asymptotic relations between polarizations in crossed reactions are derived. In particular, 
it is shown that for large energies the polarizations of the recoil protons in elastic scatter
ing processes of positive and negative pions on protons are of the same magnitude but oppo
site sign. Also considered are the polarizations in scattering processes of nucleons and 
antinucleons on nucleons and in reactions in which strange particles participate. 

l. Recently the well-known Phragmen-LindelOf 
theorem from the theory of functions of a complex 
variable [i] has been used to derive asymptotic re
lations between cross sections for various reac
tions. Thus Melman [2 J derived relations between 
the total cross sections for the interactions of par
ticles and antiparticles at high energies on the 
basis of this theorem, relations which had been 
obtained earlier by Pomeranchuk[3] on the basis 
of the dispersion relation technique. In the papers 
by Logunov et al. [4 - 6] the Pomeranchuk relations 
for the differential cross sections at angle oo are 
generalized by the Phragmen-LindelOf theorem to 
non-vanishing momentum transfers. We derive 
below, on the basis of this theorem, asymptotic 
relations between the polarizations in crossed re
actions. We note that the realization of polarized 
hydrogen targetsC7•8] facilitates essentially the 
measurement of polarizations at high energies 
and may make possible a verification of these re
lations in the not too far future. We restrict our 
considerations to the simplest cases of reactions 
in which spin 0 and t;2 particles participate. Our 
treatment is purely phenomenological and we will 
not consider the mechanism by which polarization 
is produced at high energies. 

We enumerate the essential results of our work. 
For large energies: 

1) the polarizations of the recoil protons in 1r+p 
and 1r-p scattering at the same values of energy 
and angle are equal in magnitude but of opposite 
signs; 

2) the polarization of the neutron in the charge 
exchange process 1r- + p- 1r0 + n vanishes; 

3) the polarizations of t~e hyperons in the proc
esses 1r + p- K + Y and K + p- 1T + Y are oppo
site, independently of the relative intrinsic parities 
of the particles; the same is true also for the proc-

esses K-+p-K0 +S0 and K0 +p-K++S0; 

4) the polarizations of the final particles in re
actions of the type !:+ + He - He A + p and p + He 
- He A + ~+ are opposite if the relative parity of 
the !: and A particles is + 1 and the polarizations 
are equal if the relative parity is - 1; 

5) the polarizations of the final particles in the 
elastic scattering processes N + N - N + N and 
N + N- N + N, and also in the elastic scattering 
12..rocesse~ of strange particles Y + N - Y + N and 
Y +N-Y + N are opposite; the polarizations of 
the recoil neutron, e.g., in the processes !:- + p 
-A+ n and A+ p- ~- + n, are also opposite; 

6) the polarization of the S hyperons in the 
process K- + p- K+ + s- vanishes; 

7) the polarization of the recoil protons in elas
tic scattering of gamma-quanta on protons also 
vanishes. 

All the above statements refer to polarizations 
which appear in collisions of unpolarized particles. 
The first of the results listed above has been ob
tained previously by Levintov[11 ] on the basis of 
dispersion relations. 

2. We start from a detailed analysis of the sim
plest case of pion scattering on nucleons. The am
plitudes of the processes 

n;+ + p --+ n;+ + p, n- + p --+ n- + p (1) 

have the following form: 

M± (p' q'; pq) =a±++ ib± (q + q'), (2) 

where q and q' are the initial and final momenta 
of the meson, p and p' the corresponding momenta 
of the proton, a± and b± are functions of s 
= - (p + q)2 and t = - (p -p' )2, and the signs plus 
or minus refer to the scattering of positive and 
negative pions, respectively. 

The polarization of the recoil proton which is 
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produced in the scattering of mesons on unpolar
ized protons can be easily found by using the fol
lowing formula [9, 10]: 

Sp iY•ip.MA (p)MA (p') 

~p. = Sp MA(p) MA (p') ' (3) 

where ~1-' is the polarization four-vector, which is 
orthogonal to the momentum p' and A ( p ) and 

where M and 1-' are the masses of the proton and 
pion, u = - ( p - q' )2 = 2 ( M 2 + J-12 ) - s - t, and nl-' 
is a space-like unit vector proportional to 
iEJ..tvpuPvqpp~. In the c.m.s. n4 = 0 and n 
= ( p X p' ) I I p X p' I. 

For s » t and M 2, Eq. (4) implies 

(5) 

From this expression it can be seen that the po
larization differs from zero for s -- oo and fixed 
t only in the case when a± and M-1 sb± have the 
same behavior in the indicated region of values 
of the variables s and t. 

Let us assume that asymptotically a+ and 
M-1sb. behave like sa<t>rp(s,t), where a(t) 
and rp ( s, t) are functions which are defined in 
[ 4- 6J. Then, as shown in C4J, the Phragmen
LindelOf theorem implies that 

a~ (- s, t) = ein"' <1> a+ (s, t), 

b+ ( -s, t) = - einu. (I) b+ (s, t). 

(6) 

(7) 

We now utilize the condition of crossing sym
metry which connects the amplitudes M+ and M_: 

M_ (p'q'; pq) = r,M! (p- q'; p'- q) r4· (8) 

From (8) follow the following relations for the 
functions a± and b±; 

a_ (s, t) = a: (u, t), b_ (s, t) = - b: (u, t). (9) 

Combining (9) and (7) we obtain for s-- oo and 
fixed t 

a_ (s, t) = e-inu. <1>a: (s, t), b_ (s, t) = e-inu. <Ob: (s, t). (10) 

From (10) and (5) we find the following asymptotic 
relation between the polarizations 

~; (s, t) = - ~~ (s, t). (11) 

Here we suppose that the reactions (1a) and (1b) 
are compared at the same values of energy and 
angle. 

A( p') are projection operators. We note that in 
the laboratory system (l.s.) and in the center-of
mass system (c.m.s.) ~ 4 vanishes, and ~ is equal 
to the expectation value of the operator u in the 
rest system of the recoil nucleon. From (2) and 
(3) we derive the following expression for the 
polarization: 

(4) 

Thus, if for large energies the polarization of 
the recoil protons in the scattering of positive 
pions on nucleons does not vanish, the polarization 
of the recoil protons in negative pion scattering 
on protons will also not vanish and differs only in 
sign from the polarization in 1r + p scattering. 

We go over to the consideration of charge ex
change process 

(12) 

Utilizing crossing symmetry we connect the am
plitude for the reaction (12) in the unphysical re
gion with the amplitude of the process 

(13) 

However, owing to charge symmetry, the ampli
tudes for the processes (12) and (13) coincide. 
With the aid of crossing symmetry and the 
Phragmen-Lindeli:5f theorem we obtain for the 
charge exchange process 

a 0 (s, t) = e-inu.,(t)a~ (s, t), b0 (s, t) = e-inu.,(t)b~ (s, t). (14) 

These equalities signify that Im a0b6 = 0 and that 
the polarization of the recoil neutron in (12) van
ishes at large energies and in the case of identi
cal asymptotic behavior of the functions a0 and 
M- 1 sb0• 

3. Let us consider the reactions 

n: + p--> y + K, 

K+p--Y+n. 

(15a) 

(15b) 

If the intrinsic parities Ii and If of the initial and 
final particles coincide, the amplitude of the proc
ess (15a) is 

M (p' q'; pq) = a+ fib (q + q'), (16) 

where q and q' are the momenta of the pions or K 
mesons, and p and p' are the momenta of the nu
cleon and the hyperon. 

In the case of parity -flip (If = - Ii ) the ampli
tude of this process can be written in the form 
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M (p' q'; pq) = cy6 + + idy5 (q + '(/). (17) 

For s - oo and fixed t, in the case Ii = If the 
polarization is 

2 lm ab* s v=t n (18) 
£1-' = I a (M + M')- sb 12 - t I a 12 "' 

where M and M' are the masses of the nucleon 
and hyperon, and nfJ. has the same significance as 
above. Similarly, the asymptotic expression of the 
polarization for Ii = -If becomes 

2Imcd*s V -t 
£" = - 1 c (M- M')- sd 12 - tIc 12 n". (19) 

A crossing relation of the form (8) connects the 
amplitude of the reaction (15a) in the unphysical 
region with the amplitude for the reaction if + Y 
- K + p which is the inverse of the reaction (15b). 
The amplitude of this process can be connected 
with the amplitude of the reaction (15b) by making 
use of PT invariance. The crossing symmetry (8) 
and PT invariance yield 

Me (p' q'; pq) = 'YJY4 UM* (p' - q; p - q') u-1y,. (20) 

Here M 0 is the amplitude of the process (15b), U 
is a matrix satisfying the condition Uy;fu-1 = yfJ., 
and 17 is a phase factor which appears in the PT 
transformation. In the case If = Ii Eq. (20) yields 

be (s, t) = -T)b* (u, t). (21) ac (s, t) = 11a• (u, t), 

For If = - li we obtain 

Cc (s, t) = -T)c• (u, t) de (s, t) ='Yjd* (u, t). (22) 

In these equations the functions a0 , b0 , and cc, de 
are related to the amplitude M 0 (p', q'; p, q) of the 
process (15b) by relations similar to (16) and (17). 

Assuming as in Sec. 2 identical asymptotic be
havior of the amplitudes a, M-1 sb and c, M-1 sd 
and applying the Phragmen-Lindelof theorem for 
s - oo and fixed t, we obtain 

a0 (s, t) = 1')e-i7ra, (t)a• (s, t), 

be (s, t) = T)e-i""' (t)b* (s, t); (23) 

It= -I;: Ce (s, t) = - T)e-ir.a, (t)c* (s, t), 

de (s, t)=- T)e-ir.a,(i)d* (s,t). (24) 

Expressions for the polarization ~z. which is 
produced in reaction (15b), can be obtained from 
(18) and (19) by the substitution a- a 0 , etc. Tak
ing this into account, we obtain from (18), (19), 
(23), and (24) that, independently of the relative 
parity, the polarizations in the reactions (15a) and 
(15b) have equal magnitude and opposite signs: 

K- + p _,. KO + go, K_o + p _,. K+ + go, 

if the spin of the :S hyperon is 'l'2· 
We also note that the use of the crossing sym

metry condition (20) and of the Ph:agmen-~ind~}_of 
theorem in the case of reaction K + p - K + .::. 
leads to the conclusion that for s - oo and fixed t 
the polarization of the :S hyperon vanishes inde
pendently of the assumptions about the asymptotic 
behavior of the individual parts of the amplitude. 

We show now that in the reactions 

Y1 + A _,. Y 2 + B, 

Y2 +A _,. Y1 + B, 

(26a) 

(26b) 

where A and B are spin -0 particles and Y 1 and 
Y2 are spin-% particles, th~ polarizations ~fl. and 
~z of the particles Y2 and Y1 are opposite, 

£~ = -£1-', 

if If = Ii, and are equal 

£~ = ~ ... 

(27) 

(28) 

if If= - Ii. For this we write the matrix elements 
of the processes (26a) and (26b) in the form 

u (p') N (p'q'; pq) u (p), u (p') Nc (p'q'; pq) u (p), 

where u(p) and u(p') are positive energy spinors. 
The amplitudes N and N0 have the form (16) or 
(17), depending on the relative parity of the par
ticles. The crossing symmetry condition has in 
this case the form 

Nr: (p'q'; pq) = 11'y4N+ (p- q'; p'- q) Y4• (29) 

where 17' is a phase factor appearing due to charge 
conjugation. If the parity does not change, (29) 
leads to relations of the type (21). If the intrinsic 
parity changes there will appear relations which 
differ from (22) only by the sign of the second 
equality. Since the expressions of the polariza
tions will have the forms (18) and (19), we obtain 
(27) and (28). Examples of reactions (26) are the 
following pairs: 

l;+ + He _,. HeA + p, p + He --> HeA + f"+; 

g- +He--> HeA + l":-, f- +He__, HeA + s-. 

4. We go over now to the more complicated case 
of reactions with particles of spin 'l'2. We consider 
first the reactions 

l":- + p _,.A + n, 

A + p --> f- + n. 

(30) 

(31) 

£~ = -£". <25) The amplitude of the process (30) can be written in 
This naturally refers also to the reactions the form 
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M (p~p~; P1P2) = a + by;2> + ey<2>K1 + ay~2>y< 2>K1 , (32) 

where Pi and Pi are the momenta of the proton and 
the neutron, p2 and pz are the momenta of the 2: 
and A hyperons, Ki == %(pi +pi), and a, b, c, d 
are matrices in the spin indices of the nucleons. 

Assuming identical intrinsic parities for the 1; 

and A, we have 

c = e1 + ie2y<l)K2, a = aa~1> + ia2y~1>y(llK2 , 

K 2 =-} (p2 + p~). (33) 

The expression for the polarization of the final 
neutron can be obtained by means of an equation 
similar to (3). We give only the final result for 
s- oo and fixed t: 

~!'- = 2::;-1s Jl=tnl'- {[(m + m')2 - t] Im a1a; 

- l(m' - m)2 - t] Im b1b;. + s2 Im e1e; - s2 Im a1 a; 
+ (m + m') s Re (a 2c: - a1c;) 

+ (m - m') s Re (b1 a;- b2 a:)}, (34) 

where 

::; = [(m + m')2 - t] {!a1 !2 (4M2 - t) 

- 4Ms Re a1a; + s2 ! a 2 !2} 

+ [(m'-m)2 -t]{-tlb1 l2 

+ 2 (m' 2 - m2) M Re b1b; + s2 1 b2 12 } 

+ s2 II e1 !2 (4M2 - t) - 4Ms Re e1e; + s2 1 e2 !2 l 
+ s2 [- t I al 12 + 2M (m' 2 - m2) Re ala; + s2 I azl2 l 

+ (m + m') s {(4M2 - t) Im a1e; - 2M s Im (a1e; + a2e~) 

+ s2 Im a 2e;}, +(m-m') s {- t Im b1 a~ 

+ (m' 2 - m2 ) Im (b 2 a~ + b1 a;) + s2 Im b2a;}, (35) 

m and m' are the masses of the 1; and A hy
perons, respectively, and M is the nucleon mass. 

The crossing condition has the form 

Me (p~p~; P1Pz) 

Here Mc(PiP2; PiP2 ) is the amplitude of the reac
tion (31), T<2> means transposition in the spin in
dices of the hyperons, and C is the charge conju
gation matrix, satisfying the conditions CyJc-i 
== - YJ.J- and cT == -C. We note that in writing (36) 
we have omitted a phase factor whi-ch is inessen
tial for what follows and which is due to the charge 
conjugation. 

Obviously the amplitude Me ( PiP2; PiP2 ) has the 
same form as the amplitude (32). We denote the 

corresponding coefficients by af, af, ... etc. From 
(36) we obtain 

a1 (s, t) =a~ (u, t), 

b~ (s, t) = b~ (u, t), 

e~ (s, t) = e: (u, t) 

a~ (s, t) = - a; (u, t), 

b~(s, t) =- b; (u, t), 

e~ (s, t) = - e; (u, t), 

a~ (s, t) = - a: (u, t), a~ (s, t) =a; (u, t), (37) 

where 

u = 2M2 + m2 + m'2 - s - t. 

The neutron polarization in reaction (31) is ob
tained from (34) and (35) by means of the substitu
tion ai- af etc, and also m ~ m'. 

We first assume that the functions 

(38) 

behave identically for s - oo and fixed t. In this 
case, as can be seen from (34) and (35), the polar
ization does not vanish. Equation (37) and the 
Phragmen-LindelOf theorem imply for s- oo 

c -ina(t) * a1 = e aH 
c -incx.(t) "' 

a2 '= e a2 , 

b~ = e-ino.(t> b~, b~ = e-in>-(t) b;, 

c -i~a(t) * c1 = - e c1 , 

a~ = e-i~>.(l) a;, (39) 

From (39) and the expressions for the polarizations 
of the neutrons in reactions (30) and (31) it is obvi
ous that the polarizations in this case are opposite: 

~~ = - l;p.. (40) 

We now assume that not all the functions (38) 
have the same behavior as s- oo. Then it is nec
essary for nonvanishing polarization that at least 
the two functions which increase most rapidly have 
the same behavior (naturally, this pair of functions 
must occur as a product in the numerator of the 
expression of the polarization). Obviously, Eq. (40) 
holds in this case, too. 

We have considered the case when the 2: and A 
hyperons have the same intrinsic parities. It can 
be shown, that the neutron polarizations in reac
tions (30) and (31) are connected by the relation 
(40) also in the case of opposite intrinsic parities. 

We now consider the elastic scattering of hy
perons and anti hyperons by nucleons: 

y + p-> y + p, 

Y+p_,.Y+-p. 

(41) 

(42) 

The amplitudes of these processes have the form 
(32) and (33), with b2 = di == 0. The latter condi-
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tions arise from time rever~;>al invariance. There
fore all preceding relations are true also for the 
case of the elastic scattering (41) and (42) and the 
polarization of the recoil protons in these proc
esses are also correlated by Eq. (40). Similarly 
one can show that the polarizations of the final 
hyperons and antihyperons in (41) and (42) satisfy 
Eq. (40). We note that in the case of the eight
term amplitudes which describe the processes 
(30) and (31) it is impossible to draw conclusions 
on the relations between the polarizations of the 
hyperons and antihyperons, independently of the 
assumptions about the character of the asymptotic 
behavior of the individual terms of the amplitude 
for fixed t and s - oo • 

5. In conclusion we consider briefly the Comp
ton effect on protons. The amplitude for this proc
ess can be written in the form 

Applying the crossing relations 

AI. 3 , 5, 6 (s, t) =A~. 3 , 5, 6 (u, t), A2 , 4 (s, t) = -A;, 4 (u, t) 

(45) 

and the Phragmen-LindelOf theorem, we can verify 
that the polarization of the proton vanishes as 
s - oo for fixed t, independently of the assump
tions on the asymptotic behavior of the amplitudes. 
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